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Abstract. Association Schemes and coherent configurations (and the related

Bose-Mesner algebra and coherent algebras) are well known in combinatorics

with many applications. In the 1990s, Mesner and Bhattacharya introduced a
three-dimensional generalisation of association schemes which they called an

association scheme on triples (AST) and constructed examples of several fam-

ilies of ASTs. Many of their examples used 2-transitive permutation groups:
the non-trivial ternary relations of the ASTs were sets of ordered triples of

pairwise distinct points of the underlying set left invariant by the group; and
the given permutation group was a subgroup of automorphisms of the AST.

In this paper, we consider ASTs that do not necessarily admit 2-transitive

groups as automorphism groups but instead a transitive cyclic subgroup of
the symmetric group acts as automorphisms. Such ASTs are called circulant

ASTs and the corresponding ternary relations are called circulant relations.

We give a complete characterisation of circulant ASTs in terms of AST-regular
partitions of the underlying set. We also show that a special type of circu-

lant relation, that we call a thin circulant, plays a key role in describing the

structure of circulant ASTs. We outline several open questions.

Tribute to V. F. R. Jones by the second author. I had the pleasure
of meeting Vaughan Jones, to whose memory this paper is dedicated, on
several occasions. We served together on a chair selection committee for
the University of Auckland, we met at several summer schools of the New
Zealand Mathematical Research Institute (NZMRI), and at international
meetings such as the 2014 International Congress of Mathematicians when
Vaughan became an IMU Vice President. I also recall the splendid public
lecture Vaughan gave at a joint meeting of the Australian Mathematical
Society and the New Zealand Mathematical Society. The overwhelming
impression Vaughan left on me, and no doubt on others, was his joie
de vivre, his enthusiastic embrace of life. I remember Vaughan as the
sunburnt surfer at NZMRI summer schools which were invariably held
at locations where Vaughan could enjoy surfing daily. Vaughan’s abiding
commitment to mathematics in New Zealand was evident. He is sorely
missed.
Vaughan Jones’ mathematical interests were very broad. Although we
worked in different areas, this paper reports on new developments which
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we hope Vaughan would have enjoyed, namely a (slightly) higher dimen-
sional version of the association schemes or Bose–Mesner algebras which
he mentioned in his substantial 1999 preprint [22, pp. 43–44] as a way
of constructing planar algebras. This work [22] of Vaughan’s is readily
available on the arXiv and has received 474 Google Scholar citations (up
to 23 August 2021). However, although listed in various papers, such
as [13], as being ‘New Zealand J. Math., in press’, only with this volume
is it being published.

1. Introduction

1.1. Association schemes on triples. Association schemes and coherent con-
figurations ([6,19,20]), and the related Bose-Mesner algebras and coherent algebras
([7]) are well-known in combinatorics, and the article [1] gives a good discussion of
their links with permutation groups. These objects also have many applications in
coding theory, graph theory and statistics (e.g., [2–5,8,9,11,12,16,17,24,28,33,34]).

In 1990, Dale Mesner and the first author introduced a 3-dimensional analogue of
associations schemes, which they called association schemes on triples (in [29,30]).
One of their motivations, discussed in [29, p. 204, and Section 3], was that asso-
ciation schemes on triples (AST’s) provide a framework for formalising a concept
of ‘partial balance’ for 3-subsets of a block design. They noted that ‘a partially
balanced incomplete block design is a 1-design which is partially balanced for 2-
subsets’, and in [29, Theorem 3.1] they constructed an AST from a 2-design with
block-size at least 4 and ‘λ = 1’, and showed that this AST possesses a partial bal-
ance condition on 3-subsets defined in [29, Definition 3.7]. They asked which other
2-designs correspond in a similar way to an AST possessing this partial balance
condition. This question is as yet unresolved. They showed moreover that every
finite 2-transitive permutation group gives rise to an AST [29, Theorem 4.1], and
our aim here is to present a different approach to constructing ASTs, namely from
transitive cyclic permutation groups.

Definition 1.1. ([29]). An association scheme on triples (in short, an AST) is a
pair (A,Ω), where Ω is a set of cardinality n ≥ 3, and A is a partition of Ω3 =
Ω× Ω× Ω into (ternary) relations R0, . . . , Rm (m ≥ 4), such that

R0 = {(x, x, x) : x ∈ Ω},
R1 = {(x, y, y) : x, y ∈ Ω, x 6= y},
R2 = {(x, y, x) : x, y ∈ Ω, x 6= y},
R3 = {(x, x, y) : x, y ∈ Ω, x 6= y},

and the following three conditions hold.

A1 For each i ∈ {4, · · · ,m}, there is a positive constant n
(3)
i such that, for each

pair x, y ∈ Ω with x 6= y, there are exactly n
(3)
i elements z ∈ Ω for which

(x, y, z) ∈ Ri.
A2 (Principal regularity condition) For any (not necessarily distinct) elements

i, j, k, ` ∈ {0, · · · ,m}, there is a constant p`ijk such that, for each (x, y, z) ∈ R`,
there are exactly p`ijk elements w ∈ Ω such that (w, y, z) ∈ Ri, (x,w, z) ∈ Rj ,
and (x, y, w) ∈ Rk.
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A3 For each i ∈ {0, · · · ,m} and each permutation σ of {1, 2, 3}, there exists
j ∈ {0, · · · ,m} such that

Rj = {(x1σ, x2σ, x3σ) : (x1, x2, x3) ∈ Ri}.
The ternary relations R0, R1, R2 and R3 are called the trivial relations; and the
other ternary relations of the AST are called the nontrivial relations.

The definition provides a minimal set of conditions on an AST, and these imply
various other restrictions. For example, conditions A1 and A3 jointly imply the

existence of constants n
(1)
i , n

(2)
i such that, for each pair x, y ∈ Ω with x 6= y, there

are exactly n
(1)
i elements z ∈ Ω for which (z, x, y) ∈ Ri, and exactly n

(2)
i elements

z ∈ Ω for which (x, z, y) ∈ Ri. There are also relations between these constants
and the p`ijk. For example, it was observed in [29, Lemma 2.1] that, for 4 ≤ i ≤ m,

n
(1)
i =

m∑
k=0

p2i2k, n
(2)
i =

m∑
k=0

p11ik. (1.1)

Condition A3 yields an action of Sym(3) on A given by σ : Ri → Rσi , where Rσi
is the relation Rj in condition A3. If Rσi = Ri for each σ ∈ Sym(3), then Ri is
called a symmetric relation, and moreover, if all the Ri (i ≥ 4) are symmetric then
the AST is called symmetric. Symmetric ASTs were studied in [29], where further
restrictions were obtained on the structure constants p`ijk, and links were explored
between symmetric ASTs and families of 2-designs with block-size 3.

Several infinite families of ASTs were constructed in [29]. Notably it was shown
in [29, Theorem 4.1] that, for each 2-transitive permutation group G on Ω, we
obtain an AST by taking as the nontrivial ternary relations the G-orbits on the
set of triples of pairwise distinct points of Ω. The group G is then admitted as a
group of automorphisms of the AST. The structure of a number of specific examples
constructed in this way was explored in detail in [29, Section 4].

1.2. Circulant ternary relations and circulant ASTs. In this paper we seek
further examples which may not admit an automorphism group which is 2-transitive
on Ω. We weaken the 2-transitivity requirement and instead we ask that our ASTs
admit a transitive cyclic subgroup of Sym(Ω). The most convenient way of imposing
this new restriction is to assume that Ω = {0, . . . , n−1}, the set of integers modulo
n (which forms a group under addition), and to require that each ternary relation
R considered is invariant under the induced action of the translation map x→ x+1
(modulo n) (which acts as an n-cycle on Ω). Thus we ask that R should satisfy:

(i, j, k) ∈ R implies that (i+ 1, j + 1, k + 1) ∈ R. (1.2)

Clearly this condition holds for each of the trivial relations R0, R1, R2, R3 in Defi-
nition 1.1; it is the nontrivial ternary relations in an AST which conern us.

Definition 1.2. A ternary relation R ⊆ Ω3 satisfying (1.2) is called a circulant
3-relation or simply a 3-circulant. If each of the nontrivial relations of an AST A
is a 3-circulant, then we say that A is a circulant AST.

Indeed, some of the explicit examples of ASTs constructed in [29] from 2-
transitive permutation groups are circulants. For example, the AST in [29, Theorem
4.4] constructed from the 2-dimensional projective group PSL(2, q) is a circulant
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AST if q is even, and the AST in [29, Proposition 4.7] constructed from the 1-
dimensional affine group AGL(1, q) is a circulant AST if q is prime. It turns out
that nontrivial circulant 3-relations can be characterised in terms of subsets of the
set:

X := (Ω \ {0})[2] = {(i, j) | i, j ∈ Ω, i 6= 0, j 6= 0, i 6= j}, (1.3)

namely the nontrivial 3-circulants are precisely the ternary relations of the form

RI = {(x, i+ x, j + x) | x ∈ Ω, (i, j) ∈ I} (1.4)

for some non-empty subset I of X, see Lemma 2.1(a). Thus each circulant AST has
the form {R0, R1, R2, R3}∪{RI | I ∈ I} for some set I of non-empty subsets of X.
In Definition 2.2 we introduce a special kind of partition of the set X called an AST-
regular partition, and we show (Theorem 2.3) that A(I) := {R0, R1, R2, R3}∪{RI |
I ∈ I} is a circulant AST if I is an AST-regular partition of X. This construction
is quite general, and we show that each circulant AST based on Ω arises in this
way.

Theorem 1.3. Let Ω = {0, . . . , n − 1} and let X be as in (1.3). Then A is a
circulant AST based on Ω if and only if A = A(I) for some AST-regular partition
I of X.

Each of the nontrivial 3-circulants RI as in (1.4) has size n(n − 1)nI where nI
is the parameter in Definition 2.2(a). It is tantalising to wonder if there are many
circulant ASTs for which all these parameters nI are equal to 1. While we have
not made much progress in resolving this, we have introduced the concept of a
thin 3-circulant in Definition 3.1. In particular each nontrivial 3-circulant RI in a
circulant AST for which nI = 1 is thin. Moreover, using a graph theoretic model for
nontrivial 3-circulants, and applying a famous result on perfect matchings in graphs,
we have shown (Theorem 3.3) quite generally that every nontrivial 3-circulant RI
in a circulant AST is a disjoint union of nI nontrivial thin 3-circulants.

Theorem 1.3 is proved in Section 2, and we explore thin 3-circulants in Section 3.
In our final section 4 we consider several open questions suggested by this work.
In particular, association schemes on triples (ASTs) are intimately related to the
ternary algebras introduced by the first author and Mesner in [29] and developed
further in [30]. We plan to develop the ideas presented in this paper further by
studying the ternary algebras associated with circulant ASTs.

2. AST-Regular Partitions

The definition of an AST-regular partition of the set X in (1.3) involves the
following maps:
• the natural projection maps π1, π2 : X → Ω given by π1 : (i, j) → i, π2 :

(i, j)→ j;
• the transpose map T , and another map τ on subsets I ⊆ X given by

IT := {(j, i) | (i, j) ∈ I}, and Iτ := {(−i, j − i) | (i, j) ∈ I},

viewing elements of Ω as integers modulo n under addition, as usual.
We note some basic properties, namely a link between circulant 3-relations and

subsets of X, and an action of Sym(3) on subsets of X. For isomorphic groups G
and H, acting on sets Y and Z, respectively, a permutational isomorphism is a pair
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(ρ, f) such that ρ : G → H is a group isomorphism, f : Y → Z is a bijection, and
for all g ∈ G and y ∈ Y , (yg)f = (yf)(g)ρ.

Lemma 2.1. Let X be as in (1.3), where Ω = {0, . . . , n − 1}, let R be the set of
nontrivial 3-circulants on Ω and X be the set of non-empty subsets of X.
(a) A ternary relation R on Ω is a nontrivial 3-circulant if and only if there exists

a (unique) non-empty subset I ⊆ X such that R = RI with RI as in (1.4).
(b) The map f : RI → I is a bijection R → X , and the map ρ : (12)→ τ, (23)→

T extends uniquely to a group isomorphism ρ from Sym(3) = 〈(12), (23)〉 to
〈τ, T 〉.

(c) The pair (ρ, f) is a permutational isomorphism from the Sym(3)-action on
R to the 〈τ, T 〉-action on X . In particular, the images of I ∈ X under the
non-identity elements of Sym(3) are as follows (note that τTτ = TτT ):

I(12)ρ = Iτ = {(−i, j − i) | (i, j) ∈ I}
I(23)ρ = IT = {(j, i) | (i, j) ∈ I}
I(13)ρ = ITτT = {(i− j,−j) | (i, j) ∈ I}
I(123)ρ = ITτ = {(−j, i− j) | (i, j) ∈ I}
I(132)ρ = IτT = {(j − i,−i) | (i, j) ∈ I}.

Proof. (a) Let R ∈ R. By definition of a 3-circulant R contains a triple of the
form (0, i, j), and since R is nontrivial, for each such triple we have (i, j) ∈ X.
Let I be the (non-empty) set of all pairs (i, j) such that (0, i, j) ∈ R. Then, by
(1.2), R contains the set {(x, i + x, j + x) | x ∈ Ω, (i, j) ∈ I}, and equality holds
by the definition of I. Conversely, if follows from the definition of RI that for each
non-empty I ⊆ X, RI is a nontrivial 3-circulant.

(b) It follows from part (a) that f is a bijection, and it is straightforward to
check, from the definitions of T and τ given above, that T 2 = τ2 = (Tτ)3 = 1 so
that ρ : (12)→ τ, (23)→ T determines a group isomorphism Sym(3)→ 〈T, τ〉. In
particular τTτ = TτT .

(c) It is straightforward, if tedious, to check that, for all g ∈ Sym(3) and RI ∈ R,
the image RgI is equal to RJ where J = I(g)ρ, and these subsets I(g)ρ are as listed

in the statement for g 6= 1. Thus (RgI )f = (RIf)(g)ρ, so (ρ, f) is a permutational
isomorphism. �

Now we define an AST-regular partition, and show that each AST-regular par-
tition gives rise to a circulant AST.

Definition 2.2. A partition I of the set X in (1.3) is said to be AST-regular if
the following three conditions hold.
(a) For each I ∈ I, π1(I) = π2(I) = Ω \ {0}, and there exists a positive integer nI

such that, for each x ∈ Ω \ {0}, there are exactly nI elements j ∈ Ω \ {0, x}
with (x, j) ∈ I and exactly nI elements i ∈ Ω \ {0, x} with (i, x) ∈ I. In
particular |I| = (n− 1)nI and |RI | = n(n− 1)nI (with RI as in (1.4)).

(b) The partition I is invariant under the action of Sym(3) given in Lemma 2.1.
(c) For all (not necessarily distinct) I, J,K,L ∈ I, there exists a non-negative

integer pLIJK such that, for all (y, z) ∈ L, there are exactly pLIJK elements
w ∈ Ω \ {0, y, z} such that

(y − w, z − w) ∈ I, (w, z) ∈ J, and (y, w) ∈ K.
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Theorem 2.3. Let Ω = {0, . . . , n− 1}, let X be as in (1.3), and let I be an AST-
regular partition of X. Then A(I) := {R0, R1, R2, R3}∪{RI | I ∈ I} is a circulant
AST, with the relations RI as in (1.4).

Proof. Let A = A(I). As we noted after (1.2), each Ri for 0 ≤ i ≤ 3, is a 3-
circulant, and by Lemma 2.1(a), each RI ∈ A is also a 3-circulant. It remains
to prove that each of the conditions A1, A2, A3 of Definition 1.2 is valid. Let
I ∈ I. By Definition 2.2(a), there is a positive integer nI such that, for each non-
zero x ∈ Ω, there are exactly nI elements (x, j) ∈ I, or equivalently, exactly nI
triples (0, x, j) ∈ RI . Thus for each x, y ∈ Ω with x 6= y, there are exactly nI
elements j ∈ Ω\{x, y} such that (0, y−x, j−x) ∈ RI and hence, by Lemma 2.1(a),
exactly nI elements j such that (x, y, j) ∈ RI . Therefore condition A1 holds. By
Definition 2.2(b), Sym(3) induces an action on the parts of I and hence on the
nontrivial relations in A, and since Sym(3) also acts naturally on {R1, R2, R3} and
fixes R0, it follows that condition A3 holds.

It remains to confirm condition A2. We must consider all I, J,K,L, not neces-
sarily distinct, in I ∪{0, 1, 2, 3}. If all of I, J,K,L lie in I then the condition in A2
follows from Definition 2.2(c). Also, if {I, J,K,L} ⊆ {0, 1, 2, 3}, then the condition
in A2 holds as these trivial relations are the same in every AST. So we may assume
that at least one, but not all of I, J,K,L lies in I.

If 0 ∈ {I, J,K,L} then, we claim that there are no elements w satisfying the in-
clusions in A2 for any triple in RL, and hence A2 holds for these values of I, J,K,L.
If L = 0, then there are no elements w for which the A2 inclusions hold for any
(x, x, x) ∈ RL, since one of the other relations is nontrivial and hence consists of
triples with parirwise distinct entries. On the other hand if, without loss of gen-
erality, I = 0, and if the inclusions in A2 hold for some triple (x, y, z) ∈ RL and
some element w, then w = y = z, and hence all of I, J,K,L ∈ {0, 1, 2, 3}, which is
a contradiction. This proves the claim.

The remaining cases to be are considered are those in which 0 6∈ {I, J,K,L},
and at least one of I, J,K,L lies in {1, 2, 3} and at least one lies in I.

Suppose first that L ∈ {1, 2, 3}. Using condition A3 we may assume that L = 1.
Assume also that, for some triple (x, y, y) ∈ RL, there exists w such that the
inclusions in A2 hold. In particular (w, y, y) ∈ RI , so I = 1 and w 6= y (as
I 6= 0). Also (x,w, y) ∈ RJ and (x, y, w) ∈ RK , and since at least one of RJ , RK is
nontrivial, it follows that x, y, w are pairwise distinct, and hence both J,K lie in I.
Now I is a partition ofX and contains JT , by Definition 2.2(b). Since (x,w, y) ∈ RJ
we also have (0, w−x, y−x) ∈ RJ (since RJ is a 3-circulant), so (w−x, y−x) ∈ J
and hence (y − x,w − x) ∈ JT which implies that (x, y, w) ∈ RJT . However
(x, y, w) ∈ RK , and therefore K = JT . It now follows using Definition 2.2(a) that,
for all (x, y, y) ∈ RL, the number of w for which the A2 inclusions hold is equal to
nK = nJ , so condition A2 holds in this case.

Thus we may assume that L ∈ I so RL is nontrivial. Assume that, for some
triple (x, y, z) ∈ RL (so x, y, z are pairwise distinct), there exists w such that the
inclusions in A2 hold. Since at least one of RI , RJ , RK is trivial we must have
w ∈ {x, y, z}, and there is only one possible value of w. Consider the case where
w = x. Here (x, y, z) ∈ RI so RI = RL is nontrivial, (x, x, z) ∈ RJ so RJ = R3,
and (x, y, x) ∈ RK so RK = R2. Then for each (x′, y′, z′) ∈ RL = RI , there is a
unique element w′ for which the A2 inclusions hold for this triple, namely w′ = x′.
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Thus condition A2 holds in this case also. The arguments proving condition A2
for the cases w = y and w = z are similar. This completes the proof that A is an
AST. �

Finally in this section we prove Theorem 1.3.

Proof. (Proof of Theorem 1.3) Let Ω = {0, . . . , n − 1} and let X be as in (1.3).
By Theorem 2.3, A(I) is a circulant AST for each AST-regular partition A of
X. So to prove Theorem 1.3 we assume that A is a circulant AST based on Ω
and show that A is equal to A(I) for some AST-regular partition I of X. By
Lemma 2.1(a), each nontrivial relation in A is equal to RI for some non-empty
subset I ⊆ X. Since the nontrivial relations form a partition of Ω[3] = {(x, y, z) |
x, y, z pairwise distinct}, it follows that the subsets I form a partition I of X. Thus
A = {R0, R1, R2, R3}∪{RI | I ∈ I} and we need to check that I satisfies conditions
(a)–(c) of Definition 2.2.

Consider I ∈ I. It follows from condition A1 of Definition 1.2 that there is
a positive constant nI such that, for each x 6= 0, there are exactly nI elements
j ∈ Ω \ {0, x} with (0, x, j) ∈ RI , or equivalently, (x, j) ∈ I. (We note that nI
is the parameter n

(3)
i of A1, where RI is the relation Ri of A1.) In particular,

π1(I) = Ω \ {0} and |RI | = n(n − 1)nI . By condition A3 of Definition 1.2, and
taking σ = (23), A contains the relation

RσI = {(x1, x3, x2) | (x1, x2, x3) ∈ RI},

and from the description of RI in Lemma 2.1(b), it follows that RσI = RIT where
IT = {(j, i) | (i, j) ∈ I} is the image of I under the transpose map. This proves
that IT ∈ I. Moreover, π2(I) = π1(IT ), and we have just proved that the latter
must be equal to Ω \ {0} since IT ∈ I. Condition A1 applied to RIT yields that
the number s of triples (0, j, x) ∈ RIT for a fixed j, is independent of the choice
of j 6= 0. Thus |RIT | = n(n − 1)s, and since |RIT | = |RI | it follows that s = nI
(which therefore also equals nIT ), proving condition (a) of Definition 2.2.

To prove Definition 2.2(b) we use condition A3 of Definition 1.2 and apply each
element of Sym(3) to RI using Lemma 2.1(c). For example, taking σ = (12), the
relation RσI lies in A by condition A3, and consists of all the triples (x+ i, x, x+ j)
with x ∈ Ω and (i, j) ∈ I; this is precisely the set of triples in the relation RJ with
J = I(12)ρ as given in Lemma 2.1(c). The fact that I is closed under the action of
the other elements of Sym(3) follows by analogous arguments.

Consider (not necessarily distinct) I, J,K,L ∈ I. We use condition A2 of Def-
inition 1.2 on the relations RI , RJ , RK , RL to prove Definition 2.2(c). First we
note that, if A2 holds with the constant p = pLIJK for all triples (0, y, z) ∈ RL,
then it holds with the same constant p for all triples (x, y, z) ∈ RL. So let
(0, y, z) ∈ RL, or equivalently (y, z) ∈ L. (Such triples exist since L ∈ I.)
Then by A2, there exist p = pLIJK (possibly zero) elements w ∈ Ω such that
(w, y, z) ∈ RI , (0, w, z) ∈ RJ and (0, y, w) ∈ RK . We note that these three inclu-
sions are equivalent to (y −w, z −w) ∈ I, (w, z) ∈ J , and (y, w) ∈ K, respectively.
Also, since J,K ⊆ X, each such element w must be distinct from 0, y, z. This
proves that the condition in Definition 2.2(c) holds, and completes the proof of
Theorem 1.3. �
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3. Thin 3-Circulants

As discussed in the introduction, a nontrivial 3-circulant RI , lying in a circulant
AST based on a set Ω of size n, contains exactly n(n−1)nI triples, for some positive
integer nI . If nI = 1 then RI is a thin 3-circulant, which we define as follows.

Definition 3.1. Let ab ∈ {12, 13, 23}. Then a 3-circulant R based on a set Ω is
said to be ab-thin if the map σab : R→ Ω2 given by σab : (x1, x2, x3)→ (xa, xb) is
one-to-one and has image Ω[2] = {(x, y) | x, y ∈ Ω, x 6= y}. We say that R is thin if
it is ab-thin for some ab.

Note that, by definition, each thin 3-circulant contains exactly |Ω[2]| = n(n −
1) triples. First we study the structure of an arbitrary thin 3-circulant, and in
particular we see that each of the trivial relations R1, R2, R3 in an AST is thin. A
derangement of a set Ω is a permutation of Ω which has no fixed points.

Lemma 3.2. Let Ω = {0, 1, . . . , n− 1} and let X be as in (1.3).
(a) Each of R1, R2, R3 defined in Definition 1.1 is a thin 3-circulant, and moreover

each of them is ab-thin for exactly two pairs ab ∈ {12, 13, 23}.
(b) Let ab ∈ {12, 13, 23} and suppose that {1, 2, 3} = {a, b, c}. Then a 3-circulant

R based on Ω is ab-thin if and only if there exists a map ρ : Ω \ {0} → Ω such
that R consists precisely of the n(n− 1) triples x which satisfy

xd =

 x if d = a
x+ y if d = b
x+ yρ if d = c,

for some (x, x+y) ∈ Ω[2]. Moreover such an ab-thin 3-circulant R is nontrivial
if and only if ρ is a derangement of Ω \ {0}.

(c) If I ⊆ X, and if both I and its image Iτ satisfy the conditions of Defini-
tion 2.2(a), with parameter nI = 1 (with τ as in Lemma 2.1(c)), then the
3-circulant RI is ab-thin for all three pairs ab ∈ {12, 13, 23}.

Proof. (a) For R1 = {(x, y, y) | x, y ∈ Ω, x 6= y}, it is straightforward to check
that σ12 and σ13 satisfy the requirements of Definition 3.1, but of course σ23 does
not. In particular R1 is thin. Proofs for the 3-circulants R2, R3 are similar.

(b) Recall from Definition 3.1 that (x, x + y) ∈ Ω[2] if and only if y ∈ Ω \ {0}.
Thus if, for some ab ∈ {12, 13, 23}, a 3-circulant R consists of the triples in part
(b) for some map ρ then σab : R → Ω[2] is onto, and also |R| = n(n − 1); and it
follows that σab is one-to-one. Hence R is ab-thin. Suppose conversely that R is
an ab-thin 3-circulant, and for each x ∈ Ω let R(x) := {x ∈ R | xa = x}. Since R
is a 3-circulant, the map x → x + (x, x, x) defines a bijection from R(0) to R(x),
and hence |R(x)| = |R|/n = n− 1 for each x. By Definition 3.1, R(0) comprises a
unique triple x with xa = 0,xb = y for each y 6= 0. Define yρ ∈ Ω to be the entry
xc in this triple. Then R is as in part (b) for this map ρ.

Suppose now that R is an ab-thin 3-circulant relative to the map ρ above. Then
R is nontrivial if and only if xc 6= xa,xb for all x ∈ R, or equivalently, yρ 6= 0, y for
all y ∈ Ω \ {0}, that is to say, ρ is a derangement of Ω \ {0}.

(c) Suppose that I ⊆ X satisfies the conditions of Definition 2.2(a) with param-
eter nI = 1. Then it follows from (1.4) and Definition 2.2(a) that RI = {(x, i +
x, j + x) | x ∈ Ω, (i, j) ∈ I} projects onto Ω[2] under both σ12 and σ13. Also these
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maps are one-to-one since |RI | = n(n − 1)nI = n(n − 1). Thus RI is 12-thin and
13-thin. Now assume also that J := Iτ satisfies the conditions of Definition 2.2(a).
It follows from Lemma 2.1 that applying τ to I corresponds to applying the permu-

tation (12) ∈ Sym(3) to RI , and so RJ = R
(12)
I = {(x2, x1, x3) | (x1, x2, x3) ∈ RI}.

In particular |RJ | = |RI |, so nJ = nI = 1. Our argument above applied to J
instead of I shows that RJ is 12-thin and 13-thin. Now the map σ13 for RJ maps
each triple (x2, x1, x3) ∈ J to (x2, x3), and as RJ is 13-thin, this map is one-to-one
and has image Ω[2]. It follows that the map σ23 : (x1, x2, x3) → (x2, x3) for RI is
one-to-one and has image Ω[2], and hence RI is 23-thin. �

Finally in this section we prove that each nontrivial 3-relation in a circulant
AST is a disjoint union of thin 3-circulants. This result follows from a famous
graph theoretic result, due to König [25], on perfect matchings (which we explain
carefully, in context, in the proof).

Theorem 3.3. Let Ω = {0, 1, . . . , n− 1} and let X be as in (1.3).
(a) Let I ⊆ X such that the conditions of Definition 2.2(a) hold. Then RI is a

disjoint union of nI nontrivial 3-circulants each of which is 12-thin and 13-
thin.

(b) If A is a circulant AST based on Ω, then part (a) holds for each nontrivial
3-circulant in A.

Proof. (a) Recall that I is a subset of the set X defined in (1.3) such that (i) for
each x 6= 0 there are exactly nI elements y such that (x, y) ∈ I, (ii) for each y 6= 0
there are exactly nI elements x such that (x, y) ∈ I, and (iii) π1(I) and π2(I) are
both equal to Ω \ {0}.

Such a subset I may be interpreted as the set of edges of a subgraph GI of the
complete bipartite graph Γ = Kn−1,n−1 with vertex set Z2 × (Ω \ {0}) and edges
of the form {(0, x), (1, y)} for all x, y ∈ Ω \ {0}. The subgraph GI is obtained by
identifying each pair (x, y) ∈ I with the edge joining (0, x) and (1, y). Conditions
(i)-(iii) ensure that each vertex of Γ lies on exactly nI edges of GI , that is to say,
the subgraph GI is bipartite and regular of valency nI .

A perfect matching in GI is defined as a subset J of edges of GI such that each
vertex of GI lies on exactly one edge in J . In other words, a perfect matching J
of GI under our identification of edges corresponds to a subset of I (which abusing
notation slightly we will also call J) for which the corresponding 3-circulant RJ =
{(x, i + x, j + x) | x ∈ Ω, (i, j) ∈ J} is of the form given in Lemma 3.2(b) with
ab = 12 and the map ρ given by iρ = j if and only if (i, j) ∈ J . Note that ρ is
well-defined since J projects onto Ω\{0} in its first coordinate and the map σ12 for
J is one-to-one. Also |J | = n− 1 as J is a perfect matching, and the image of ρ is
Ω \ {0}, again since J is a perfect matching in GI . We conclude that RJ is 12-thin.
Similarly RJ is 13-thin since RJ is of the form given in Lemma 3.2(b) with ab = 13
relative to the map ρ−1. Hence a perfect matching J in GI corresponds to a subset
RJ of RI which, by Lemma 3.2(b), is a 12-thin and 13-thin 3-circulant. Also RJ is
nontrivial since RJ ⊆ RI .

For the final part of the proof, we apply König’s theorem [25] that the edge
set of a finite regular bipartite graph GI of valency nI may be partitioned as a
disjoint union of nI perfect matchings J1, . . . , JnI

. Recent proofs of this result
can be found in [31, Theorem 3] and [18, Theorem 3.5.1], see also the discussion
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in [21, Remark 1.11(a)]. We conclude that RI is the disjoint union of 3-circulants
R(Ji), for i = 1, . . . , nI , each of which is nontrivial, 12-thin and 13-thin.

(b) By Theorem 1.3, A = A(I) for some AST-regular partition I of X. Thus
each nontrivial 3-circulant in A satisfies the conditions of Definition 2.2(a), and the
result now follows from part (a). �

4. Conclusions and New Problems

Our study of circulant ASTs has raised a number of questions we believe are
worthy of further study, and would shed more light on these interesting structures.
Our main result Theorem 1.3 gives a complete characterisation of circulant ASTs in
terms of AST-regular partitions of the set X in (1.3). This is a significant ‘reduction
result’ which should make it easier to find examples. So our first problem is to do
just this, since most of the known examples arise as orbits on triples of 2-transitive
permutation groups. It would be an excellent outcome to find new examples.

Problem 1. Find new families of circulant ASTs.

The automorphism group of a circulant AST based on Ω = {0, 1, . . . , n − 1}
contains the cyclic subgroup generated by x → x + 1 (mod n), which is transitive
on Ω. The paper [26] gives a general structural picture of permutation groups
containing transitive cyclic subgroups, extending the classification due to W. Feit
and G. A. Jones of the primitive groups with this property. Although all the
primitive examples are either affine of prime degree or 2-transitive there are some
other kinds of groups identified in [26] which might give a starting place for new
constructions. On the other hand AST-regular partitions have a new data structure
which has not yet been studied systematically, even for the known ASTs.

Problem 2. Describe the AST-regular partitions of X corresponding to the known
families of circulant ASTs arising from 2-transitive permutation groups.

Our second main result Theorem 3.3 hints at the importance of nontrivial thin
3-circulants in the structure of circulant ASTs. The graph theoretic result we
used to prove this, namely that the edge set of a regular bipartite graph could
be decomposed as a disjoint union of perfect matchings, does not give a canonical
way of doing this. Our first question after proving this result was whether there
were examples of circulant ASTs in which each nontrivial 3-circulant is thin? The
unique AST based on a set of size 3 clearly has this property, but can this happen
for larger values of n?

Problem 3. Find examples of circulant ASTs in which each nontrivial 3-circulant
is thin.

It is possible that this condition is undesirably stringent, and should be relaxed.
A lot of attention has been given to constructing symmetric ASTs A, namely those
in which each nontrivial ternary relation in A is invariant under the action of
Sym(3). The structure of symmetric ASTs was studied in [29], and from a different
point of view by Klin, Mesner and Woldar [23] where the focus was on combinatorial
versions of a transitive extension of a generously transitive permutation group. (A
transitive group is generously transitive if each of its orbits on ordered pairs is
invariant under the transpose map T defined in Section 2, see [32].) If we were
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seeking symmetric circulant ASTs, then a natural special case would be those in
which each nontrivial 3-circulant is the symmetrisation of a thin 3-circulant (the
smallest Sym(3)-invariant 3-circulant containing the thin 3-circulant).

Problem 4. Find examples of symmetric circulant ASTs in which each nontrivial
3-circulant is the symmetrisation of a thin 3-circulant.

As suggested in [29] and also in [23], it would be possible to generalise the
results for ASTs to higher dimensional schemes, that is those consisting of k-ary
relations (subsets of Ωk) for some k > 3 (see, for example, [10, 14, 15, 27]). Finally,
as we mentioned in the introduction, we hope to explore in future work the ternary
algebras corresponding to circulant ASTs, refining the work of Mesner and the
second author in [29,30].
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