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Abstract. We analyse extensions ¥ of groupoids G by bundles A of abelian
groups. We describe a pushout construction for such extensions, and use it
to describe the extension group of a given groupoid G by a given bundle .A.
There is a natural action of ¥ on the dual of A, yielding a corresponding
transformation groupoid. The pushout of this transformation groupoid by the
natural map from the fibre product of A with its dual to the Cartesian product
of the dual with the circle is a twist over the transformation groupoid resulting
from the action of G on the dual of .A. We prove that the full C*-algebra of
this twist is isomorphic to the full C'*-algebra of 3, and that this isomorphism
descends to an isomorphism of reduced algebras. We give a number of examples
and applications.

We respectfully dedicate this paper to the memory of Vaughan Jones: Extraor-
dinary mathematician, proud New Zealander, and gracious colleague.

Introduction

There is a significant body of literature regarding the C*-algebras of extensions of
groupoids by group bundles. The main goal of this paper is to introduce a pushout
construction for extensions of groupoids by abelian group bundles and explore its
applications.

Specifically, we consider a locally compact Hausdorff groupoid G together with
an abelian group bundle p4 : A — G where p4 a continuous, open map. Then
we consider the following notion of an extension that fixes unit spaces, represented
by the diagram

A L ) b G:

il (1)

Q)
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here ¥ is a locally compact Hausdorff groupoid, p : ¥ — G is a continuous open
surjective groupoid homomorphism that restricts to a homeomorphism %0 2 G(0),
and ¢+ : A — X is a groupooid homomorphism that is a homeomorphism onto
ker(p) = p~*(G(?)) in the subspace topology, such that por = p4, re ot =14 = pa,
sSgpot=84=pa,rgop=ry and sgop = sx.

A fundamental class of such examples are T-groupoids (also called twists) in-
troduced by the second author in [Kum83]. Then A is the trivial bundle G(©) x T
such that «(r(0),z)o = ou(s(0),2) for all 0 € ¥ and z € T. These groupoids and
their restricted groupoid C*-algebras, C*(G; %), have enjoyed considerable scrutiny
[MW92, MW95, Kum83, Kum&6]. As usual, in this context we often write ¢ in
place of p(o).

More recently, we considered more general extensions in [IKSW19] and [IKR*21]
as in (f) where it is assumed that A is endowed with an action of G and that the
extension is compatible in the sense that oi(a)o™ = (6 - a) for all @ € A and
o € ¥ such that pa(a) = s(o).

As a consequence of the main result in [[KR*21], we showed that if 3 has a
Haar system, then C*(X) can be realized as the C*-algebra of a twist. Specifically,
the action of G on A induces a natural action of G on A (regarded as a space). We
constructed a T-groupoid ¥ of the form

AxT ¢ P g Axg.

S~ Lt == "

We proved ([IKR*21, Theorem 3.4]) that C*(X) is isomorphic to the restricted C*-
algebra C* (A x G; 3) of this T-groupoid. (In [IKR*21] the T-groupoid is denoted
i, but here we use ¥ to avoid possible confusion in our examples.) The T-groupoid
Y is at the heart of the Mackey obstruction which appears in the classical “Mackey
machine” of [Mach8].

The chief motivation for this article is the observation that the T-groupoid )
above—which was based on the construction of [MRW96, Proposition 4.3]—is de-
rived from a natural and functorial “pushout” construction based on the second
author’s work in [Kum88| for étale groupoids (there called “sheaf groupoids”).
Specifically, suppose we are given an extension as in (1), an abelian group bundle
B admitting a G-action, and an equivariant groupoid homomorphism f : A — B.
Then there is a similar sort of extension

B L f* E p g

S

inducing the given G-action on B. In Theorem 1.5, we show that the construction
producing f,> has good functorial properties that characterize the extension up to
a suitable notion of isomorphism. Using these properties, we show in Theorem 2.5
that the collection Tg(A) of isomorphism classes of extensions of A by G forms an
abelian group (see also [Tu06, §5.3]).
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We close by illustrating how the pushout construction clarifies and interacts with
our work in [IKSW19] and [IKR*21]. In Theorem 3.2 we prove that the exten-
sion (1) employed in [IKR*21] arises from our pushout construction. Specifically,
the natural pairing (x,a) — x(a) from A% A to T yields a groupoid homomor-
phism f : A% A — A x T given by f(x,a) = (x, x(a)) (see Section 3.1). There
is a natural action of ¥ on A (compatible with that of G as above) and we prove
that 3 = f+(A x ). This allows us to realise the C*-algebra of an extension of a
groupoid G by an abelian group bundle A as the C*-algebra of a T-groupoid over
the resulting transformation groupoid A x G.

Several consequences flow from this observation. First suppose that A is an
abelian group and that A = G(©) x A, carrying the action of G that is trivial in the
second coordinate, so that X is a generalised twist. Each y € A defines a homomor-
phism fX : A — T x G, so we can form the resulting pushout fX(X). We prove
in Proposition 3.6 that C*(X) is the section algebra of an upper-semicontinuous
C*-bundle over A with fibres C*(G, fX(2)). When A is compact, this yields a
direct sum decomposition which remains valid for the corresponding reduced C*-
algebras (see Proposition 3.7). In Corollary 3.10 we extend [IKR*21, Theorem 3.4]
to the case that Q is a T-groupoid extension of ¥ such that its restriction to ¢(.A)
is abelian. When G is étale, this enables us to generalize [IKR'21, Theorem 4.6]
to this case (see Corollary 3.11) thereby providing criteria that guarantee that the
natural abelian subalgebra of C(3; Q) is Cartan (see also [DGNT20, Theorem 5.8]
and [DGN20, Theorem 4.6]).

In Subsection 3.2, we consider the case where the extension X is determined
by an A-valued 2-cocycle defined on G and show that the pushout construction is
compatible with the natural change of coefficients map on cocycles. We describe the
explicit construction of ¥ in terms of 2-cocycles at the beginning of Subsection 3.3,
and then consider various examples of this construction.

1. Pushouts of Groupoid Extensions

We fix a locally compact Hausdorff groupoid G. In our applications, G will have a
Haar system, but this is not required for the pushout construction itself. However,
we do assume that G has open range and source maps. We call a locally compact
abelian group bundle p4 : A — G a G-bundle if p4 is open and G acts on the left
of A by automorphisms. For compatibility with [[KSW19]—and other examples we
have in mind—we will write the group operations in the fibres of such A additively.
An extension ¥ of A by G is determined by a diagram (f) as in the introduction.
Recall that X is a locally compact Hausdorfl groupoid, p is continuous and open
surjection inducing a homeomorphism from (9 onto G(%), and ¢ is a continuous
open injective homomorphism onto kerp = {0 € ¥ : p(0) € G }. We call such an
extension compatible if the action of G on A induced by conjugation is the given
G-action on A; that is, ou(a)o™! = (5 - a).

Definition 1.1. If 3; and 35 are both compatible extensions by a locally compact
abelian group G-bundle A, then we say that they are properly isomorphic if there
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is a groupoid isomorphism f : ¥; — 35 such that the diagram

2

A/ L‘x’g (1.1)
Ty

commutes. We let Tg(A) be the collection of proper isomorphism classes of com-
patible extensions. We denote the equivalence class of a compatible extension 3 by
2.

Remark 1.2. The second author considered extensions of this sort for étale groupoids
in [Kum88, §2]. In [Tu06, §5.3], Tu denotes this set by ext(G,.4) and states
that it forms an abelian group (see Theorem 2.5 below). Since the openness of
pa : A — GO implies that A has a Haar system (see [IKR*21, Lemma 2.1]), it
follows that if G has a Haar system, then we can then equip ¥ with a Haar system
whenever [X] € Tg(A) (see [IKRT21, Lemma 2.6]).

Of course, given G and a G-bundle A, we would like to know that Tg(.A) is not
empty. To provide a basic example, we follow [Kum88, Definition 2.1].

Ezample 1.3 (The Semidirect Product). We can build a fundamental compatible
extension A4 < G from the fibred product { (a,7) € A X G : pa(a) = r(y)}. We let
(A<G)@ ={((a1,m), (a2,72)) : 8(71) = r(72) }, and then define

(a1,7)(az2,72) = (a1 + 71 - az,172) and (a,7) ' =(=(v""-a),y").

Then we can identify the unit space of A <G with G so that r(a,y) = r(7)
and s(a,vy) = s(y). We can then exhibit A <G as an extension by letting t(a) =
(a,pa(a)), and letting p(a,~) = ~. Since

(@', 7)(a,pa(@) (=" a',y7h) = (v - a,paly - a)),
A <G is a compatible extension as required.

Example 1.4. For i = 1,2 let A; be a locally compact abelian group G-bundle.
Note that A; * Ay = {(a,a’) : pa, (a) = pa,(a’) } is also a locally compact abelian
group G-bundle. Let ¥; be a compatible groupoid extension of G by A;. Then as
in [Kum88, §2], we may form the fibered product

Y1 xg Mo :={(01,02) € X1 x Xa | pi(01) = p2(02)}.

It is straightforward to check that ¥; xg 39 is a compatible groupoid extension of

g by A1 >(<.A2.

Assume now that B is another abelian group G-bundle, and that f: A — B is
a G-equivariant map. Following [Kum88, Proposition 2.6], we prove that we can
“pushout” ¥ in a unique way to an extension of G by B.

Theorem 1.5 (Pushout Construction). Let A and B be locally compact abelian
group G-bundles. Let f : A — B be a continuous G-equivariant map. Assume that
3 is a compatible extension of G by A. Then there is a compatible extension f,%
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of G by B and a homomorphism f. : X — f.X such that the following diagram
commutes
A—m— %

lf J> g. (1.2)

Moreover, fy and f.3 are unique up to proper isomorphism in the sense that if ¥’
is a compatible extension such that the diagram

A———'%

N =1 -

B—
commutes, then there is a proper isomorphism g : f.3 — X' such that go f, = f'.
Proof. Consider the fibred-product groupoid
D:=(B<aG)xg X ={((b,7),0) € (B<«G)xX :6=7v}

of Example 1.4. Define 6 : A — D via 6(a) = ((—f(a),pala)),c(a)). Since ¢ is a
homeomorphism onto its closed range, 6(.A) is a closed wide subgroupoid of D.
Let d = ((b,7),0) € D. We claim that df(A) = 6(A)d. To see this, note that

df(a) = ((b,7),9)((—f(a),pa(a)), (a))
= (b=~ f(a),7),01(a))
= ((=f(v-a) +pa(y-a)
Since ¢ = «, we deduce that
df(a) = ((=f(y-a),paly-a)),i(y-a))(b,y,0)
=0(y-a)d.
Let f.X :=D/0(A). As usual, we denote the class of ((b,0),~) in f.X by [(b,0),7].
Then [(b,7), t(a)o] = [(b+f(a),7),o]. Since j(A) has a Haar system by Remark 1.2,
f+X is a locally compact Hausdorff groupoid by [IKR*21, Lemma 2.2]. The oper-
ations are given by
[(b1,m),01][(b2,72), 02] = [(b1 + 11b2,7172), 0102] and
[(b,7),0] 7t =[(=y"" by ™), 071
We can identify the unit space with G(©) and then

r([(b,7),0]) =r(y) and s([(b,7),0]) = s(7).
To see that f.X is a compatible extension by B, let

te(b) = [(b,p5(0)), ps(b)]  and  p.([(b,7),0]) = .

It is not hard to verify that this satisfies the algebraic requirements for an extension.
The most difficult one might be the inclusion p; 1 (G(*)) C 1,(B) for which we provide
an outline of the proof: take [(b,7),0] € f.¥ such that p.([(b,7),0]) = u € GO.
Then v = u, giving & = u. Since ¥ is an extension, there exists a € A(u) such
that ¢(a) = 0. It follows that [((b,u),t(a))] = [((b+ f(a),u),u)] = tx(b+ f(a)). It

- b,7),u(¢ - a)o).
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is easy to check that b+ f(a) is independent of the choice of the representative of
[(b,7), o]

Since ¢, and p, are clearly continuous and since ¢, is easily seen to be a home-
omorphism onto its range, we just need to see that p, is open. For this, we apply
Fell’s Criterion (see IKR 21, Lemma 3.1]). Suppose that v, — v = p.([(b,5),7]).
Since p : ¥ — G is open, we can pass to a subnet, relabel, and assume that there
are 0, — o in X such that ¢, = ~,. Since pg is open, we can pass to sub-
net, relabel, and assume there are b, — b in B such that pg(b,) = 7(7n). Then
[(bn,Vn), 0n] = [(b,7), o] as required.

The map f, is the composition of the embedding of ¥ into D and the quotient
map D > D/i(A): f.(0) = [((0r(r),p(0)),0)]. Since f is G-equivariant, ps(f(a)) =
pa(a) and

fe(t(a)) = [(0,pa(a)), pala)] = [(f(a), ps(f(a))), ps(f(a))] = ti(c(a)),

and (1.2) commutes as required.
Now let ¥’ be an extension as in (1.3). Define g : D — X/ by §((b,7),0) =
J(b)f' (o). Since

V(b1) f'(a1) (b2) f'(a2) = ¢/ (b1)d (f(a1) - b2) f'(01) ' (02)

and since p'(f’(01)) = &1, it follows that § is a groupoid homomorphism. On the
other hand,
9(0(a)) = g((—f(a),pa(a)), u(a)) = '(=f(a)) ' («(a)) = /' (= f(a))'(f(a))
= (pa(a)).

Hence g factors through a homomorphism ¢ : f.X — ¥’. Clearly, g(t.(b)) = /(b)
and p’ o g = p., so g makes the diagram analogous to (1.1) commute. We have
go f« = f’ by construction.

To see that g is a proper isomorphism, we still need to see that g is an isomor-
phism with a continuous inverse.

For this, fix @ € ¥’. There exists ¢ € 3 such that p(o) = p’(«). Using (1.3),
there exists b € B such that « = /(b) f’(¢). So g, and hence also g, is onto.

Now suppose that ¢/(b) f'(o) is a unit. Then f/(c) = ¢/(—b). Hence p'(f'(c)) is a
unit, and o = «(a) for some a € A. But then /' (=b) = f'(0) = f'(v(a)) = /(f(a)).
Hence, b = —f(a). That is,

((b,p(0)),0) = ((—=f(a),pa(a)), (a)) € O(A).
Thus g is injective.
To see that g is an isomorphism of topological groupoids, it suffices to see that
g is open. We use Fell’s criterion. So suppose that g(a;) — g(a) where a; =
(bi> p(02)), 03] and @ = [(b, p(0)), 0] € £.5. Since pog = pa, we have p(a;) — p(o).
Since p is open, we can pass to a subnet, relabel, and assume there exist a; € A
such that ¢(a;)o; — 0. But

a; = [(—f(a;) + b;), p(o:), (ai)oil,
and then
V(= f(ai) + b)) f'(eai)ai) — () f ().
It follows that
V(= flai) +bi) — o (b).
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Since ¢’ is a homeomorphism onto its range, a; — « as required. O

Corollary 1.6. Let A, B and C be locally compact abelian group G-bundles. Let
f: A= Band g: B — C be continuous G-equivariant maps. Assume that ¥ is a
compatible extension of G by A. Then (go f).X is properly isomorphic to g.(f.X).

Proof. This follows from the uniqueness of (g o f).% up to proper isomorphism
guaranteed by Theorem 1.5. |

2. The Extension Group Tg(A)

As in [Kum88, §2], we can use our pushout construction to introduce a binary
operation on Tg(A). Suppose that [X], [¥'] € Tg(A). Define VA : Ax A — A by
VA(a,a') = a+a'. Proper isomorphisms f : ¥ — ' and f’: ¥’ — I'" of compatible
extensions of A by G determine a proper isomorphism f * f' : ¥ X' — I' % IV of
extensions by A * 4. The uniqueness assertion of Theorem 1.5 then yields a proper
isomorphism V(X #g ¥') — VA(I' ¢ I'"). Hence the formula

]+ [2] = [VA(S #g 2] (2.1)
is well defined.

Ezample 2.1. Let [X] € Tg(A). Let A< G be the semidirect product defined in
Example 1.3. Define g : (A< G) x¢g ¥ — X by ¢g((a,0),0) = t(a)o. We obtain a
commutative diagram

Ax A ——— (A<G) xg &

L

The uniqueness assertion in Theorem 1.5 implies that V((A<G) xg X) is properly
isomorphic to X. In other words, [A<G] + [X] = [X].
Ezample 2.2. Let A - % 25 G bea compatible extension. Then we obtain

another compatible extension .4 N S N G by letting /(a) = t(—a) = t(a)7L.
We will write 7! for ¥ viewed as this alternate extension. Define 8 : 4 — A by
f(a) = —a. Then 6 is G-invariant. Since the diagram

A—m—+— 5 »
Je lid> g
A—t 3t

commutes, we can identify [0.3] with [£~!] by Theorem 1.5.

Ezample 2.3. Take [X] € Tg(A) and let A< G be the semidirect product. The map
g: Y xX1 — AaG given by g(o,7) = (17 (0771),5) is a homomorphism. Since
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the diagram

Ax A — 5 Sy 0! i
p

WJ o| >g
A A<G ’

L

commutes, we see that [X] + [S7!] = [A<§] for all ¥ € Tg(A).

Ezample 2.4. Take [Z],[2] € Tg(A). Let f : L xg Y — ¥ %g X be the flip.
Similarly, let f: A% A — Ax A be given by f(a,a’) = (a’,a). The diagram

Ax A ——2 S S

fl 7

A— V. (Y % X)

commutes. Since V4 o f = VA, it follows from Theorem 1.5 that [X] + [¥] =
T+ 3.

In Examples 2.1-2.4, we have proved much of the following theorem, which is
patterned on [Kum88, Theorem 2.7].

Theorem 2.5. Let G be a locally compact groupoid with open range and source
maps, and let A be a locally compact abelian group G-bundle. Then the binary op-
eration ([1], [Za]) + [VA(Z1 *g X2)] of (2.1) makes Tg(A) into an abelian group
with neutral element given by the class [A< G| of the semidirect product of Exam-
ple 1.8, and [S]7! = [X7Y as in Ezample 2.2. For each continuous G-equivariant
map f : A — B of G-bundles, define Tg(f) : Tg(A) — Tg(B) to be the induced
map: Tg(f)[X] = [f«X]. Then Tg is a functor from the category of G-bundles to
the category of abelian groups.

Proof. By considering diagrams similar to that in Example 2.4, we see that the
operation in (2.1) is well-defined and associative. We saw that [4 < G| acts as an
identity in Example 2.1 and the statement about inverses follows from Example 2.3.
The computation in Example 2.4 shows that Tg(.A) is an abelian group.

By Corollary 1.6 we have Tg(f og) = Tg(f) o Tg(g) if f and g are a composable
pair of continuous G-equivariant maps of G-bundles. The proof that Tg(f) is a
group homomorphism follows as in the proof of [Kum88, Theorem 2.7]. (]

3. Applications and Examples

In this section we consider a unit space fixing extension ¥ of G by the group
bundle A as illustrated in the diagram (}) from the introduction. We review the
basic details. We assume that all groupoids considered in this section are second-
countable locally compact Hausdorff groupoids with Haar systems. The Haar sys-
tem on ¥ is denoted A = {\"}, 50 and we further assume that pq : A — %0
is a bundle of abelian groups that is a closed subgroupoid of ¥. It is equipped
with a Haar system denoted 8 = {"},ex and the fibers are denoted A(u) for
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u € ¥, The existence of a Haar system on A implies that p4 is open. It follows
by [IKR"21, Lemma 2.6(c)] that there is a Haar system a = {ay },ex0 on G such
that for all f € C.(¥) and u € £ we have

/f ) (o //faa ) 8" (a) da(5). (3.1)

Moreover, there is a natural action of X, and therefore G, on A.

Note that p : ¥ — G is a continuous, open surjection inducing a homeomorphism
from £ onto G, and ¢ : A — ¥ is a homeomorphism onto ker p. (Both p and ¢
are assumed to be groupoid morphisms).

Recall that if ¥ is a T-groupoid over G then

C(G;X):={f e CuD): f(to) =tf(o) for all t € T,0 € 3}

is a *-algebra under the operations described in [MW92, §2], and C*(G;X) is its
closure in the norm obtained by taking the supremum of the operator norm under
all x-representations.

We may also view C.(G;X) as compactly supported continuous sections of the
one-dimensional Fell line bundle over G associated to 3. One can then construct the
associated (right) Hilbert Co(G(®)-module (see [TKRT21, §1.3]) as the completion
of C.(G;¥) in the norm arising from the Co(G(?))-valued pre-inner product given
by (f,g) := (f* *g)|gw for all f,g € C.(G;%). We denote the Hilbert module by
H(G;X) and observe that left multiplication induces a natural *-homomorphism

C.(G;E) — L(H(G;X)). We may define the reduced norm of an element
f € C.(G; ) to be the operator norm of its image: ||f||, := ||A(f)||. Then C}(G;X)
is the closure of C.(G;¥) in the reduced norm.

Lemma 3.1. With notation as above, let F C GO be a G-invariant clopen subset.
Then F is also Y-invariant and the reduction X|p is a twist over the reduction
Glr. Moreover, the characteristic function of F determines a central multiplier
projection pr such that

prCr(G; %) = CH(G]r; Xlr).

Proof. Observe that H(G;X) decomposes as the direct sum of a Hilbert Cy(F)-
module and a Hilbert Cy(F¢)-module in the following way

H(G: %) = H(G|r: Blr) ® H(G]pe; Slpe).

Note that multiplication by the characteristic function of F', which we denote by
pr is the projection onto the first component, that pg is in the center of the multi-
plier algebra of C(G; %), and C.(G|r; X|F) acts trivially on the second component.
Hence the operator norm of C..(G|r; X|r) acting on H(G|r; X|r) coincides with that
of its action on H(G;X). O

3.1. The T-groupoid of an extension. As noted in the introduction, we want
to see that the T-groupoid constructed in [IKR*21, §3.1] is an example of the
pushout construction of Theorem 1.5. The C*-algebra C*(A) is abelian and the
Gelfand dual of C*(A) is an abelian group bundle p : A — G = 2 with fi-
bres p~t({u}) = A(u)" (see [MRW96, Corollary 3.4]). Furthermore, since abelian
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groups are amenable, it follows from [Will9, Corollary 5.39] and [Wil07, Proposi-
tion C.10] that p is open. Therefore we can view A as a right G-bundle for the
natural right action of G on A.

Since G and ¥ both act on A, regarded as a topological space fibered over
¥ we can form the transformation groupoids AxGand A x 3. Moreover,
Asx A={(x,a):p(x) = pala)} is a A x G-bundle (as well as an A x S-bundle).
Defining ¢, : Ax A = Ax X by t.(x,a) = (x,a) and p, : Ax S = AxG by
p«(x,0) = (x,0), we obtain an extension

Ax A L AxY P AxG.

We defined a T-groupoid ¥ associated to this extension in [IKR ™21, Proposition 3.2]
as follows. Define

D={(x,20) € AXxT xZ:p(x)=r(c)}

and let H be the subgroupoid of D consisting of triples of the form (x, x(a),a)
for a € A(p(x)). Then H is a normal subgroupoid of D and we can form the
locally compact Hausdorff groupoid ¥ := D/H (we use the notation X, rather than

the notation 3 of [IKR*21], to avoid clashing with classical notational conventions
when ¥ is a group, for example in Remark 3.3).

Theorem 3.2. Let X be the extension of G by the group bundle A as in the dia-
gram (1) and adopt the notation established above. Let f: Ax A — A X T be the
canonical map given by

f(x;a) = (x, x(a)). (3.2)
Then % is properly isomorphic to the pushout f, (/l x ). Moreover,
C*E) 2 C*(AX G fL(AX)) and CHE)=ZCHAXG; f.(AxY)).
Proof. Theorem 1.5 implies that there is a unique (up to proper isomorphism)
extension f, (./i x X)) of Axg by A x T and a twist morphism that is compatible

with f. In particular, f*(/l x X)) is a T-groupoid. We get a natural map g : AxS
to X given by g(x, o) = [x, 1, 0], and the diagram

Ax A — s Ax Y )
1 |
/le—i>§

commutes. The proper isomorphism of & with f, (AxY) follows from the uniqueness
guaranteed by Theorem 1.5 and the final assertion follows from [IKR*21, Theo-
rem 3.3]. O

It follows immediately that if ¥ is properly isomorphic to the semidirect product
A<G, then [A x X] =[A X (A<G)] = [A<(A X G)] and hence [X] is trivial. Thus
C*(X) = C*(AxQG).
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Remark 3.3. As mentioned in the introduction, the twist ) appearing in Theo-
rem 3.2 is responsible for the Mackey obstruction of the classical normal subgroup
analysis of [Mac58]. Indeed, let us apply the theorem when ¥ is a locally compact
group and A is a closed normal abelian subgroup. Then ¥ and G = ¥/ A act on
A by conjugation and give right actions on the space of characters A. The corre-
sponding twist ¥ is the quotient of the groupoid (A % £) x T where (x,a0,0) is
identified with (x,0,0x(a)) for all a € A. We let [x, o,0] be the class of (x,0,60)
in X, If y € A, then let 2(y) and G(x) be the stabilizers at x for the actions on
A, and let 3(x) be the isotropy group of ¥ at y. We observe that %(y), up to an
obvious identification, is the pushout of the group extension

A 2(x) g(x)

by the homomorphism y : A — T. Indeed, this pushout x.(X(x)) is the quotient
of X(x) x T by the equivalence relation identifying (ac,8) with (o, 8x(a)) for all
a € A. Thus we just identify [x,0,60] € S(x) with [0,0] € x.(2(x)). The class
of $(x) in H%(G(x), T) is the classical Mackey obstruction. More precisely, let L
be an irreducible unitary representation of ¥. According to Theorem 3.2, we may
view it as a representation of the twisted groupoid (,,[l X G, §~]) Its restriction to
A defines a measure class which is invariant and ergodic under the action of G.
If this measure class is transitive, which will be always the case if A is regularly
embedded, then we have a representation of a twisted transitive measured groupoid
(0% G,3|o), where O C A is an orbit of the action and 2| is the reduction of % to
O. We pick x € O. Since the (i( ), E|O) groupoid equivalence E is compatible
with the twists in the sense of [Ren87, Définition 5.3], it 1mplements a bijective
correspondence between the unitary representations of (O x G, i|o) and those of
(G(x),%(x)). Therefore L is given by an irreducible unitary representation of the

twisted group (G(x), % (x))-

Example 3.4. Let H be a locally compact abelian group and let A C H be a
closed subgroup. Then applying the above theorem with ¥ = H and A = A, we
conclude that ¥ is a bundle of abelian groups over ¥(0) = 4 where each fiber is an
extension of H/A by T. Each of these extensions is abelian because H is abelian
(and the action of H on Ais trivial). Hence, each extension is determined by a
symmetric T-valued Borel 2-cocycle and any such 2-cocycle is necessarily trivial by
[Kle65, Lemma 7.2]. But the twist is not trivial in general: for example, if H = R
and A = Z < R, then triviality of the twist would imply C*(R) = Cy(T x Z),
which is nonsense.

Example 3.5 (Generalized Twists). We now consider the case where A is a locally
compact abelian group, A = G(© x A, and G acts on A by translation on the first
factor. Since this simply gives us a twist when A = T, we will say that ¥ is a
generalized twist in this case. Note that even for twists, ¥ need not be a trivial
extension. Generalized twists were studied in [IKSW19].

View A := Ax GO asa locally compact space. (We put the factor of G () on the
right, as a reminder that we are thinking of Aasa space rather than as a group, and
to line up with the natural identification of Ax A with Ax G© x A, which we make
without further comment). Then G acts on the second factor of A. This means we
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can replace Ax G and Ax X with the products Ax G and Ax 3, respectively. Under
these identifications, Equation (3.2) becomes f(x,u,a) = (X, u, x(a)). Moreover we
may assume that the Haar system 3 on A = G(?) x A is constant in the sense that
there is a fixed Haar measure p on A such g% = p for all u € G0,

If x € A, then we get a G-equivariant map fX : GO x A — GO x T given by
fX(u,a) = (u,x(a)). Thus we can form the pushout fX(¥) so that

GO« A : 5
p
A p—
GO x T v ()

commutes. Then C*(G; fX(X)) is the completion of CX(X) consisting of functions
g € C.(X) such that g(c(r(o),a)o) = x(a)g(o) with the x-algebra structure dis-
cussed at the beginning of this section.

Proposition 3.6. Let ¥ be a generalized twist as in Example 3.5. For x € /1,
let fX: GO x A = GO x T and fX(X) be the G-equivariant map and T-groupoid
defined above. Then with notation as above,

C*() =2 C* (A x G; fo(A x %)) (3.3)

and C*(X) is the section algebra of an upper-semicontinuous C*-bundle over A with
fiber at x € A isomorphic to C*(G; fX(X)).

Proof. The isomorphism in (3.3) comes from Theorem 3.2.

The map p : A x G©© — G is continuous and satisfies pos = por so that
fx (fl x Y.) is a groupoid bundle over A as in Appendix A. Hence we can invoke
Proposition A.1 to see that C*(AxG; f,(Ax X)) is isomorphic to the section algebra
of an upper-semicontinuous C*-bundle over A. Since we can identify f, (A x X)(x)
with fX(2) and (A x G)(x) with G, the result follows. O

Proposition 3.7. With notation as in Example 3.5, suppose that A compact. Then
the dual A is discrete and

CH ()= P CH(G: fX(2) and CH(D) = P CrG: fX(R)).
x€EA x€A
Proof. To prove the first isomorphism, note that by Proposition A.1
C*(2) 2 C* (A x G; fo(A x %))

is a Cy(A)-algebra. That is, letting ZM (C*(X)) denote the center of M(C*(X)),
there is a o-unital *-homomorphism p : Co(A) — ZM(C*(X)). Since A is discrete,
the images of the characteristic functions of singleton sets under p give rise to a
family {qX}X .4 of mutually orthogonal central projections in M (C* (%)) which sum
to unity in the strict topology. Moreover, the summands coincide with the fibers
of the upper-semicontinuous C*-bundle over A given in Proposition 3.6 and hence

0 C*(X)gy = ¢xC7(X) = C7(G; fX (%))
for all x € A.
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For the second isomorphism, let 7= : C*(X) — C}(X) be the canonical quo-
tient map. An argument like that of the preceding paragraph using the family
{m(qx)},c.4 of mutually orthogonal central projections in M (C7: (X)) gives C(X) =
D, c.im(a)Cr(E). Lemma 3.1 gives 7(qy)Cr(E) = C(G; £ (X)), and the result

follows. u

Remark 3.8. If A =T and X is a twist, then A = Z, and we have [f"(X)] = n[%] for
n € Z. It follows that the central summand corresponding to n = 1 is isomorphic
to C*(G;X) and thus there is central projection ¢ = ¢; € M(C*(X)) such that

C*(G;X) 2 qC*(X) and C}(G;X) ¥ qCrH(Y)

Now suppose that G = G(©) so that ¥ = A is itself an abelian group bundle
regarded as a groupoid with unit space G(© and let A be a T-twist over A. Then
since A is amenable C*(A;A) = C}(A; A) (see, for example [SW13, Thm 1]). We
shall say that such a twist is abelian if A is also an abelian group bundle—that
is if A(u) is abelian for each u € G(%). Then A is abelian if and only if C*(A) is
abelian and in that case C*(A) = Co(A). Arguing as in Example 3.4, we see that
such extensions must be pointwise trivial but need not be globally trivial. If A
is determined by a continuous T-valued 2-cocycle ¢, then A is abelian if and only
if ¢ is symmetric (cf., [DGN*20, Lemma 3.5]). Suppose now that A is abelian.
Forn € Z, let V,, := {x € A : x(z,u) = 2" forall z € T and u € GO}. Then
C*(A) =2 Cy(A) decomposes as a direct sum with summands of the form Cy(V},).
Note that each V,, is clopen. The projection ¢ in Remark 3.8 may then be identified
with the characteristic function of U, := V; and hence

CT(A; A) = qCT(A) = Co(Un).
See [DGN20, Section 3] for a related construction.
In the case that A =2 T x A and thus A 2 Z x A, we have Uy = {1} x A = A.
We return now to the more general situation where ¥ is a unit space fixing

extension of G by the group bundle A as in the diagram (f) from the introduction.
Suppose that, in addition, €2 is a T-groupoid extension of

g(O) x T i

such that Aq := p~1(A), its restriction to A, is an abelian group bundle over G,
We may thus regard €2 as an extension of G by Ag. We assume that A, ¥ and G
are endowed with Haar systems that satisfy (3.1), the Haar system in GO x T is
given by the Haar measure on T, and the Haar system on €2 is the one naturally
defined by the Haar systems on G(°) x T and . To declutter notation a little, we
write A for the dual bundle (Ag)™.

Corollary 3.9. With notation as above let f : KQ x Ag — KQ x T be given by
fx,a) = (x,x(a)). Then

C*(Q) 2 C*(Aq % G; fu(Ag x Q) and
CH(Q) 2 CF(Ag % G; fu(Ag x Q).
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Proof. This follows immediately from Remark 3.8, the above discussion, and The-
orem 3.2 with A in place of A. |

By arguing as in Remark 3.8 and Corollary 3.9 we may conclude that C*(%; Q) is
isomorphic to the corner associated to the central projection qq in

M(C*(Ra % G; f.(Ra x Q)
corresponding to the characteristic function of
Uq :=Upy C Ao = (Ag % 6)(©.

Observe that Ug is an invariant clopen set under the action of both G and 2 and
thus both groupoids act on Ug.

Corollary 3.10. With notation as above define g : UgxAq — Uq X T by g(x,a) =
(x;x(a)). Then

C*(Z;Q) 2 C*"(Uq X G; 9. (Uq x Q) and Cr(3;Q) =2 C(Uq % G; g« (Ugq x 2)).
Proof. Observe that

(AaxG), =UaxG and (RoxQ), =UqxQ.

For (X,CL) cUqxAg C KQ * Aq,

fx:a) = (x; x(a)) = g(x,a) € Ug x T
Therefore,
(f(Ag x )y, = 9:(Ua x Q).
Hence, by Remark 3.8 and Corollary 3.9
C*(2;9) 2 goC* (Mg x G; f(Aa x Q))qga

= C*((KQ % G)ve; (fo(Ro x Q))vs)
= C*(Uq % G; 9(Ua x Q)).

The case for the reduced C*-algebras follows by a similar argument. O

Recall that an étale groupoid G is said to be effective if the interior of the
isotropy groupoid is G(9) and topologically principal if the set of points with trivial
isotropy is dense in G(?). These notions are equivalent if the étale groupoid G is
second countable (see [BCFS14, Lemma 3.1]). The above corollary allows us to
generalize [[KR 21, Theorem 4.6] (see also [DGN'20, Theorem 5.8] and [DGN20,
Theorem 4.6]).

Corollary 3.11. With notation as above, suppose that G is étale and that the action
groupoid Ug x G is second countable and effective. Then the image of C’(A, Aq)
under the natural embedding into C*(X;Q) is a Cartan subalgebra with Weyl twist
g*(UQ X Q)

Proof. This follows from Corollary 3.10 and [Ren08, Theorem 5.2]. O
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Ezample 3.12. Let H be a discrete abelian group and let E be a T-twist over
H—that is, a central extension by T. Since H is discrete, there is a T-valued
skew-symmetric bicharacter w on H and a set of generating unitaries {u | h € H}
in C*(H; E) such that for all g,h € H
ugup = w(g, h)upug.

By [Kle65, Lemma 7.2] the extension F is trivial if and only if w(g,h) = 1 for
all g,h € H. Let A be a subgroup of H which is maximal amongst subgroups
on which w@(-,) is identically 1. It is shown in [Kum86, Example 1.12] that the
C*-subalgebra B generated by {u, | a € A} is a diagonal subalgebra of C*(H; E).
We now show that this also follows from Corollary 3.11 with ¥ := H, A := A,
G=H/Aand Q:=F.

Since the restriction of w to A is trivial the extension F is trivial on A and thus
A is trivial as a T-twist. Hence, B = C*(A) and Uy = A. There is a continuous
homomorphism w4 : H — A such that for all h € H, a € A

(@a(h))(a) = =(h,a).
Moreover, A = kerw and thus w induces an injection H/A — A. The action of
H/A on A is then given by translation and, hence, is free. Since H/A is étale and its

action on Ug = A is principal, the image of C} (A, Aq) = C*(A) under the natural
embedding into C}(X;Q) = C*(H; E) is a diagonal subalgebra.

3.2. Extensions by 2-cocycles. Extensions associated to groupoid 2-cocycles
yield some nice applications of the pushout construction. For convenience, we
review the basics here. (For more details, see [[KSW19, Appendix A].) Assume
that pa : A — G(© is a G-bundle. As before we write A(u) for p* (u) for u € G,
Assume that ¢ : G — Ais a continuous normalized 2-cocycle. That is, ¢(v1,72) €
A(r(m)) for all (71,72) € 6%, (70, 71) + (Y071,72) = Y0 - (71, 72) + (70, 1172)
for all (v0,71), (71,72) € 6@, and ¢(y,u) = p(u,v) = 0, for all v € A(u) and
u € G, Then the extension ¥, of G by A determined by ¢ is obtained by giving
the fibered product A x G the groupoid structure where (a1,7v1)(az2,v2) = (a1 +y1 -
az + @(11,72),1172) if (11,72) € 6@ and (a,7)"t = (=t a—(yH9),77h.
We exhibit ¥, as an extension of G by A via i(a) = (a,pa(a)) and p(a,y) = 7.

Ezample 3.13. If A = G x A is the trivial bundle (with trivial action), then an
A-valued cocycle is given by a continuous A-valued 2-cocycle o on G via the formula

e(11,72) = (0(71,72),7(1))-
Ezample 3.14. Let ¢ be a continuous normalized T-valued 2-cocycle and let 3, be
the T-twist associated to ¢. Then by Proposition 3.7 and Remark 3.8, and the fact
that X n = n,(X,) for all n € Z, we have
C*(3y) = @) C*(G: Tyr).
neZ
This recovers [BaH14, Theorem 3.2].

FEzample 3.15 (Transformation groupoids). Let G be a groupoid acting on the right
of a locally compact Hausdorff space X. Recall that the transformation groupoid
X x G is obtained by endowing the fibered product X * G with the groupoid oper-

ations (z,71)(x - 71,72) = (x,71172) if (71,72) € 6P and (z,7)7 = (z-v,77").
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Assume that ¢ : G& — Ais a 2-cocycle as above. Then one can define a natural
2-cocycle ¢ : (X x G)? = X x A via ¢((x, 1), (x - 71,72)) = (z,0(71,72)). The
extension Yz of X x G defined by ¢ is isomorphic to the extension X x ¥, where
%, is the extension of G defined by . To see this, note that 5 = { ((z,a), (x,7)) :
x € X,a€ A% v € G} with the operations

((z,a1), (z,7)) (@ - 71, 02), (- 71,72)) = (2,01 + 7102 + ©(71,72)), (2, 7172))
and .
((z,a), (7)) = (@7, ra—e0™ ), (@-7,771).
On the other hand, X x X, = {(z,(a,7)) : « € X,a € A%,y € G"} with the
operations
(z, (a1, 7)) (@ - 71, (az,72)) = (2, (a1 + 11a2 + ©(71,72),7172))
and
(z,(a,7) = (z-7, (= -a— (v H), 7).
Therefore the map V : £5 — X x 5, defined by V((z,a), (z,7)) = (z,(a,7)) is a
groupoid isomorphism.
Suppose that pg : B — G© is another abelian G-bundle and that f : A —
B is an equivariant map such that f|4) : A(u) — B(u) is a continuous group
homomorphism for all u € GO There is a B-valued 2-cocycle fi(y) : ¢ 5 B
given by f.(0)(71,72) = f((71,72))-
Lemma 3.16. Let ¥y () be the extension of G by B determined by f.(¢). Then
J+X, 1s properly isomorphic to Xy (-
Proof. Define g: X, — ¥y, by g(a,v) = (f(a),v). The diagram

N

commutes. Therefore the lemma follows from Theorem 1.5. O

B———F—— %1y

3.3. The T-groupoid defined by a 2-cocycle. We continue to assume the
setting from Section 3.2: A is an abelian G-bundle, ¢ : G — A is a 2-cocycle, and
Y, is the extension defined by ¢. Then, as in Example 3.15 there is a 2-cocycle
P:(AxG)D 5 AxA
defined by
G(067): (- 71172)) = (%6 2(71572)) (3.4)

if (71,72) € G®). Therefore we can identify Ax Y, with ¥, the extension of AxgG
determined by ¢. Consider the 2-cocycle ¢ = f.p : (A xG)? — A x T defined
via

¢(06 ) (06 72)) = (6 x(@(1,72))).-
Lemma 3.16 and Theorem 3.2 imply that ip is isomorphic to the T-groupoid
defined by ¢ and C*(2,,) is isomorphic to C*(A x G; $y).
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Ezample 3.17. The following example was studied in [ITKSW19]. Let X be a second-
countable locally compact Hausdorff space, and G a second-countable locally com-
pact abelian group. Let ¢ denote the sheaf of germs of continuous G-valued func-
tions on X, and let ¢ € Z%(% ,%) be a normalized Cech two cocycle for some locally
finite cover % = {U,};cr of X by precompact open sets. The blow-up groupoid
Ga, with respect to the natural map from | |, U; into X is

g@/ = {(z,x,]) LT e Uij = Uz n U]}
with (i,z,7)(j,z,k) = (i,7,k) and (i,2,5)"' = (j,z,i). As noted in [IKSW19,
Remark 3.3], the Cech 2-cocycle ¢ defines a groupoid 2-cocycle ¢, : g§§) — G via

@C((iv $7j)7 (]7 xz, k)) = cijk(x)~
Let ¥, be the extension of G by the 2-cocycle ¢.. Define

@:((GxUUi)xg%)(2)—>Txéx|_|Ui

by -
@((Tv (i,:L',j)), (7_7 (j,l’, k))) = (T(Cijk(x))vT)

for 7 € G and ((i,x,j), (4, x, k)) € (G2 )®. Then ¢ is a groupoid 2-cocycle, and
the pushout groupoid Y is isomorphic to the T-groupoid that is the extension of
(G x |J;Us) » Go defined by .

Let ¥ = {G x U; }ier be the locally finite cover of G x X, let .% be the sheaf of

germs of continuous T-valued functions, and define v¢ = {vf;, } € Z2(V, ) by

Vc((Tv (iv $,j)), (Ta (]7 xz, k))) = T(Cijk(x))'
Then the 2-cocycle ¢ is defined by the Cech 2-cocycle v° € Z2(¥,.).

That is, v° is the normalized 2-cocycle considered in [IKSW19, Equation (3.4)].
Hence the generalized Raeburn-Taylor C*-algebra A(v) studied in [IKSW19] is
isomorphic to the restricted C*-algebra of the T-groupoid defined by the 2-cocycle
ve.

By [IKSW19, Lemma 5.2, A(v) is a continuous-trace C*-algebra with spectrum
G x X with Dixmier-Douady invariant 6(A(v)) = [v°]. For a concrete example, let
G = Z and choose a Cech 2-cocycle ¢ associated to any line bundle.

Ezample 3.18. This example is an expansion of [IKR121, Example 4.10]. Let ' = Z
act on T via rotation by a € Q: z-k := ze*™**_If o = m/n with m and n relatively
prime, then nZ fixes the action. We have a short exact sequence of groups

nZ —s 7 L2+ 7,. (3.5)
The action on T leads to an extension of groupoids
nZxT 3 TxZ —"%TxZ,. (3.6)

Thus, using the notation from the previous section, A =T x nZ, ¥ =T x Z, and
G = T x Z,. The C*-algebra C*(T x Z) is the rational rotation C*-algebra A,
(see, for example, [DB84]). The groupoid D is the cartesian product T x T, x
T X Z, where T,, = T/Z, is the dual of nZ. The extension Y is the quotient of D
where we identify (w, x, z,nl+ k) with (w, x™, z, k). Therefore the rational rotation
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algebra A, is the completion of continuous functions F' on T x T,, x Z such that
F(w,x,nl +k) = x"F(w, x, k) for all | € Z.

The extension ¥ is properly isomorphic to the one defined by a 2-cocycle. Indeed,
let 0 = e?™® ¢ T and view o as a character on Z. Thus we can identify Z, with
0(Z) and then the map p in the short exact sequence (3.5) equals 0. Choose s € Z
such that sm = 1(mod n). Then the map 7 : Z,, — Z defined by 7(k) = sk
defines a cross-section of ¢. In particular, Z is properly isomorphic to the extension
nZ X, Z, by a two cocycle w : Z, X Z,, — nZ defined by 7. Using the proof
of [IKSW19, Proposition A.6], w(ky,ks) = 7(k1) + 7(ka) — 7(k1 + k2). A quick
computation shows that

0 ifk1+k2<n
ns ifk1+k22n,

OJ(iﬂl, kQ) = {

which recovers the 2-cocycle used in Step 2 of the proof of [DB84, Proposition 1].

The map 7 : T x Z, — T x Z defined by 7(z,k) = (z,7(k)) is a cross-
section of the extension of the groupoids (3.6). Hence T % Z is properly isomor-
phic to the extension given by the 2-cocycle ¢ € Z%(T x Z,, T x nZ) defined
by cp((w,l'cl),(w . kl,kg)) = (w,w(kl,kg)). The extension of the 2-cocycle ¢ is
Y, = T x nZ x Z,, with operations (w,nll,fcl)(w . ifl,nlg,ifz) = (w,nly + nly +
w(ky, k2), k1 + ko) and (w,nl, k)~! = (w, —nl — w(—k, k), —k). Following the proof
of [IKSW19, Proposition A.6] the isomorphism between ¥, and T x Z is given by
(w,nl, k) — (w,nl + 7(k)).

We have that A ~ T,, x T and A* A ~ T,, x T x nZ. The action of G =
T x Z, on A is given via (x,w) - (w,k) = (x,w - k) = (x, wo*). Therefore we
can identify A x G with T, x T x Z, = {(x,w,k) € T, x T x Z,}, where
(X, w, k1) - (X, w- k1, ko) = (x, w, k1 + ko) and (x,w, k)~! = (x,w -k, —k). Thus the
2-cocycle ¢ : (T, x T x Zn)(Q) — T, x T x nZ of (3.4) is defined by

@((X,w, kl), (x,w - ke, k’g)) = (X, w,w(l%;l, k‘g))

By Lemma 3.16, Y is properly isomorphic to the extension by the 2-cocycle ¢ which
is the pushout of @. Therefore ¢ : (Tn x T x Zn)(Q) — T, x T x T is defined by

@((Xa w, ];"1)) (X7 w - ];:17 kQ)) = (X7 w, XW(khiQ))'

Hence the rotation algebra A, is isomorphic to C*(T,, x T x Z,;X;). For x € Ty,
define x.(¢) : (T x Z,)® — T by

X (@) ((w, Fer), (w - ey, o) = (w0, k).

Then Proposition 3.6 implies that A, is the section algebra of an upper-semicon-
tinuous C*-bundle over T, with fiber at x € T, isomorphic to C*(T x Z,; 3, (4))-
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Appendix A. Bundles of Twists

Let X be a twist over G. Alternatively, 3 is a T-groupoid so that we have the
following diagram

g(O) x T i

where as usual we have identified ©(® and G(©. In particular, if F ¢ G© is
G-invariant, then it is ¥-invariant and the reduction X|p is also a twist over the
reduction G|p.

Suppose that p : G(© — T is a continuous map such that por = r o s. Then we
say that ¥ is a groupoid bundle over T.! Then p~!(¢) is invariant for all ¢ € T. We
write ¥(¢) and G(t) for the restrictions to p~1(t), respectively. Then X(t) is a twist
over G(t).

Proposition A.1. Suppose that G is a second countable locally compact Hausdorff
groupoid with a Haar system and that ¥ is a twist over G. If p : G© — T is a
continuous map such that por = po s, then C*(G;X) is a Co(T)-algebra. Let %(t)
be the twist over G(t) defined above. Then C*(G;X) is (isomorphic to) the section
algebra of an upper-semicontinuous C*-bundle over T. The fibre C*(G;X)(t) is
isomorphic to C*(G(t); 2(t)).

Proof. Recall that C*(G;X) is the C*-algebra C*(G, B) of a Fell bundle ¢ : B — G
as described in [MWO08, Example 2.9]. Similarly, C*(G(t); 3(t)) is the C*-algebra
C*(G(t), B) of ql4-1(g(t))- Let U(t) = GO\ p~1(t). Using IW12, Theorem 3.7] (as
in [SW13, Lemma 9]), we obtain a short exact sequence

g,

0 —— C*(Gl), B) —— C*(G,B) —— C*(G(t),B) —— 0

where i identifies C*(G|y (), B) with the completion in C*(G,B) of the ideal of
sections in I'.(G, B) that vanish off G|y, and j is given on I'.(G, B) by restriction
to p~1(t). Now exactly as in [Will9, Proposition 5.37], we see that C*(G,B) is a
Co(T')-algebra with fibres C*(G, B)(¢) identified with C*(G(t), B). O
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