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Abstract. We introduce the space of virtual Markov chains (VMCs) as a pro-
jective limit of the spaces of all finite state space Markov chains (MCs), in the
same way that the space of virtual permutations is the projective limit of the
spaces of all permutations of finite sets. We introduce the notions of virtual
initial distribution (VID) and a virtual transition matrix (VITM), and we show
that the law of any VMC is uniquely characterized by a pair of a VID and
VTM which have to satisfy a certain compatibility condition. Lastly, we study
various properties of compact convex sets associated to the theory of VMCs,
including that the Birkhoff-von Neumann theorem fails in the virtual setting.

Steve (the first author) will never forget showering with Vaughan one day in the
Berkeley gym after their weekly game of squash while Vaughan sang an excerpt
from the aria “I Know that my Redeemer Liveth” from Handel’s “Messiah” in
his wonderful bass voice while a group of startled undergraduates looked on. This
episode captured Vaughan perfectly: his love of sport as well as the life of the mind,
his cultured but frequently profane irreverence, and his tremendous zest for living.

Mathematicians visiting Steve’s house would always be impressed when he an-
swered the phone and it was Vaughan on the line—They were less impressed when
they found out that Vaughan invariably wanted Steve for his body and not his mind
and was arranging a squash match or a game of tennis. Nonetheless, Vaughan and
Steve did find a lot of time to discuss mathematics and Steve misses their friendship
deeply.

As part of those conversations, Vaughan would sometimes ask Steve what he
was working on. Steve would answer with some topic in probability and Vaughan
would think for a while. If he was wearing his operator algebras hat that day, he
would reply with, “Oh, that’s the commutative case,” and if he was wearing his
statistical mechanics hat, he would reply with, “Oh, that’s the high temperature
case.” Steve wonders what he would say about the following ...

1. Introduction

For each N € N := {1,2,...}, write Sy for the group of all permutations of
the finite set {1,2,...,N}. A wvirtual permutation is a sequence o = {on}nen €
[Inen Sy with the extra projectivity condition that for each N € N the cycle
structure of oy is exactly the cycle structure of oy 41 but with the element N + 1
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removed. The space of virtual permutations & was introduced in the landmark pa-
per [10] as a method for studying the representation theory of the infinite symmetric
group Sco := Jy—; Sn, and subsequent research has focused both on furthering
this direction [11], 13}, [15] and on using similar ideas to study the representation
theory of other “large” non-abelian groups [, 4].

There are a few natural ways to enrich this picture by introducing an element
of randomness. To motivate this, we return to the case of permutations of a finite
set, that is, Sy for a fixed N € N. One approach is to study a family of probability
measures on Sy, and then to ask any number of questions about the resulting
distributions, typically in terms of the asymptotics of various statistics as N —
oo. This study of random permutations is an extensive area of active research in
probability, combinatorics, and mathematical physics, so we will not attempt the
futile task of trying to summarize this research in just a few lines. In the case
of virtual permutations, the natural generalization of this program is to define a
family of probability measures directly on & and to ask analogous questions about
the resulting distributions; this line of research has been very fruitful, and there
are a number of interesting probabilistic questions that have been proposed and
answered [2}, 3, [9], [14].

There is another simple way to introduce an aspect of randomness to this picture.
To see what this is, we return again to the case of Sy for a fixed N € N; the approach
is to view each fixed element of Sy as a deterministic transition rule for some
dynamics on {1,2,..., N}, and to then expand our scope to include probabilistic
transition rules. This study of random dynamics is, of course, nothing other than
the study of Markov chains (MCs) on finite state spaces, which has become its
own subfield of modern probability theory. In the case of virtual permutations, the
natural generalization of this program is to define a family of probabilistic transition
rules on {1,2,..., N} simultaneously for all N € N in such a way that the extra
projectivity condition is, in a suitable sense, always maintained. In this paper, we
the take this second perspective as a starting point and hence initiate the study of
the so-called wvirtual Markov chains (VMCs).

Roughly speaking, a VMC on some probability space is a sequence X = { Xy} nen
of MCs with the extra condition that almost surely for each N € N the sample path
X is exactly the sample path of X1 but with all instances of the element N +1
removed. In particular, a VMC is nothing more than a certain (rather strong) no-
tion of coupling for a sequence of MCs onto the same underlying probability space.
We will later give several classes of examples (Subsection which show that
VMCs are naturally encoded in the enumeration of the hitting locations of various
continuous-time Markov processes.

Subsequently, much of the paper is dedicated to generalizing existing results
for MCs to the setting of VMCs, with an emphasis on the elements which have
behavior that is different from or more interesting than the analogous elements of
the classical case. For example, one of our main results (Theorem , which
generalizes the classical result stating that the law of a MC is uniquely described
by a pair of an initial distribution (ID) and a transition matrix (TM), shows that
the law of a VMC is uniquely characterized by a pair of a virtual initial distribution
(VID) and virtual transition matriz (VITM), but that these two data must satisfy
an additional compatibility condition.
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FIGURE 1. A cartoon of the virtual Birkhoff polytope B (blue)
and the virtual permutation matrices & within it (red).

Another collection of results is related to various compact convex spaces asso-
ciated to the study of VMCs. In the case of MCs, the TM is usually regarded as
containing “more interesting” information than the ID; this intuition extends to
the case of VMCs as well, hence we later focus our attention on VT Ms and we let
VIDs play a secondary role. From this perspective it makes sense to fix a VIM
and to consider the space of all VIDs which are compatible with it; it turns out
(Subsection that this is a compact convex space of measures whose extreme
points have many nice properties that we explore. In particular, this study of com-
patibility is equivalent to characterizing the solution set of an infinite system of
balayage inverse problems, which generalize the one-step balayage inverse problems
originally studied in [7], [8]. We also define the notions of equilibrium distribution
and stationary distribution, and show (Subsection that they are distinct, unlike
in the case of classical MCs where they coincide.

Finally, we give (Subsection a collection of results which connects the theory
of VMCs back to theory of virtual permutations from whence it came. We know
in the classical setting that the space of doubly-stochastic TMs, called the Birkhoff
polytope, coincides with (closed) convex hull of the permutation matrices; in the
virtual setting, we show that the space of doubly-stochastic VTMs, which we anal-
ogously call the virtual Birkhoff polytope B, is not even convex. However, not all
hope is lost in understading the convexity structure of B: We show that it exhibits
an “all-or-nothing-convexity” property, namely, that for any two points in B, the
relative interior of the line segment joining them is either contained in or disjoint
from B. Moreover, we show that there is a unique point in B with the property
that the line segment joining it to any other point of B is contained in B; this
point is none other than the VTM of the virtual permutation corresponding to the
identity; in Figure [I| we give a cartoon depiction of the virtual Birkhoff polytope.

The remainder of this paper is structured as follows. In the last part of this
section, we outline some important notational conventions, some topological pre-
liminaries, and some remarks about the categorical aspects of the constructions
herein. In Section [2] we give the basic definitions and properties of our theory, and
we outline several classes of examples of VMCs which can be built from sufficiently
regular continuous-time Markov processes. In Section [3] we state and prove the fun-
damental representation theorem which gives the correspondence between VMCs
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and compatible pairs of VIDs and VIMs. In Section [} we study a few problems
of convexity in infinite-dimensional vector spaces that naturally arise in the theory
we have developed. Many examples are given in every section.

Notation We use calligraphic characters to denote spaces of objects, and we use
boldface characters to denote virtual objects; in I¥TEX, these correspond to the
mathcal and mathbf environments, respectively. Correspondingly we use calli-
graphic boldface characters to denote spaces of virtual objects. For example, S
denotes the space of all permutations of N, a generic element of which is denoted
o; likewise, S denotes the space of all virtual permutations, a generic element of
which is denoted o.

We also overload notation and use { Py} yen to denote several different families
of projections operations and ¢ to denote several different natural injections. This
overloading should cause no confusion since the argument always disambiguates
which map is which.

Topology Unless otherwise stated, all subsets of topological spaces are endowed
with the relative topology, all cartesian products of topological spaces are endowed
with the product topology, and all spaces of probability measures on a topological
space are endowed with the topology of weak convergence.

Category While we will not make the categorical aspects of our work rigorous in
this paper, we make a few remarks for the interested reader.

In the case of [10], one works in the category of topological groups and considers
the sequence {Sy }nen of permutation groups. Then, the infinite symmetric group
Scoo = U ~Nen SN is an inductive limit of this sequence when endowed with the
natural collection of injective homomorphisms ¢y : Sy — Sy which, for each
N,M € N with N < M, send each permutation on {1,2,... N} to the unique
permutation on {1,2,... M} which has the same cycle structure but with each
element of {N + 1,N +2,...M — 1, M} placed into its own cycle. Dually, the
space of virtual permutations 8 is a projective limit of this sequence when endowed
with the natural collection of surjective homomorphisms Pyjs : Sy — Sy which,
for each N, M € N with N < M, send each permutation on {1,2,... M} to the
permutation on {1,2,... N} which has the same cycle structure but with each
element of {N +1,N+2,... M — 1, M} removed and with the gaps “stitched up”.

In the present paper, one works in a certain “category of Markov chains”, which,
to the best of our knowledge, has not been studied. Roughly speaking, the objects
in this category are the Markov chains defined on a common probability space
(Q, F,P), and the morphisms in this category are sample-path transformations that
preserve the Markov property. For each N € N, write M for the collection of all
Markov chains on {1,2,..., N} defined on some fixed (2, F,P), and consider the
sequence { My }nen. Then, one can form an inductive limit of this sequence when
it is endowed with the natural collection of injective morphisms ¢y pr : My — My
which, for each N, M € N with N < M, send a sample path on {1,2,... N} to the
same sample path but viewed as a path on {1,2,...M}; the resulting objects is
the collection all the finite state space Markov chains on (2, F,P). Dually, one can
form a projective limit when endowing this sequence with the natural collection of
surjective morphisms Pnys : My — My which, for each N, M € N with N < M,
send each sample path on {1,2,... M} to the sample path on {1,2,... N} which
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results from removing all instances of {N +1,N +2,...M — 1, M} and with the
resulting gaps “stitched up”. (Note that there is some care to be taken in the
case that the sample path eventually leaves {1,2,..., N} and never returns.) The
resulting object is the collection of all virtual Markov chains.

2. Basic Theory

In this section we develop the basic theory of the main objects of interest in
the paper. In Subsection [2.1] we define the notion of wirtual path space, and in
Subsection we define wirtual Markov chains (VMCs) as nothing other than
probability measures on virtual path space with some nice properties. Then in
Subsection [2.3] we build various examples of VMCs, mostly from nice continuous-
time Markov processes, and we explore some different properties.

2.1. Virtual path space. Set N = {1,2,...} and Ny = NU {0}. For a,b € Ny,
write [a,b] = {a,a 4+ 1,...,b — 1,b}, which may be empty. Also write [a,co[=
{a,a+1,...} for each a € Ny.

Definition 2.1. The set

. No . if 2(4) = 0 for some i € Ny,
Ci= {I €No™* then z(j) = 0 for j € [i,00[

is called the space of paths.

In the above, the elements of N serve as possible states of paths, and 0 serves
as a distinguished state, called the cemetery, since any chain which visits 0 gets
trapped at 0 forever after. (Customary symbols for a cemetery state are 9, f, or A,
but we choose to use 0 since it fits in well with the ordering on Ny.) For N € N,
we also define an analogous space of paths on the state space [0, N], via

.: N, . if () = 0 for some i € Ny,

Cn s {x € [o. N - then z(j) =0 for j € [i,00[ [ *

Observe in particular that for M, N € N with M > N we have Cy C Cpy CC. We
endow C with the relative topology induced by the product topology on NEIO, which
is metrizable; thus, compactness is equivalent to sequential compactness, continuity
is equivalent to sequential continuity, etc.

Lemma 2.2. The space C is a Polish space, and the space Cn is a compact Polish
space for each N € N.

Proof. Since Nj° is Polish, the first claim follows if we can show that C is closed
in Nglf’. This is immediate by writing

c= {xeNf?v:x(i)¢o}uﬁ{xeN§°:x(j):o}

1€Ng Jj=1

and noting that {z € Nj° : z(k) = 0} is clopen in Nj° for all k € Ny.

Now let N € N be arbitrary. Since [0, N HNO is a compact Polish space, the second
claim follows if we can show that Cy is closed in [0, N]Yo, and this follows by the
same argument as above. (|
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For z € C and N € N, set I, y(0) = inf{i € Ny : z(¢) € [0, N]} and recursively
I, n(j+1) =inf{i € Ny : ¢ > I, y(j),z(i) € [0, N]} for j € N; we use the standard
convention that inf () = co. Observe that {I, n(j)}jen enumerates the indices at
which the path x visits states in the set [0, N]. In particular, {I, n(j)}jen is
non-decreasing and is possibly eventually equal to infinity.

Then, for x € C and N € N, we define Py(z) € Cn via

(Px(a)) () = {fj””(j R

Since Cp; C C for all M € N, we can also think of the map Py : Cjp;y — Cy for any
M,N € N. Intuitively, z — Py(x) is the operation which removes from x all of
its excursions that visit states higher than N, including a possible final excursion
of infinite length; in the case that x has an infinite excursion, we pad the path
Px () with 0s. Also note that, for all N € N, we have the fundamental projectivity
property Py o Py41 = Py on C.

Lemma 2.3. For each N € N, the map Py : C — Cy is continuous.
Proof. An arbitrary cylinder set C' C Cp is of the form
C={xeCn:x(i1) € By,...,x(i¢) € By}
for some ¢ € Ny, distinct 41,...,i¢ € Ng, and By,...,By C [0, N]. So, simply set

I = max{iy,...,i¢} and define

C’:{xEC: x(i) € B; for all i € {iy,...,i¢}, and }

z(2) € [0, N] for all 7 € [0, I] \ {i1,...,%¢}

Notice that C’ is a cylinder set in C and that € C’ clearly implies Py(z) € C,
hence Py is continuous. O

Lemma 2.4. For each x € C, we have Py(z) = x as N — oo.
Proof. An arbitrary cylinder set C' C C is of the form
C={zxeC:x(i1) € B1,...,2(i¢) € Be}

for some ¢ € Ny, distinct iq1,...,ip € Ng, and By,...,B; € Ng. Then set I =
max{iq,...,5} and M = max{z(k) : 0 < k < I}. Thus, if x € C, then N > M
implies that the restrictions of the infinite sequences Py (z) and x to the interval
of indices [0, I] must agree, hence Py(x) € C, as needed. O

Definition 2.5. The set

C:= {{xN}NEN S H Cn: PN(xN-i-l) =zxy for all N € N}
NeN

is called the space of virtual paths.

Lemma 2.6. The space C is a compact Polish space.
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Proof. Since each Cy is a compact Polish space, the countable product []ycnCn
is a compact Polish space. Thus, it suffices to show that C is closed in []ycnCn-
To see this, just write

C= ﬂ {{-TN}NEN € H Cn:Pn(znyr) = CCN}

NeN NeN

and note that each of these sets in the countable intersection is a closed subset of
[InenCn by virtue of Lemma O

Lemma 2.7. The map ¢ : C — C defined in the natural way via t(z) = {Pn(2)} Nen
is well-defined, continuous, and injective.

Proof. That this map is well-defined follows from the projectivity property of the
projections { Py} nen, and that it is continuous follows from Lemma To see
that it is injective, suppose that z,y € C have t(z) = ¢(y). Then for each I € Ny,
set N = max{max{z(k),y(k) : 0 < k < I}}. The restrictions of Py(x) and z to
[0, I must agree, and the restrictions of Py (y) and y to the indices [0, I] must also
agree. Thus Py(x) = Py(y) implies that the restrictions of x and y to [0, I] must
agree. As I € Ny was arbitrary, this implies = y. O

Lemma 2.8. The space +(C) is dense in C.
Proof. Note that a basis for the topology of C is given by all sets of the form

{{zn}nen €C: 2N, € By,...,zN, € By}

for some ¢ € Ny, an increasing sequence Ny, ... Ny € N, and some non-empty open
sets B; C Cp;, for each ¢ =1,...¢. For any such set U which is non-empty, there is
some {zy}nen € U, and it follows that the element zy, € Cy, C C has v(zn,) € U.
Thus, ¢(C) intersects every non-empty open set in C, so the result follows. (]

In the previous two results we showed that C contains a “copy” of C, and that
this copy is dense in C. Since we also showed that C is compact, it is useful to regard
C as a certain kind of compactification of the space C. Our final result completes
the picture by giving a simple characterization of the elements of C \ ¢(C).

Lemma 2.9. A virtual path x = {xn}nen € C lies in 1(C) if and only if imy_ o0 TN
exists in C and x = t(imy 00 TN).

Proof. If limy_,o zn exists and € = ((limy—oo ), then & € ¢(C) trivially.
Conversely, if we have & = i(z) for some x € C, then the result follows from
Lemma 2.4 O

The preceding result states that limy_, o, v is the only candidate for the preim-
age of € = {&n}nen by ¢. Thus, a virtual path fails to be identified with an actual
path whenever either this candidate x does not exist, or it exists but it does not
satisfy the identity = = ¢(z).

Now, let’s see some simple examples of virtual paths. Our first three examples
illustrate the ways in the hypotheses of Lemma [2.9] come into effect, and hence
highlight the relationship between C and C.
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Example 2.10. For each N € N, define the path zy € Cy via
0 i+1, ifi<N,
xn (1) =
N 0, ifi> N,

for i € Ng; see Figure 2] (top) for a depiction. Then, = {zx}nen is a virtual
path. Also define the path x € C via 2(i) =i+ 1 for i € Ny, and note that we have
x = ().

Example 2.11. For each N € N, define the path zy € Cy via

i+ 1, ifi <N,
en(i)=<S2N—i—1, fN<i<2N-1,
1 ifi >2N —1,

)

for i € Np, and see Figure |2| (middle) for an illustration. Then, * = {xy}nen is
a virtual path. Intuitively, x is the virtual path which “goes to infinity and back”
and then stays forever at the state 1. Observe that we have limy_,, ny = x, where
x € C is defined in the previous example, but that ¢(x) # @. Thus, by Lemma
there is no path which corresponds to this virtual path.

Example 2.12. For each N € N, define the path xy € Cy via

(i) N —i, ifi <N,
X 1) =
N 1 ifi> N,

)

for i € Ny, and see Figure [2| (middle). Then, x = {xx}nen is a virtual path.
Intuitively, « is the virtual path which “comes down from infinity” and then stays
forever at the state 1. Observe that zx(0) = N, so limy_, . &y cannot exist in C.
Thus, by Lemma |2.9] we see that there is no path which corresponds to this virtual
path.

For our last class of examples, we connect the ideas herein to the concept of
virtual permutations, as constructed in [10]. Recall that a virtual permutation is a
collection & = {on} nen € 8 where oy is a permutation of [1, N] for each N € N,
such that the cycle structure of oy is given by removing the element N + 1 from
the cycle structure of oy .

Example 2.13. Let 0 = {on}nen be a virtual permutation, and let ¢ € N be
arbitrary. Then define €5 , := {zn}nen in C as follows: For N > a, set x5 (0) :=a
and recursively zn(j + 1) := on(azn(j)) for j € Ng. For N < a, recursively set
zn = Pn(xn+1). Then x, , represents the “cycle” of o containing a. Observe by
Lemma that €4 , € ¢(C) if and only if this cycle is finite.

2.2. Virtual Markov chains. Analogously to how a stochastic process can be
identified with its law on a suitable space of paths, we propose that a probability
measure on C should be regarded as a wvirtual stochastic process. Our main object
of study is the collection of virtual stochastic processes which are analogous to the
case of Markov chains (MCs) in the classical sense.

For a topological space S, write B(S) for the Borel o-algebra on S; whenever we
view a topological space as a measurable space, we assume that it is endowed with
its Borel o-algebra, unless stated otherwise. We also write M(S) for the space of
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FIGURE 2. The virtual paths of Example (top), Example
(middle), and Example (bottom).

signed finite Borel measures on S, and M;(S) for the space of non-negative Borel
probability measures on S. Let us say that X is a Markov chain in N with cemetery
0 if X is a Markov chain in Ny such that 0 is an absorbing state. Similarly, for any
N € N, let us say that X is a Markov chain in [1, N] with cemetery 0 if X is a
Markov chain in [0, N] such that 0 is an absorbing state.

Definition 2.14. A C-valued random variable X = {Xy}nen is called a virtual
Markov chain (VMC) if, for each N € N, the random variable Xy is a Markov
chain in [1, N] with cemetery 0.

Remark 2.15. It would be slightly more precise to call such objects Markovian
virtual paths, but we stick with the slightly imprecise name because it sounds more
natural.

Before we develop further properties of VMCs, we should see that they in-
deed generalize classical MCs. Towards this end, the following is an extension
of Lemma [2.9] to the Markovian setting.
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Proposition 2.16. If X is a MC in N with cemetery 0, then (X) is a VMC.
Conversely, if a VMC X satisfies X € +(C) almost surely, then there is a Markov
chain X in N with cemetery 0 such that X = (X)) almost surely.

Proof. Suppose X is a Markov chain in N with cemetery 0 on a probability space
(Q, F,P). Then write ¢«(X) = {Xn}nen, so that Xy = Py(X) for all N € N, and
note that we only need to check that Xy is a Markov chain in [1, N] with cemetery
0 for all N € N. Indeed, take any N € N, ¢ € Ny and ag,...,artr1 € [0, N], and let
us show

P(XN(é—i- 1) = Qp+1 |XN(O) =ag,. .- ,XN(E) = Cl@)
=PXn(+1) = a1 | Xn(l) = ay).
Note that, if a; = 0 for some j € [0, ¢], then this forces a; = 0, hence both sides
above are equal to 1{a,y; = 0}. Therefore, we can assume ag, ..., as € [1, N], and
we recall that {Ix n(Jj)};en, is a sequence of stopping times. So, if as4; = 0, then
the strong Markov property implies
P(Xny(l+1)=0]|Xn(0) =ag,...,Xn({) = ay)
= ]P)(IX’N(K—F 1) =00 | X(IXJ\[(O)) =ag,... 7X(IX’N(€)) = a[)
=P(Ixn({+1) =00 X(Ix,n(0)) = a;)
=PXN(+1) = appr | Xn(0) = ar),

and, if agy1 # 0, then the strong Markov property implies

P(XN(€+ 1) = Qp4+1 |XN(O) =ag,... ,XN(K) = ag)
= ]P)(X(IXJV(E + 1)) = Ayp+1 |X([X7N(O)) = ap,- .- ,X(IX,N(K)) = ag)
=P(X(Ixn(l+1)) = aey1 | X(Ix,n(0)) = a5)
= ]P)(XN(E + 1) = ag4+1 ‘XN(K) = ag).
This shows that Xy is a Markov chain in [1, N] with cemetery 0 for each N € N,
as needed.

Conversely, suppose that X = {Xny}nen is a VMC on a probability space
(Q,F,P) with P(X € ¢(C)) = 1. Then by Lemma [2.9] the limit X = limy_,0c Xy
exists in C and we have X = ((X) almost surely. In particular, X is measur-
able since Xy is measurable for each N € N. Now we just need to show that
X is a Markov chain in N with cemetery 0. To do this, take any ¢/ € Ny and
ag, - - -,a¢+1 € Ng, and note that we have, by the Markov property of Xy for each
NeN:

P(X(£+1)=ap1]X(0)=ag,...,X¥) =a)
= Jim P(Xn(0+1) = arr [Xn(0) = ao,..., Xn(f) = ar)
= lim P(XN(E + 1) = Qp+1 |XN(£)
N—o00

=P(X((+1) = ap1| X(0) = ar).

ag)

This shows that X is a Markov chain in Ny, as needed. To see that 0 is a cemetery
for X, let £ € Ny and a € Ny be arbitrary, and note that, since 0 is cemetery for
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Xpn for each NV € N, we have:
P(X(£+1) =a| X(¢) = 0)
= lim P(Xy({l+1)=a|Xn() =0)
N—oc0
= 1{a = 0}.
This shows that X is a Markov chain in N with cemetery 0, as needed. O

In the result above it is established that the virtual Markov chains are a general-
ization of the finite state space Markov chains, but only set-theoretically. The next
step is to show that the same result holds topologically, that is, that the virtual
Markov chains can be seen as a compactification of the finite state space Markov
chains.

Definition 2.17. Write
M :={p e My(C) : pis the law of a MC in N with cemetery 0},
as well as M := {u € M1(C) : p is the law of a VMC}.

Lemma 2.18. The space M is compact.

Proof. Since C is compact by Lemma it follows that M;(C) is compact. Thus,
it suffices to show that M is closed in M;(C). Indeed, suppose that {pn,}nen
in M have p,, — p for some u € M7(C). Then for any N € N, ¢ € Ny, and
ag, - ..ag € [0, N], we have

wWXN(+1) =art1 | XN (0) =ag, ..., Xn({) = ar)
= nli_)n;oun(XN(f +1)=ap1| Xn(0) =ag,...,Xn({) = ap)
= lim g (XN (0 +1) = arr [Xn(0) = ar)
= (XNl +1) =ap1 | Xn(0) = ar).
This proves u € M, as needed. O

Now we define a map ¢ : M — M as follows: If u € M is the law of a Markov
chain, then write (2, F,P) for a probability space on which is defined a Markov
chain X, and set ¢(u) :=Po (¢«(X))~ L.

Lemma 2.19. The map ¢ : M — M is well-defined, injective, and continuous.

Proof. That ¢ is well-defined follows from Proposition since (X)) is a VMC
on (Q, F,P). To see that ¢ is injective, suppose that u, u’ € M have () = ().
Write (Q, F,P) and (Q', F',P’) for probability spaces on which are defined MCs X
and X’ with laws p and p/, respectively, and write ¢«(X) = X = {Xn}nyen and
((X') = X' = {Xy}nen. In the proof of Proposition it was shown that we
have limy_, oo Xy = X holding P-almost surely and limy_,., X% = X’ holding P’-
almost surely, hence Po X ' =P o (X’)~! implies p = Po X' =P o(X')~! = 4/.

To see that ¢ is continuous, suppose that {un}neny and g in M have p, — p.
By [6l, Theorem 4.30], we can get a probability space (Q, F,P) with {X,, }nen and
X Markov chains such that X,, — X holds P-almost surely. By Lemma this
implies that +(X,,) — ¢(X) holds P-almost surely, hence by the definitions that we
have ¢(un) — ¢(p). O
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Lemma 2.20. The space t(M) is dense in M.

Proof. Suppose p € M, and let (Q, F,P) be a probability space on which is
defined X = {Xny}neny @ VMC with law p. Then for each n € N, set X,, :=
(X)) = {Pn(X,)}nen. Now note that, for each M € N and A € B(Cypy), we
have P(Pyp(X,) € A) = P(Xy € A) as n — oo. Since Py(X,,) is a measurable
function of Py (X,,) for all N € N with N < M, this implies that for all A; €
B(Cy),..., Ay € B(Cyr) we have

]P(Pl(Xn) € Al,...,PM(Xn) S AM) — P(Xl S Al,...,XM S AM)

as n — 0o. In other words, if we define u, :=Po X;l for all n € N, then we have
tn — . Of course, we also have p,, € t(M), so the claim follows. O

2.3. Examples. Before we develop any further theory of VMCs, it will be instruc-
tive to build a wide collection of examples. We have already seen in Example
that virtual permutations give rise to VMCs, although they provide no interesting
behavior probabilistically. We have also seen in Proposition [2.16] that classical MCs
give rise to VMCs, although they provide no interesting behavior “at infinity”. Our
goal is thus to find examples of VMCs that are non-trivial in both of these senses.

The main tool for doing this will be a general result which allows us to construct
a large class of VMCs from various continuous-time stochastic processes. Before
doing so, let us recall some definitions from [12]. When we say that

V= (QF {Fi}t>0, {Yi}120, {0t }1>0, {Pr }zes)

is a Markov process in an abstract measurable space (.5, G), we mean the following:
(2, F) is a measurable space,
{Fi}>0 is a filtration of F,
{Y:}+>0 is a collection of S-valued random variables adapted to {F;}¢>o,
{0:}:1>0 is a semigroup of measurable maps from 2 to itself satisfying Y; 08, =
Yiys for all s,¢ >0,
{P, }+¢s is a collection of probability measures on S such that the map P(t,z,T') =
P.(Y; € T') is a measurable function of € S for each t > 0 and " € G, and
o for all t,s > 0,I' € G, and = € S, we have P, (Yiys € T'|Fy) = P(s,Y,T)
holding P,-almost surely.
In this setting, for any p € M;(S), one defines the probability meaure P, on
S via P,(A) = [ .gPu(A)du(z) for all A € B(S). If S is a Radon topological
space endowed with its Borel o-algebra, then we say that ) is a right process if we
additionally have the following:
e {Fi}i>o is right-continuous, and we have F; = (¢ vy, (s (Ft VNH(F)) for all
t > 0, where N*(F) is the collection of all subsets of P,-null F-measurable
sets,
o the sample path {Y;};>¢ is right-continuous P,-almost surely for all z € S,
e P(0,z,{x}) =1 holds for all x € S, and
e two techinical conditions, usually denoted (HD1) and (HD2) which we will not
describe, are satisfied.
See [12, Chapter 1, Section 8] for a precise description of (HD1) and (HD2), and
for an authoritative account of the general theory of right processes. In particular,
we note that right processes have the strong Markov property in that, if 7 is any
{Fi}+>0-stopping time, then for any s > 0,I' € B(S), and « € S, we have P, (Y; 15 €
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T'| F;) = P(s,Y;,T) holding P,-almost surely. Moreover, the hitting times of right
processes into Borel sets are always stopping times. We say that a point x € S is
irregular for itself with respect to Y if we have P, (inf{t >0:Y; =2} > 0) = 1.

Usually we will be somewhat cavalier and refer to (2, F,{Y;}t>0, {Ps}zecs) or
{Y:}1>0 as the Markov process itself, even though the Markov process really refers
to the entire ensemble of objects ). For the following result, however, we stick with
the full rigorous detail:

Lemma 2.21. Let Y = (, F,{Fi}+>0, {Yi}1>0, {01 }1>0, {Ps }zes) e a right pro-
cess in a Radon topological space S, and let {Ln}nen be a sequence of distinct
elements of S which are irregular for themsevles with respect to Y. Then for
N € N define the stoppz'ng times 7 = inf{t > 0 : Y; € {Ly,...Ly}} and
TNy o= inf{t > 7V Y, € {Ly,...Ly}} for j € Ng. For z € S, we have P,-
almost surely that {T }jen, are non-decreasing, and strictly increasing whenever
they are finite. Moreover, there is a well-defined path Xy = {Xn(j)}jen, given by
a, ifm) <oo and Y, = Lq for a € [1,N],

Xn(j) =
~(J) {0’ i =
and X :={Xn}nen is a VMC on (Q,]:,Pw) forallxz € S.

(2.1)

Proof. Fix x € S and N € N, and write Ly = {Lj,... Ly} for convenience.
Note that {TN }ien, are obviously non-increasing, so our first step is to show that,
P,-almost surely, we have T] <N i+1 whenever T < oo. To do this, define the
function py : S — [0,1] via

pn(y) =Py (inf{t >0:Y, € Ly} > 0).
For arbitrary a € [1, N], note that every point being irregular for itself implies
pN(Ly) =P, (inf{t >0:Y; € Ly} > 0)
=P, (inf{t >0:Yi=L,orY; € Ly \ {La}} > 0)
=P, (inf{t >0:Y, =L,} >0and inf{t >0:Y, € Ly \ {La}} > 0)
=Pr, (inf{t >0:Y, € L\ {L,}} > 0).

Also note that, on the event {inf{t > 0:Y; € Lnx \ {Lo}} = 0}, we have Y} €
Ly \ {Ly} for some sequence of times {t,}neny with ¢, — 0. But Ly \ {L.} is
closed and Y is right continuous, so this implies Yy € Ly \ {L,}, which is obviously

a contradiction if Yy = L,. Combining this with the above shows px(L,) = 1 for
all @ € [1,N]. Then let j € N be arbitrary. Note that the definition of {TJN}jeNO

implies 1{7¥ < 7\, } = {inf{t > 0:Y; € Ly} > 0} 06, ~, so the strong Markov
J
property gives

a

Pz (TJN < TJZ\-IFl “F‘F7N> = pN(YT;V) =1

Therefore, we have

N _ _N
Po(r < N, N —E, [1{7‘ < oo}, (7} <Tj+1’f,;v)}
=Py (7' < 00).
This shows P, (7] < 7/, |7}¥ < 00) = 1, so intersecting this statement over all

j € Ny gives the desued result
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To see that indeed constructs a well-defined element of Cy, note that Y
is right-continuous and Ly is closed, so we of course have Y (7;¥) € Ly holding
P,-almost surely on the event {TJN < oo0}. Then since Lq,...,Ly are distinct,
there exists a unique a € [1,N] such that Y (7;¥) = L,. The measurability of
Xn(j) follows from the facts that Xy is progressively measurable and that TJN is
a stopping time.

It only remains to show that Xy is a Markov chain in [1, N] with cemetery 0
for each N € N. Indeed, take any N € N,¢ € Ny, and ao, ...,art1 € [0, N], and
let us show

]P)$(XN(£+ 1) = Qg1 ‘XN(O) = ao,...XN(f) = az)
=P, (Xn(l+1) = ap1 | Xn(0) = ap).

To do this, first suppose that a; = 0 for some j € [0,¢]. This implies TJN = o0,
hence 7/ = 0o, so both sides above are equal to 1{as+1 = 0}. Otherwise, we can
assume ag, ...,a¢ € [1, N]. Now, if asy; = 0, we use the strong Markov property
of Y to get:

=Pu(141 = 00| Yon = Lags -+, Yon = La,)
=P, (1}, = 0| Yo = Lq,)
=P, (Xn(l+1)=0]|Xn(0) = ar),
and, if ay11 # 0, we use the strong Markov property again to get
P.(Xn(l+1) =apr1 | Xn(0) =ag,...,Xn(0) = ap)
=Po(Yoy, = Lagy | Yoy = Lags -+ Yon = La,)
=Po(Yoy, = Lay, | Yoy = La,)
=Po(Xn(l+1) = apt1 [ Xn(0) = ar).
This finishes the proof of the result. ([

First let observe that the VMCs arising from virtual permutations via Exam-
ple can also be constructed via Lemma [2.21

Example 2.22. Let o0 = {on}nen € S be a virtual permutation, and set S :=
[l.cn Te where T, is a copy of the circle R/Z for each ¢ € N. The goal will be
to define {Ly}yen in such a way that each “cycle” in o corresponds to a unique
circle T, for ¢ € N.

To do this, first set L; to be any point on Ty, and then proceed recursively. For
N € N, consider two cases: If N +1 lies in its own cycle in o1, then we set L1
to be any point in T., where ¢ € N is the smallest index such that ]_[Sf):c 41 Te
contains no elements of {Ly}N,_,. If N +1 lies in an existing cycle in o1, then
there exist a,b € [1, N] satisfying ony1(a) = N + 1 and oy41(N + 1) = b, and,
by construction, this means there is some ¢ € N such that L, and L; both lie in
T., with the additional property that no element of {L N/}%,:l lies in the clockwise
arc between them. In this case, let Lyy1 be an arbitrary point on this clockwise
arc. (To remove the choice from the construction above, we could arbitrarily decide



VIRTUAL MARKOV CHAINS 525

L L L
Le 1 Lo 2 5
L4 LS ‘ -
Y
Ls Lo

FIGURE 3. As in Example we can construct the VMC corre-
sponding to a virtual permutation via Lemma |2.21

that points in new cycles get sent to 0 mod 1 and that points in old cycles get sent
to the midpoints of the arcs they fall into.)

Now consider the non-random process Y which moves clockwise with rate one;
let {P;}.cs denote the (degenerate) probability measures governing this process.
This clearly satisfies the hypotheses of Lemma [2.1] so we construct X by the result
therein. Then, for arbitrary a € N, the VMC X on (Q, F,Pr ) coincides with
the virtual chain @, , given by Example 2.13] To visualize this construction, see
Figure [3]

Observe that o corresponds to a classical permutation if and only if this con-
struction is such that T.N{Ly}nyen is finite for each ¢ € N. By compactness, this
is equivalent to the statement that {Lxy}yen has no accumulation points.

In many (but not all) of the examples of VMCs that we will see throughout the
paper, the cemetery state of 0 is never visited. In the setting of Lemma [2.21] a
sufficient condition for this to occur is that the stopping times {TJN }ieNo, Nen are all
finite; this is in turn implied by the property that the process Y is point-recurrent
in the sense that

P, (Hy (2") is unbounded for all 2’ € S) =1

for all z € S, where we have defined the set Hy (') :={t > 0:Y; = 2'}.
We also give another interesting class of examples arising from the theory of
regenerative sets.

Example 2.23. Let F the distribution function of a measure on (0,00), and let
(Q,F,P) be a probability space on which is defined a sequence {Zj}ren of i.i.d.
random variables with distribution F'. Then define the renewal (point) process E

via
K
E = {ZZkZKENo},

k=1
and note that E is a regenerative random closed set on (Q,F,P). It also has

empty interior P-almost surely, so by [5], Theorem 1], it follows that the age process
Y = {Y.}+>0 of E, given by

Vii=t—sup{0<s<t:se€FE}

for t > 0 is a right process in the state space S = [0,00). Now let {Ly}nen be a
strictly decreasing sequence with Ly | 0 as N — oco. Finally, let X = {Xn}nen
be the VMC on (£, F,P) guaranteed by Lemma via (2.1)).
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FIGURE 4. A generic sample path of Y and X, when Y is the age
process of a regenerative set as given in Example [2:23]

Note that, P-almost surely, we have Z; > 0, hence Xy (0) = N for all N > Z%
Thus, P-almost surely, the limit limy_,., X does not exist in C. Therefore, by
Lemma we have P(X € «(C)) = 0; see Figure {4] for an illustration. Intuitively
speaking, then, X is a VMC which tries to “come down from infinity” but “jumps
back to infinity” at some random times.

We also note that the construction above works for E any regenerative set with
empty interior almost surely. In particular, it seems interesting to consider the case
that E is the zero set of a Brownian motion, in which case there are very many
short excursions down from infinity.

Example 2.24. Consider the space S = (—1,1) with the topology inherited form
the usual topology on the real line. Now let (Q, F, {Y;}+>0, {Psz }zes) be the process
which moves deterministically at rate one towards the closer of the two endpoints
{—1,41}, which teleports back to = 0 once it hits one of these endpoints, and
which breaks the tie at = 0 by moving into either half of the domain with equal
probability.

More concretely, the semigroup {P;};>o of this process defined via (P, f)(x) :=
E.[f(Y:)] for all bounded, measurable f : .S — R is exactly

2 f(t mod 1) + 1 f(—(t mod 1)), if x =0,

flx+1) ifx >0, and |z| +t < 1,
(Pf)(x) =X flx—1t) ifz <0, and |z| +t < 1,

1f(z+tmod 1)+ 3 f(—(z+t mod 1)), if x>0and || +t>1,

if(—z+tmod 1)+ 1 f(—(—z+tmod 1)), ifz<0and|z|+t>1.

Of course, this process is point-recurrent and every point is irregular for itself.
However, it is easy to see that this is not a strong Markov process with respect to
the right-continuous augmentation of its natural filtration {F;};>o. (For example,
the strong Markov property fails when applied to the {F;4 }+>o-stopping time 7 :=
inf{t > 79 : ¥z > 0}, where 79 := inf{t > 0:Y; = 0}.)

Now choose any sequence {{y}nen in (0,1) with £5 | 0 as N — oo, and define
the points {Ly}nen via

LN _ e(N+1)/2, lf N Odd,
—lNy2, if N even.

An argument identical to that of Lemma [2.:2]] still applies to show that X con-
structed therein is a VMC, since the strong Markov property is only needed at the
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FIGURE 5. A generic sample path of the process Y described by Example

hitting times of {Ln}nven. We regard X = {Xn}nen as a VMC on the probability
space (Q, F,Po).

We of course have limy_, Xn(0) = 0o holding Pp-almost surely, hence Py(X €
t(C)) = 0 by Proposition See Figure [5| for a generic realization of the sample
path of Y and X under Py. Intuitively speaking, X is a VMC which has “two
different ways to come down from infinity”; it chooses one uniformly at random,
traverses the (deterministic) path down to the lowest possible state, and then re-
peats the process over again.

This VMC has a non-trivial probabilistic component as well as non-trivial be-
havior “at infinity” as desired, but it is distinguished from out previous examples
in that it also has non-trivial “probabilistic behavior at infinity”. To see this, con-
sider the tail o-algbra of X, defined via T(X) = (\yen (XN, XNy1,...). Then,
the event

A = {Xn(0) is even for infinitely many N € N}

is T(X)-measurable, and satisfies Po(A) = 1/2. This is closely related to the fact
that the Blumenthal zero-one law fails for the constituent Markov process Y.

3. Canonical Data and the Representation Theorem

Suppose (2, F,P) is some probability space on which is defined X = {X (¢) }sen,
a MC in N with cemetery 0. Then, X has an associated initial distribution (ID)
v =Po X(0)~! and transition matriz (TM) K € [0,1]N*No given by K(a,b) =
P(X(1) = b|X(0) = a) for a,b € Ny, which also satisfies K(0,a) = 1{a = 0} for
all a € Ny. In this case, we say that (v, K) are the canonical data of X. It is
classical that for every pair of canonical data there is a probability space on which
is defined a MC with these canonical data; moreover, this object is unique in the
sense that any two MCs with the same canonical data must have the same law. In
other words, the collection of laws of MCs in N with cemetery 0 is in bijection with
the collection of pairs of canonical data.

The goal of this section is show that an analogous statement is true for VMCs
(Theorem 7 where we suitably define the notions of virtual transition matriz
(VTM, Subsection and wvirtual initial distribution (VID, Subsection , and
introduce an important notion of compatibility (Subsection which is not needed
in the MC case. In Subsection [3.4] we explore various examples.
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3.1. Virtual transition matrices. First we define the important notion of a
virtual transition matrix, which will later be seen to encode most of the “interesting”
information about VMCs.

Definition 3.1. Write K for the space of all transition matrices on Ny with
K(0,0) = 1, which we endow with the topology of pointwise convergence.

Moreover, for each N € N write IOy for the space of all transition matrices
on Ny with K(a,a) =1 for all @ € Ny \ [1,N]. Observe of course that we have
Kn CKy CKforall NyM € N with NV < M.

Next we define suitable projection maps for transition matrices from our existing
projection maps for paths. Specifically, for each K € K and N € N, we define
Py (K) to be the transition matrix of the Markov chain Py (X) where X is a Markov
chain with transition matrix K. More specifically, for each K € K and a € Ny write
(Q, F, Pk o) for a probability space on which is defined a MC X = {X (¢) };en, with
transition matrix K and initial state X (0) = a. Then, for each N € N and a,b € Ny,
set

Pra((Pn(X))(1) =0), ifae[l,N],
(Py(K))(a,b) =<1, else if a = b, (3.1)
0, else if a # b.

It is easily verified that indeed Py (K) € Kn.

The next goal is to develop some properties of these projection maps which
parallel (to the extent possible) the analogous results for the projection maps on
spaces of paths.

Lemma 3.2. For N € N, we have Py o Pyy1 = Py on K.

Proof. For any K € K and a,b € Ny we have, from the projectivity property
PNOPN+1 :PN on C,

(Pn(K))(a,b) = Pr o((Pn(X))(1) = b)
=Pro((Pn(Prv+1(X)))(1) = b)
=Ppy.i(x),a((Pr(X))(1) = b)
= (Pn(Pn41(K)))(a,b),
as claimed. 0O

Lemma 3.3. For each K € K, we have Py(K) — K as N — co.

Proof. Let a,b € Ny be arbitrary. For N > max{a,b}, we find ourselves in the
first case of (3.1)), hence we have

lim [(N(CL7 b) = lim PKﬁ(XN(l) = b) = PKﬂ(X(l) = b) = K(CL, b),
N—oo N—oo
as needed. O
Definition 3.4. The set

IC = {{KN}NEN S H Ky : PN(KN+1) = Ky for all N € N}
NeN

is called the space of virtual transition matrices (VI Ms).
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Lemma 3.5. The map ¢ : K — K defined in the natural way via 1(K) := {Py(K)}Nen
is well-defined and injective.

Proof. To see 1(K) € K, simply apply Lemma[3.2] To see injectivity, suppose that
K, K' € K have «(K) = («(K'), and write «(K) = {Kn}nen and «(K') = {K}\ } nen.
Then, for any a,b € Ny, we have, by Lemma [3.3]

K(a,b) = lim Ky(a,b) = lim Kj/(a,b) = K'(a,b),
N—o00 N—o00
as claimed. O

Lemma 3.6. A VIM K = {Kn}neny € K lies in «(K) if and only if K =
limy 00 Ky ezists and K = 1(K).

Proof. If limy_,o Ky exists and K = ((limy_o0 Kn), then K € ((K) trivially.
Conversely, if we have K = ((K) for some K € K, then the result follows from
Lemma [3.3] O

Next let us show that the projection Py : Kyt1 — Ky for any N € N has a
particularly simple form which is very amenable to calculations.

Lemma 3.7. For N € N and K € K41, we have

K(a,b) + Ko DECED) - K(N+1, N +1) < 1,
(Pn(K))(a,b) = § K(a,0) + K(a,N +1), else if b =0, (3.2)
K(a,b), else if b # 0,

for a,b € [0,N], as well as (Py(K))(a,a) =1 for a € Ng\ [1, N].

Proof. First observe that the claimed form of Py (K) is indeed a transition matrix,
and moreover that we have Py(K) € Kn. Next, note that a € Ng \ [1, N] implies
(Py(K))(a,a) = 1 by definition, so we only need to check for a,b € [1, N].
Now note, in particular, that Xy4+1 = X. Then, if K(N + 1, N + 1) < 1, we have:

(PN(K))(G“’ b) = PK,a(XN(l) = b)
= PK,a(IX,N(]-) < OO,X(IXﬁN(].)) = b)
= K(a,b) + K(a,N + 1) i(K(N +1,N +1))"K(N +1,b)
k=1
K(a,N+1)K(N +1,b)
1-K(N+1,N+1)
= (Pn(K))(a,b),
as needed. Similarly, if K(N 4+ 1, N + 1) = 1, then we have
(Pn(K))(a,0) =Pk o(Xn(1) =0)
=Pra(lx,N = 0) + Pk o(Ix n,00, X(Ix n) =0)
= K(a,0) + K(a,N +1)
= (Pn(K))(a,0)

:K(aab)+
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and, for b € [1, N], we have
(Pn(K))(a,b) = Pk o(Xn(1) =)

=Pro(Ixn <00, Xn(Ixn)=Db)

= K(a,b)

= (Pn(K))(a,b).
This proves the claim. O
Remark 3.8. The description of the map Py : Kny+1 — Ky can be made even
more explicit by regarding elements I for N € N as suitable block matrices. More
specifically, by a slight abuse of notation, we identify an element K € Ky for

N € N as its top-left (N + 2) x (N + 2) submatrix; in this setting, if an element
K41 € Kny1 is identified with

1 0 O
w A ul, (3.3)
g vt p

where A € |0, 1]NXN is a matrix, u,v,w € [0, 1]N are column vectors, and p,q €
[0,1] are real numbers, then the projection Py : Kyy1 — K is exactly

1 0
ifp<l1
1 ) up ’
1 0 0 <w+1zpu A+1_puvT>
w A ul|e— (3.4)
g v p 10 .
wru A)’ ifp=1.

It does not appear that there is an analogous simple formula for the composite
projection map Py o Py41 : Kny2 — Ky for N € N, nor for the general Py : K —
Ky for N € N.

Remark 3.9. Note that, as p — 1, we have

1 0 0 1 0 0
Ks(p)==|1-p 0 p|—=10 0 1| =Kj3(1)
0 1—p »p 0 0 1

and

Py (Ks(p)) = (1 ip 2) - ((1) ?) # G 8) = Py(K3(1)).

This example shows that the projections Py : K — Ky for N € N and the inclusion
t: K — K can fail to be continuous, and also that IC is not closed.

3.2. Virtual initial distributions. While it was relatively straightforward to
extend the notion of transition matrices to that of virtual transition matrices, the
process of extending the notion of initial distributions (IDs) to an analogous notion
for VMCs is somewhat more complicated.

Definition 3.10. The set

I .= {{yN}NeN € H [0, NT :

NeN

for all N € N, either
yny1 =N+ 1orynvir =yn
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is called the space of virtual initial states (VISs).

Observe that Z is closed in [ ]y [0, N], hence Z is itself a compact Polish space.
For for N € N, we also define the truncated sets

ym+1 =M+ 1or yyr41 =ym

N
In:= {{yM}ﬁ_l e [0, m]:

for all 1 < M < N, either }
M=1

which are finite sets. Observe that elements of Z correspond to infinite sequences
consisting of flat stretches and jumps, where a jump at index N € N must jump to
level N € N; elements of Zy for N € N are the analogous finite sequences.
Definition 3.11. A probability measure A on M (Z) is called Markovian if for all
N € N and {aM}f\V/Iill € Iny1 we have A(yyy1 = an+1|y1 = a1, ..., yn = an) =
AMyn+1 = an+1|yn = an). Then define the set Dy = {\ € M (Z) : X is Markovian},
called the space of virtual distributions (VDs).

However, it turns out that the elements of Dy are in bijection with a simpler
space which is much easier to work with. To state this, consider the following:

Definition 3.12. The set

D, = {{I/N}NeN € H M4 ([0, N]) : vn(a) > vnii(a) for N € Nya € [[O,Nﬂ}
NeN

is, by abuse, also called the space of virtual distributions (VDs).
Observe that elements of D, are just sequences of marginal distributions, which
a priori, do not determine a unique coupling on the entire product space. The main

result of this subsection is the following, which establishes the useful fact that Dy
and D; are two ways of viewing the same object.

Proposition 3.13. There is a homeomorphism from Dy to Dy given by sending
each probability distribution to its sequence of marginal distributions.

Proof. Note that for A € Dy and any N € N and a € [0, N], we have
AMyn =a) =AMy~ = a,ynv+1 =a) + ANyn = a,yn41 =N +1)
> My~n = a,yn+1 = a)
= Ayn+1 = a).
Thus there is a well-defined map ¢ : Dy — D; sending each element A € Dy to
@(A) its sequence of marginal distributions in D;.

Next, let us show that ¢ is injective. Take A\, X' € Dy and write ¢(A\) = {vn} ven
and ¢(\') = {Vy } nen, and suppose ¢(A) = ¢(N'). For N € N and {an})j_, € Zn
write

Ex({am}pr=1) = {{yn}Iven €T :yp = a1,...,yny = an},
and note that
P = {EN({(ZM}%V/[:l) :N € N, {CLM}%:l c IN}
is a m-system in Z which generates the Borel o-algebra B(Z). So, in order to show

A = X it suffices to show that they agree for all elements of P. To do this, we’ll
show by induction on N € N that they agree for all elements of

Py = {Ex({am}ir=1) - {am}ir— € In} -
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The base case of N = 1 is immediate since Z; = [0,1]. Before we perform the
inductive step, we note that, for any N € N and a € [0, N], we have

)‘(yNJrl =a,Yyn = a)

Ayny1 =alyy = a) =

Ayn = a)
_ )\(yN+1 = a)
~ Ayv=a)
3.5
_Nnt1=0) (35)
N(yn = a)
Nyn+1 =ayn =a) |,
= =A =a =a),
N(yn = a) (yn+1 =alyy = a)
and, similarly,
A =N+1l,yy=a
Myny1 =N +1lyy =a) = (yN+1>\(yN i a)yN )
_ My~ =a) = Myns1 = a,yn = a)
Ayn = a)
_ AMy~n =a) = Mynt1 = a)
My~ = a)
_Nv=a) = Nynn1=N+1) (3.6)
N(yn = a)
_ Ny =a) = Nyn+1 = a,yn = a)
N(yn = a)
_Nyvn=N+1lynv =a)
N(yn = a)

=N(yvt1 =N+ 1lyy = a).
Now for the inductive step Take any N € N and any {aM}ﬁ 11 € Iy If
ay = an41, then we use and the inductive hypothesis to compute:
Ayi =ai,...,yN = aN,YN+1 = N)
= AMyn+1 = an | YN = aN)/\(yl =a1,...Yn = aN)
=N(yns1 =an|yn = an)N(y1 = a1,...yn = an)
=XN(y1=a1,...,yn = an,YN+1 = aN).
Otherwise we have ay11 = N + 1, so we use (3.6)) and the inductive hypothesis to
compute:
)\(yl =ai,.-.--, YN =AaN,YN+1 = N+1)
=Aynt1 =N+1lyy =an)\y1 = a1,...,yn = an)
=N(ynt1=N+1|yy =an)N(y1 =a1,...,yn = an)
= /\/(yl =ay,...,YnNn = aAN,YN+1 = N + 1)

This completes the induction and shows that A and A agree on Py, hence on all
of P, hence on all of B(Z). Therefore, A = X, so ¢ is injective.
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The next step is to show that ¢ is surjective. Take any v = {vy}nen € D1, and
let us construct a A € Dy such that ¢(\) = v. To do this , we recursively define a
sequence {Ay}nen with Ay € My ([T, [0, M]) for each N € N. To start, we set
A1 = 1 on M, ([0,1]). Then, for N € N define Ay 41 € M ([[y1[0, M]) via

ANt1(y1 = a1, YNt1 = any1)
%)\N(ylzal,...,w:m\/), if ayy1 = an,
vn(an)—vNnii(an)

= AV BN AN (Y1 = a1, yn = an), fayy =N+1,

vn(an)

O, if aAN+1 ¢ {aN,N+ 1}‘

Note that the definition of D; guarantees vy (an) —vn+1(an) > 0, hence these are
well-defined probabilities. We claim that {An}wnen is projective, that is, that we
have Ax41(- x [0, N+1]) = An(:) as measures on H?\j{:l [0, M]; since Hﬁzl[[o, M]
is a finite set, it suffices to check that the two measures assign the same value to
each point. For N = 1 this follows since for any a; € [0, 1] we have

Aa(y1 =a1) = Xo(y1 = a1, 92 = a1) + Aao(y1 = a1, 92 = 2)
_ o) vi(a1) — va(ar) (
vi(a1) vi(a1)

vi(ay) + a1) = vi(ay)

by construction. For general N € N, this follows since for any {an}Y_, €
Hf\\;:l [0, M)\ Zn we have
ANt1(y1 = ai,...,yn = an)
=AN(y1 =a1,...,yn = an) = 0.
Moreover, for any N € N and {ay}3_, € Zy we have
ANt1(y1 = ai,...,yn = an)

=ANv+1(y1 = a1, ., YN = an,YN+1 = aN41)

+Avpi( =ar,...,yvy =an,yny1 = N +1)

v
= M)\N(yl =ai,...,YyN = an)
vn(an)
+ vn(an) = VNH(GN))\N(yl =ai,...,YN = an)
VN((ZN)
= )\N(yl =Aal,... Yn = aN).

Thus, by [6, Theorem 6.14], there is a measure A on [ ]y n[0, N] whose projection
onto HAN4:1 [0, M] is Ay for each N € N.

Next we claim that A(Z) = 1. To do this, we first prove Ay (Zy) = 1 for each
N € N. We proceed by induction, and we note that the base case of N = 1 is
immediate by construction. For the inductive step, let N € N be arbitrary, and
take any {ay Y € TINELI0, M)\ Zng1. If anrpr & {an, M + 1} for some
M € 0,N — 1], then

ANt+1(yr = ar, - yn1r = ang1) S A1 (Y1 = a1, - Ymr1l = )

=Av+1(y1 = a1, ., Ym41 = ap41) =0,



534 S. N. EVANS and A. Q. JAFFE

by projectivity and the induction hypothesis, and, if ay11 ¢ {an, N + 1}, then

An41(y1 = a1, ..., yny1 = an41) =0

by the definition of Ay41. This completes the induction. Then note that Z =
Nyen(@Tn X HE:NH[[O,M]]), so we have

A(I)A(ﬂ (INX ﬁ [[O,Mﬂ>>

NeN M=N+1

= 1. = 1 =
Jim A (IN < 1 [[O,M]]) Jim Ay (Zy) =1,
M=N+1

as needed.
Next, we claim that A is Markovian. That is, we need to show

AMyni1 = ansilyr = a1,...,yn = an) = My~n+1 = an11lyny = an)

for all N € N and {ap }Y}. Iani1 ¢ {an, N+1}, then this follows from A(Z) = 1
since both sides are equal to zero. Thus, if we show the claim for ay11 = ay, then
it automatically holds for ay+1 = N + 1 by taking complements. Therefore it
suffices to show the desired identity for ayy+1 = an, and, to do this, show that
both sides are equal to vy+1(an)/vn(an). On the one hand, we compute, using
projectivity and the definition of {Ax}nen:

AMyny1=an |y =a1,...,yn = an)
_ Ay =a1,...,yny = an,Yni1 = an)
a Ay1 = ay,...,ynv = an)
~_ Avti(yr=ay,.. Yy = an,yny1 = an)  vnyi(an)
B AN(y1 = a1,...,yn = an) ~ wn(an)

On the other hand, we compute, by summing over all {a),}};_; with a}y = an and
using projectivity and the definition of {Ay}nen:

Ayn+1=an |yy = an)

My~n = an,ynt1 = an)

Alyn = an)
_ Avi1(yn = an,yny1 = an)
a AN(yn = an)
2 ANty =a, - yn = dly, yn = an)
a Y An(yr = als. o yn = aly)
el vy = afse e yy = afy)
Y AN(p =al, .. yn = aly)
_ vnyilan)
o VN(G,N) ’

This shows that A is indeed Markovian.
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Finally, we claim that ¢(\) = v, that is, that

N-1 o
A(H[[O,M]}x - X H [[O,M]]) =vn(+)

M=1 M=N+1

holds as measures on [0, N] for each N € N. By projectivity, it suffices to show
that

)\N (H [[O,M]] X ) = VN(-)

holds as measures on [0, N] for each N € N. Since this is a finite set, it suffices to
check that both measures assign the same value to each element. We proceed by
induction, and again we note that the base case of N = 1 is immediate. For the
inductive step, let N € N be arbitrary. Note by summing and taking complements
that it further suffices to prove the claim only for ay11 € [0, N]. To do this, we
sum over all {a;}Y;_, € Iy with a/y = an+1, and apply the definition of A1
and the inductive hypothesis:

AN+1(YN41 = any1)

/ /
= Z)\Nﬂ(yl =a},..., YN = dN,YN+1 = GN+1)

UN an
:ZM/\N(M:a’h,_.,yN_l:aﬁv_l,yN:aN-H)
vNn(an+1)

UNt1(aGN+1
= VN(CENJ,-I)) Z)\N(yl =daj,...,YN-1 = ay_1,YN = aN+1)
_ vN+1(an+1) _
= 7VN(QN+1) N(yn = any1)
_ VN+1(CLN+1)V (
vn(any1)

=VN+1 (CLN+1)~

This completes the induction and proves ¢(\) = v. Thus, ¢ is a bijection.

Finally, note that ¢ is obviously continuous. Moreover, Dy is compact and D,
is Hausdorff, so it is classical that ¢, being a continuous bijection, is actually a
homeomorphism. ([l

Example 3.14. For N € N, write U[1, N] for the uniform measure on [1, N].
Then consider the sequence U = {U[1, N]} nen. For any N € N we clearly have
U[L,N](a) = & > ﬁ = U[1,N + 1](a) when a € [1, N], and also U[1, N](0) =
0 = U[1, N+1](0). Thus we have U € Dy, and an illustrative example is to exactly
identify the measure ¢~!(U) € Dy.

To do this, we note that there is a simple correspondence between Z-valued
random variables @ = {an}nen and sequences of {0,1}-valued random variables
{Hx}wex, given by

HN = 0, if anN4+1 = an, AN+l = an, if HN = 0, (3 7)
TN, dfang =N+, TTANSL, i Hy =1 ’
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We use this by letting (€2, F,P) be a probability space on which is defined a sequence
{Hn}nen of independent random variables with with Hy = Ber(s;) for all N € N;
then let @ = {an}yen be defined as above, and set A = Poa~!. Of course for any
N € Nand {aM}IIQ[/[:1 € Iy, the values A(yn+1 = N+1|y1 = a1,...,yn = an) and

AMyn+1 = N+1|lyny = an) are both equal to P(Hx41) = ﬁ Taking complements
shows that AM(ynyt+1 = an|y1 = a1,...,ynv = an) and AM(yn+1 = an |yn = an) are
also equal. Hence we have Mynt1 = ant1|y1 = a1,...,ynv = an) and A(yn41 =

an+1|yn = an) for all N € N and {aM}?[/[Lll € In+1, so A is Markovian.

We claim that ¢(A) = {vn}nen equals U = {U[[1, N]}nen. To see this, we use
induction on N € N, wherein the base case of N = 1 is clear. For the inductive
step, let NV € N be arbitrary. Note that by summing and taking complements it
suffices to show vyyi(a) = ﬁ for all @ € [1, N + 1]. Indeed, this follows by
independence:

vny1(j) = Plan 1 = j)
=Play = j,Hn41 =0)

. 1 N 1
=Pan = j)P(Hn11 = 0)

SN Nil O N+T

This completes the induction and proves ¢(A) = U. We call U = {U[[1, N]}nyen €
D the wvirtual uniform measure. In the following section we will study U and a
collection of related VMCs more carefully.

3.3. Compatibility. As we have hinted at above, VDs are important since they
will generalize the notion of initial distributions for VMCs. However, not all VDs
can serve as an “initial distribution” for a VMC. The reason for this phenomenon
is that, for a VMC X = {Xn}nen, each chain Xy for N € N progresses at its
own rate; one way to inrerpret this is that VMCs “have no natural time-scale”.
Thus, for ¢ € N, the slice of values {Xn (i)} yen does not, in general, represent a
collection of values at the same point in time. The exception is ¢ = 0, since all of
the chains agree that this is the initial time. Hence, at time ¢ = 0 we require extra
information about the coupling of the process at all levels. This leads us to study
an important notion of compatibility between VDs and VTMs.

Definition 3.15. Take any v = {vy}nyen € D1 and K = {Kn}yen € K. We say
that v is compatible with K, or that the pair (v, K) is compatible, if we have

I/N+1(a) + I/N+1(N + ]_) 1—II((111V:11((JJ\7V:11,71?/')+1)’ if KN+1(N +1, N + ].) <1,

vn(a) = S vni1(0) + vy (N + 1), else if a = 0,
vn+1(a), else if a # 0,

(3.8)
for all N € N and a € [0, N].

Remark 3.16. As in the case of the projection operation for transition matrices,
we can make the notion of compatibility slightly more concrete by viewing the
elements of K as suitable block matrices. Again let us for each N € N identify
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Kni1 € Kny1 with the block matrix

1 0 O
w A ul, (3-3)
g vt p

for A € [0,1]V*N u,v,w € [0,1]V, and p,q € [0,1], and let us also identify vy
with the column vector
z
() i

for z € [0,1]¥*! and r € [0,1], Then compatibility says that the column vector
vy € [0,1]V+! must satisfy the identity

z—|—1ip (g), ifp<l,
VN =
r
z+ , ifp=1.

The goal of the next few results is to show that every VMC is uniquely described
by a compatible pair in Dy x IC. The first direction is simple:

Lemma 3.17. Suppose X = {Xn}nen is a VMC on a probability space (Q, F,P).
Then, the sequence v = {Po Xn(0) '} nen is a VD, the sequence K = {Kn}nen
defined via

P(XN(l):b|XN(O):a')a Zf&,be [[O7NH7
Ky(a,b) =<1, else if a = b, (3.10)
0, else if a # b,

for N € N is a VTM, and the pair (v, K) is compatible.

Proof. First let’s show v € D;. To do this, let N € N be arbitrary. Clearly,
Po Xn(0)~! is a probability measure on [0, N]. Moreover, note that Xx1(0) <
N + 1 implies Ix,,, n(0) = inf{i € Ng : Xn41(0) € [0, N]} = 0, hence Xn(0) =
Xn+1(Ixy,1,n(0)) = Xn41(0). Thus, for any a € [0, N] we have

P(Xn(0) = a)
= P(Xn(0) = a, Xn41(0) = a) + P(Xn(0) = a, Xn41(0) = N +1)
Z ]P)(XN(O) =a, XN+1(0) = a)
=P(Xn+1(0) = a),
as needed.
Next, we need to show K € K. To do this, let N € N be arbitrary, and
note that K is clearly a transition matrix on Ny with state a absorbing for all
a € No \ [0, N]. Thus, it only remains to check (3.2]) for all a,b € [0, N]. That this

holds for a = 0 is immediate, so we can assume a € [1, N], and in this case we have
{XN(0) = a} = {Ixy,, n(0) < 00, XNi1(Ixy,,,~(0)) = a}. Then, by the strong
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Markov property, we have

Kn(a, ) P(Xn(1) =b[Xn(0) =)

P((Pn(Xn+1))(1) =b| Xn(0) = 4)

P((Pn(Xn41))(1) = b[ Ixy,,,n(0) <00, Xn(Ixy,4,n(0)) = a)
= P((PN(XN+1))(1) =b[Xn+1(0) = a).

Now consider some cases. If Kny1(N + 1, N + 1) < 1, then we of course have
]P)(IXNJA’N(I) < OO|XN+1(O) = a) = 1, hence

Kn(a,b) = P(Pn(Xn41))(1) = j [ Xn11(0) = a)

=P(Ixy.1,n(1) <00, Xni1(Ixyys,n(1) = b Xn11(0) = a)

=P(Xn41(Ixy i N (1) = 0] XN 11(0) = a)

= Kni1(a,b) + Knpa(a, N +1)) (Knpai(N + LN + 1) Ky (N +1,b)
k=1

Knii(a,N +1)Kn11(N +1,b)
1-Kyp(N+1,N+1)

If instead Kn41(N + 1, N 4+ 1) = 1, then we consider the value of b € [0, N]. If
b =0 then
Ky (a,0) = P((Pn(Xn+41))(1) = 0] Xn41(0) = a)
=P(Ixy,, N(1) <00, Xnt1(Ixyiy N(1) = 0] Xn11(0) = a)
+ P(Ixy, n(1) = 00| Xn41(0) = a)
= Kn11(a,0) + Kny1(a, N + 1),
and if b # 0 then
Kn(a,b) =P((Py(Xn+1))(1) = 0| Xn41(0) = b)
=P(Ixyy,N(1) <00, Xny1(Ixyyy,N (1) = b Xn41(0) = a)
= Kn+1(a,b).

Therefore, we have K € IC.
Finally, we need to check that v is compatible with K, which amounts to check-
ing (3.8) for all N € N and a € [0, N]. To do this, write

P(Xn(0) = a)
=P(Xn+1(0) =a) + P(XN(0) =a| Xn41(0) = N+ 1)P(Xn4+1(0) = N 4+ 1),

= KN+1(a, b) +

and let us compute P(Xn(0) = a| Xn+1(0) = N + 1) by considering the necessary
cases. If Ky y1(N 4+ 1, N +1) =1, then we clearly have

1, ifa=0,

]P’(XN(O):a|XN+1(0):N+1):{O a0

hence

P(Xn+1(0)

O)+P<XN+1(O):N+1), ifa:(),
]P)(XN_H(O) a

IP’(XN(O)=J'):{ if a # 0.
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Otherwise we have Kn11(N + 1, N + 1) < 1, so we can compute
P(Xn(0) =a|Xn41(0) =N +1)
= ]P)(IXN+17X(O) < OO7XN+1(IXN+1,X(O)) =a | XN+1(O) =N+ 1)

(Knt1(N +1,N +1))*Kni1(N +1,q)

M

~
Il

0
 Knp(N+1,a)
1— Ky (N+1,N+1)

hence
P(Xn(0) = a)
Knyi(N +1,4a)
=P(X 0)=a)+P(X 0)=N+1 ,
(Xn41(0) = a) + P(Xn11(0) T T
as needed. This finishes the proof of the result. |

Definition 3.18. In the setting of Lemma we say that v and K are the
virtual initial distribution (VID) and VTM of X, respectively. Collectively, we say
that (v, K) are the canonical data of X.

Remark 3.19. It would be slightly more precise to call v the initial virtual dis-
tritbution of X, but we with will use the slightly imprecise term because it sounds

more natural (cf. Remark [2.15]).

The next goal is to establish the converse of Lemma [3.17] namely that for any
compatible pair (v, K) € D; x K there is a VMC on some probability space with
these as its canonical data.

Proposition 3.20. If (v,K) € D; x K is any compatible pair, then there is a
VMC with canonical data (v, K).

Proof. Write v = {vy}neny and K = {Ky}nen. Then, for each N € N, let
(Qn, Fn,Pn) be a probability space on which is defined a MC Xy = {X () }ien,
on [0, N] with initial distribution vy and transition matrix Ky. Let uy denote
the law of {PM(Xj\f)}j\l\//[:1 on the product space szt[le Cur.

Now let us introduce some notation. For N € N, write

N
Cy := {{Jf]y[}%_l S H Cy: PM(37M+1) =zpyforl <M< N},
M=1

and write B(Cy) for the Borel o-algebra on Cy. Next, for £ € N and ag,...ap € N,
write

En(ao,...ar) == {{zm}i—1 € Cn : 28 (0) = ag,..., 2N () = ar},
and define

Py :={En(ao,...ar) : L € Nyag,...,ar € [0, N]}.

Observe that Py is a m-system with o(Py) = B(Cx). Also, B(HJ\NJ:1 Cu\Cy)isa
m-system (in fact, a o-algebra), and Py and B(HZJ\V/[:1 Ca \ Cn) are disjoint apart
from that they both contain the empty set. Therefore, Py U B(H]Ai[:l Cvu \Cn) is
a m-system which generates B(Hﬁ\\;:l Cur)
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Now we claim that {un }yen is projective, that is, that puy11(- X Cy41) = pn ()
on B(Hﬁ,zl Cu) for all N € N. By the previous paragraph, it is enough to check
this for sets in Py U B(I—[ﬁ,=1 Cym \ Cn); we note that A € B(Hﬁ\v/lzl Cy \ Cn) has
un+1(A X Cns1) = 0 = un(A), so it only remains to check this for sets in Py.
More precisely, we need to show that for N € N, ¢ € Ny and aq, ...a,; € [0, N], we
have

un+1(En(ao,...,a0) X Cny1)

=Pni1(Pn(Xn41))(0) = ao, - - ., (Pn(Xn41))(€) = ar)
=Pn(XN(0) =ag,...,Xn(0) = ap)

= un(En(ag,...,ar)).

Since 0 is an absorbing state for both Xy and Py(Xy11), it suffices to assume that
ag,...,ap—1 € [1,N] and a; € [0, N], since otherwise both sides above are equal
to zero.

To do this, we need to check a few different cases, and, in each case, we simply
apply the definitions compatibility and of VTM. If Kn1(N + 1, N +1) <1, then
we have

Pyy1((Pn(Xn41))(0) = ao, ..., (Pn(Xn41))(€) = ar)
KN+1(N+ l,ao) )
- Ky (N+ LN+ 1)

KN+1(ak_1,N—|— 1)KN+1(N + 1,ak))
1- Ko (N+1,N+1)

= (VN+1((10) + N (N +1)

J4
<1
k=

1

(KN+1(ak—17ak) +

¢
= vy (ao) Kn(ag—1,ar)

as needed. Otherwise Ky 1(N + 1, N + 1) = 1, and we need to split into a few
more cases. First suppose ¢ = 0, and let us further consider the value of ag. If
ag = 0, then

Pn1((Py(Xn+41))(0) = 0) = vn41(0) + vn41 (N + 1)
=vn(0) =Py (Xn(0) =0),

and, if ag # 0, then

Pny1((Pn(Xn+1))(0) = ao) = vn+1(ao)
= vn(ao) =Py (Xn(0) = ao),
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as needed. Now suppose £ > 1, and let us further consider the value of ay. If ay = 0,
then

Pyi1((Pn(Xn+1))(0) = ao, - (PN (Xn+1)) (0 = 1) = ap—1, (PN (Xn+1))(€) = 0)

-1

= vn+1(ag) H Kni1(ak—1,ar)(Kn+1(ae—1,0) + Knyi1(ag—1, N + 1))
=1
-1

= vn(ao) H Kn(ag—1,ar)Kn(a¢—1,0)
k=1
= IPN(XN(O) = agp, .- - 7)(]\r(f - 1) = ag_l,XN(f) = O),
and, if ay # 0, then
Py (P (Xn+1))(0) = ao, ..., (PN (Xn+41))(£) = ar)
-1

= vny1(ao) [ Knr(ar—1, ax) Kni1(ar—1, ar)
k=1
-1

= vn(ao) [ [ Kn(ar—1,ax)Kn(as—1,0)
k=1

= PN(XN(O) = ap, - - - ,XN(é) = ag),
as needed. This shows that {un}nen is indeed projective. Thus, by [6l Theo-
rem 6.14], there exists a probability measure p on ]y yCn with projections onto

13—, Cas given by puy for all N € N.
Now note that, since iy (Cy) = 1 forall N € Nand C = ﬂNeN(CNXHR?:NH Cum),

we Ila\/e
NeN M=N+1

NIEHOON(CNX 11 CM):J&HMMCN):L
M=N+1

n(C)

In other words, u is the law of a C-valued random variable, and, by construction,
its marginal distribution on Cy is the law of a MC with initial distribution vy and
transition matrix Ky, for each N € N. This proves that p is a VMC with canonical
data (v, K), as claimed. O

Finally, we show that the VMC guaranteed by Proposition [3.20]is unique in law.

Proposition 3.21. Suppose that (Q, F,P) and (', F',P’) are probability spaces on
which are defined VMCs X and X', respectively, with canonical data (v, K) and
(v, K'"), respectively. If (v, K) = (v, K'), then we have Po X ' =P o (X')~! as
measures on C.

Proof. For M € N and By € B(Cy),...,Bn € B(Car), define
Eyn(By,...,By) ={{zn}Nnen €C: 21 € By,...,xp € By}
and also
Py i={Em(B1,...,Byn): By € B(C1),...,Bnm € B(Cur)}-
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Then note that P := J,,;cy Pus is a 7-system with o(P) = B(C). Hence, it suffices
to show that Po X ! and P’ o (X’)~! agree for all sets in P.

To do this, write X = {Xn} nen, and recall that, on supp(Po X ~!), the random
variables { X } ne[1,a7—1] are a measurable function of the random variable Xy, for
all M € N; the analogous claim is of course also true for X’ = {X} }nen. Also write
v ={vy}tneny and V' = {V}nen, well as K = {Ky}yeny and K' = {K}\ }ven.
Then take any N € N and B; € B(Cy),...,By € B(Cn), and note that the claim

is immediate if Ex(Bi,...,By) is empty. Otherwise, we have
(Po X~1)(Ex(By,..., Bx)) =B(X, € By,..., Xy € By)
=P(Xx € By)

=P/(X% € By)
=P(X] € By,..., Xy € By)
= (P'o (X)) (En(Bu,...,By)),

where P(Xx € By) = P/(X}y € By) follows from the classical result applied to
vy = vy and Ky = K. This finishes the proof. O

Summarizing the partial results shown so far, we come to the main result of
this section, which provides a representation theorem describing that each VMC is
uniquely described by a compatible pair of a VD and a VTM.

Theorem 3.22. There is a homeomorphism from the space of laws of VMCs to the
space of compatible pairs of VID and VTM given by sending each law of a VMC to
its canonical data.

Proof. Note that Lemma [3.17] implies that there is a map
M- {(v,K)e D xK:(v,K) is compatible}

which sends each law of a VMC to its canonical data. Then, Proposition [3.20
implies that ® is surjective and Proposition |3.21] implies that ® is injective. Now
we apply the usual trick: The domain of ® is compact by Lemma and the
range of ® is Hausdorff (it is a subset of a metrizable space, hence metrizable itself).
Moreover, ® is clearly continuous, and a continuous bijection with these properties
is automatically a homeomorphism. O

3.4. Examples. Finally, let us see some illustrative examples of the theory just
developed. To do this we introduce one last notational convention: In most in-
teresting examples of VMCs, the VIM K = {Ky}nen has Kn(a,0) = 0 for all
N € N and a € [1, N], so displaying the zeroth row and column does not add any
information. So, in order to compactify the presentation, we will use matrices with
parentheses as boundaries to denote TMs including the zeroth row and column and
matrices with brackets as boundaries to denote TMs excluding the zeroth row and
column; in BTEX, these correspond to the pmatrix and bmatrix environments,
respectively.

Example 3.23. Let 0 = {on}nen € S be a virtual permutation and take any
a € N, and let X be the VMC on (2, F,Pr,) constructed in Example Its
VTM K = {Kn}nNen is a virtual permutation matriz in the sense that Ky is a
permutation matrix for each N € N, and its VID is exactly v = {d,, }nen for a
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suitable sequence {an}nen € [[yenl0, N]. We write K (o) for the VITM of this
VMC, which, in particular, does not depend on a € Ny.

Example 3.24. Consider the VMC X on (9, F,P) constructed via Example
where F and {Ly } nven are left general. We define gy = (1-F(Ly))/(1—F(Ln+1))
for N € N, and then we note that its VIM K = {Kx }nen is exactly given by

0O 0 0 O 0 0 1

@ 0 0 0 0 0 1-gq

0 ¢ 0 0 0 0  1-—gq

0 0 g 0 0 0  1—g
Ky = . )

00 00 - 0 0 1—gns

0 0 0 0 -+ gv2 0 1-gn_2

|10 0 0 0 --- 0 gn-1 1—qn_1]

for each N € N, and its VID v of X is just v = {dn}nen € D;. Note also
that K = limy_,o, Ky does not exist in K, hence by Lemma there is no TM
corresponding to this VTM.

Example 3.25. Consider the VMC X on (€2, F,Py) constructed via Example
Its VIM K = {Kn}nen and VID v = {vy } nen are given by

0000 0 0 1/2 1/2] 0
0000 00 1/2 1/2 0
1000 00 0 0 0
0100 00 0 0 0
Kv=|[i i i1 i and vy = |
0000 00 0 0 0
0000 00 0 0 0
0000 10 0 0 1/2
0 0 0 0 01 0 0] 1/2]

for all N € N. Note, in particular, that neither the VID not the VTM depend on
the choice of {¢x}nen. Also observe K = limy_, o Ky does not exist in K, hence
by Lemma [3.6] there is no TM corresponding to this VITM.

Example 3.26. For each N € N, set

[1/2 1/2 0 0 0 0

/2 0 1/2 -~ 0 0 0

0O 12 0 -~ 0 0 0
Ky=|: & 0o

O 0 0 - 0 1/2 0

0O 0 0 - 1/2 0 1/2

0 0 0 - 0 1/2 1/2
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which is an element of [0, 1](N+DX(N+1D) Tt is easy to verify that K = {Kn}nyen
is indeed a VIM. In fact, K = ¢(K), where

[1/2 1/2 0 0 0
/2 0 1/2 0 0
0 1/2 0 1/2 0
K=1l0 o0 1/2 0 1/2
0 0 0 1/2 0

In other words, K is the VI'M representing the simple symmetric random walk on
N where the boundary state 1 holds and reflects with equal probability.

In particular, observe that the VID v = {0y} yen is compatible with K. Tt fol-
lows that there is a VMC X = { X }nen with canonical data (v, K), and it satisfies
Xn(0) = N for all N € N. Thus we have limy_, Xn(0) = 0o hence limy_, 00 Xn
does not exist in C. Therefore, X ¢ +(C) almost surely, by Lemma [2.9] Intuitively
speaking, X is the simple random walk on N where the state 1 holds and reflects
with equal probability, but “started from infinity”. This example demonstrates
that even if a VIM corresponds to a classical TM, a compatible VID can be such
that the resulting VMC does not correspond to a classical MC.

4. Some Aspects of Convexity

In the classical setting, even though the law of a Markov chain (MC) is uniquely
characterized by its transition matrix (TM) and initial distribution (ID), one usually
regards the TM as containing the rich information and the ID as playing a secondary
role. We adopt this perspective in the present context, where, although the law of
a virtual Markov chain (VMC) is uniquely characterized by its virtual transition
matrix (VIM) and virtual initial distribution (VID), we will regard the VIM as
containing the important information and the VID as playing a secondary role.

This viewpoint naturally leads us to study a few different problems of convexity
in infinite-dimensional spaces related to the study of VMCs. In Subsection (4.1} we
consider the compact convex space of all VIDs that are compatible with a given
VTM, and in Subsection we consider two different compact convex spaces of
VIDs that generalize the notions of equilibrium distribution and stationary dis-
tribution for classical MCs; in Subsection [£.3] we compute some examples of the
preceding results. In Subsection [4.4] we aim to understand the convexity struc-
ture of the virtual Birkhoff polytope, and we show, in particular, that the classical
Birkhoff-von Neumann theorem fails in the virtual setting.

4.1. Compatibility revisited. Motivated by Theorem we are led to study
the space of all VIDs that are compatible with a given VITM. As we will show in
this subsection, this is a compact convex set whose extreme points can, in many
cases, be concretely understood.

Definition 4.1. For K € K, write D;(K) for the set of elements of D; which are
compatible with K.

We also introduce some notation to simplify the requisite conditions of VIM and
of compatibility. That is, for K = {Kny}nen € [[yenKn, N €N, and a € [0, N],
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we define the constants

kéﬁ%ﬁiﬁﬂw if Knoy(N+1,N+1) <1,
C]I\{a =91, else if a = 0,
0, else if a # 0.

Also define C’gfo = 0 by convention. Then, observe that K is a VI'M if and only if
we have Kn(a,b) = Kyy1(a,b)+ Kn11(a, N+1)CK, forall N € Nand a € [0, N]
and that a VD v = {vn}nen € Dy is compatible with a VTM K € K iff we have
vn(a) = vnyi(a) vy (N + 1)011\,{7& for all N € N and a € [0, N]. Also note that
row-stochasticity implies that we have

N
d ek, =1 (4.1)
a=0

for any N € N.
Lemma 4.2. For K € IC, the set D1(K) is compact, and conve.

Proof. Observe that we can write

Di(K)= (] {{vnlven € D1:vn(a) =vnii(a) + v (N +1)CK, ).

MeN
a€c0,M]

In other words, D;(K) is defined as the solution set to countably many linear
equations whose coefficients depend on K. Of course this implies that D (K) is
convex. Moreover, it implies that D;(K) is closed in D, which, since D; is a
compact space, implies that D;(K) is a compact space. (I

By Choquet’s theorem, we know that every element of D;(K) can be written as
a mixture of elements of the extreme points of this set, denoted ex(D;(K)). We
are hence motivated to understand the structure of this set of extreme points.

Lemma 4.3. Let K € IC be a VTM and let M € Ny be arbitrary. Then, there is a
unique VID v = {vy}nen € D1(K) such that vy = dpr holds for all N € N with
N> M.

Proof. For existence, let (2, F,P) be a probability space on which is defined
X = {X(i)}ien, @ MC in Ny with TM Kjp; and ID dp,. By Proposition
and Lemma[3.17] the VMC ¢(X) has some canonical data v = {vn}nen € D1 and
K = {Kn}nen € K with (v, K) compatible. Note that, for N > M, we have
Py(X) = X, hence
vn(a) =P((Pn(X)) =a) =P(X = a) = dpu(a)

for all a € [0, N], as desired. Also, by construction, we have K = ¢(Ks). Thus,
it only remains to show that (v, :(Kjs)) being compatible implies that (v, K) is
compatible. To do this, write ¢(Kp) = {K\}nen, and note that, for N € N, we
have that N > M implies K, = Kj; and that N < M implies K\ = Ky. Now let

N e Nand a € [0, N] be arbitrary. If N < M then we have Cf, = C;\?’I;M), hence

vy (a) = vnia(a) + vnsa (N + 1O

=vny1(a) + v (N + 1)OF,.
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If instead N > M then we have vy 1(N + 1) = 0, hence
vn(a) = dur(a) = vny1(a) + vn (N + 1)COF .
Therefore, existence is proved.
For uniqueness, take v,v’ € D;(K) and write v = {vy } nen and v/ = {V}y }ven,
and suppose that vy = vy = dn holds for all N € N with N > M. Then applying
the compatibility relation vy (a) = vy 11(a) +vny1(N +1)CK, for all N € N and

a € [0, N] inductively shows that we also have vy = v}y for all N € Nwith N < M.
Thus vy = vj for all N € N, hence v = v/'. O

For any K € K and M € Ny, write 6% for the element of D;(K) guaranteed by
the result above. Observe also that, if K arises from the setting of Lemma [2:21]
then we simply have 6% = {Pr,, o Xnx(0)"'}yen for M € N. The next result
confirms the intuition that 6% are extreme points of D;(K) for all M € Ny.

Lemma 4.4. For arbitrary K € IC, we have
ex(D1(K)) D {6¥ : N e Ny}

Proof. Take any M € N and suppose that v,v' € D;(K) and a € (0, 1) are such
that we have (1 — a)v + av’ = §¥. Now write v = {vn}nven and v/ = {Vy }nen.
Note that for any N € N with N > M we have (1 — a)vy + avly = dn, hence
vy =V = 0y. Thus by Lemmawe have v = v/ = ¥ as claimed. O

For most interesting examples of K € K, it is intuitive that D;(K) should have
more extreme points than just those included in {§%¥ : N € Np}. (Indeed, consider
Example[3.24} The VMC X starts “from infinity”, and this does not appear to be a
mixture of any other starting states.) In order to get a more complete understanding
of such extreme points of D (K), we introduce an additional characterization of
VIDs.

Definition 4.5. For any K € IC, we set

Dy(K) := {{pa}aeNo e [0,1) : p, > Z Cﬁ’apMH for a € Ny, and py = 1}.
M=a

Lemma 4.6. For any K € IC, the set Do(K) is compact and conver.

Proof. Observe that Dy(K) is just the solution set to countably many non-strict
inequalities, hence it is closed in [0, 1]No. But [0, 1]M is compact by Tychonoff, hence
Dy (K) is compact. Moreover, the inequalities are linear, so Do (K) is convex. [

Proposition 4.7. For any K € KC, the map ¥k : D2(K) — D1(K) defined via
wK({pa}aeNo) = {VN}NEN with
N-1
vn(a) =pa— Y Cif apPars1
M=a

for N € N and a € [0,N] is a well-defined linear homeomorphism. Its inverse

zp;{l : D1(K) — Dy(K) is given by wl_(l({VN}NeN) = ({pa}aen,) with po =1 and
Do = vg(a) for a € N.
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Proof. Let us show that 1k is well-defined. To do this, first take arbitrary NV € N
and a € [0, N], and note that, on the one hand, we have

N—-1 oo
vn(a) =pa— Y CN a1 > pa— Y CN o1 >0,
M=a M=a

while, on the other hand, we have

N-1

vn(a) = pa — Z ChtaPms1 <pa < 1.
M=a

This shows 0 < vy(a) < 1. Next note that, we have

N-1 N
vn(a) =po— Y CH parsr = pa— D, CFf opars1 = vnia(a),
M=a M=a

hence vn(a) > vn41(a) as needed. Finally, note that for any N € N we have, by
switching the order of summation and applying (4.1)):

N N N—-1
S on@=3 <pa B cﬁaml)
a=0

a=0 M=a
N N N-1
K
= § Pa — § CM,apM-&-l
a=0 a=0 M=a

2

I
WE
i

—1 M
=D pma ) Cii,
0 a=0

1
Da — Pyl =po = L.
0

Thus, Yk : Do(K) — Dy (K) is indeed a well-defined map. It is also immediate
from the definition that this map is linear.

Now let us show that 1k is injective. Suppose {pg taeNg, {P, faen, € D2(K) have
VK ({Pataeny) = i ({P taero ). Write Y ({Pataen,) = {vn}ven and Y ({P, }aen,) =
{Vly}nen, and note that we have vy (N) = py and vj(N) = p/y for all N € N.
Hence, we have p, = p), for all a € N, and we of course also have py = p{, = 1.
Thus, {pa}aen, = {P, }aen, S0 VK is injective.

To see that g is surjective, take any {vy}nyen € D1(K), and define {p, }aen,
via pg = 1 and p, = v,(a) for a € N. Then take any N € N and a € [1, N], and
compute, using compatibility:

)
Il
o
il

I
] =

i
g
i

N—-1 N—-1
Pa — Z C]Iv([',apM—H = Va(a) - CII\}',aVM+1(M + 1)
M=a M=0
N-1
= v4(a) — (var(a) — varsi(a)) = vn(a).
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By summing over these and taking complements, we also get
N-1
po— Y Cf oprr1 = v (0),
M=0
hence Y ({Pataen,) = {Vn}nen. Therefore, ¥ is surjective. This proves that
1P is in fact a bijection.

Observe now that the inverse map @/}I}l : D1(K) — Do(K) is given exactly by
Vi ({vn}nen) = {Pataen, where py = 1 and p, = v,(a) for a € N, and that this
map is clearly continuous. Since D;(K) is compact by Lemma and Dy(K) is
Hausdorfl, it is classical that @[11}1 is in fact a homeomorphism, hence that ¥k is a
homeomorphism. This finishes the proof. (I

Let us build the following diagram to succintly summarize the three different
perspectives on VIDs that we have developed thus far:

Mi(T) [Iven Ma([0, NT) 0,1
1V} |U conv.
Dy +—omee P, IU conv.
IU conv.

D]_ (K) lin. homeo. D2 (K)

In more detail, the space Dy describes the law of an entire Markovian probability
distribution on Z, and the space D; describes only the marginal sequences of such
probability distributions; however, we saw in Proposition that these spaces
were, in fact, homeomorphic. Now consider fixing some K € K. The space D; (K)
describes the (convex) subspace of D; cousisting of the sequences of probability
distrubutions which are compatible with K, and the space Dy(K) describes each
marginal distribution with a single real number; however, we saw in Proposition 4.7
that these spaces were, in fact, linearly homeomorphic. (The latter correspondence
is predicated on the observation that knowing that v is compatible with K renders
much of its information as redundant.)

Now we return to the task at hand of understanding the extreme points of
D, (K). The importance of Proposition is that it shows that it suffices to find
the extreme points of Do(K) and then simply compute their image under w;{-l.
Since D(K) is just a subset of [0, 1]N0 which is defined by countably many linear
inequalities, its extreme point arise by setting “as many of them as possible” to
equalities. While this is by no means easy in general, the plan can be executed in
many simple examples. The explicit tools for doing so are the following results:

Lemma 4.8. The maps
YK ex(D2(K)) — ex(Dy(K))

and

VK : ex(D2(K)) = ex(Dy(K))
are well-defined homeomorphisms.

Proof. First let us show that ¢x : ex(D2(K)) — ex(D1(K)) is well-defined.
Indeed, suppose that p = {pataen, € ex(D2(K)) and that v, € Di(K) and
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€ (0,1) have (1 — @)v + av’ = ¥k (p). Then take 1g" of both sides and use
the linearity guaranteed by Proposition to get (1 — )Y (V) + avg! (V') = p.
Since p € ex(Dy(K)), this implies ¥ (1) = g’ (V'), hence v = /. Therefore,
Vi (p) € ex(D1(K)), so Yk : ex(D2(K)) — ex(D1(K)) is indeed a well-defined
map. Since ¥k : Do(K) — D1(K) is a homeomorphism by Proposition it
follows that ¥k : ex(D2(K)) — ex(D1(K)) is also a homeomorphism. Moreover,
Y : Dy(K) — Di(K) being a homeomorphism implies that the same result
extends to the closures. O

Corollary 4.9. For any K € I and N € N, the element 1/)1_(1 (6K) is the unique
{Pa}aen, € D2(K) satisfying py =1 and pg, =0 for alla > N.

Proof. Immediate from Lemma and from the characterization of the map wl}l :
D, (K) — Dy(K) given in the proof of Proposition O

At the end of this section we will see some examples of using these tools to
compute the extreme points of D1 (K) for some specific choices of K.

4.2. Equilibrium and stationary distributions. Fix N € N and let K € Ky
be any TM. We say that v € M;([0, N]) is a stationary distribution if we have
vK = v. Of course, the name comes from the fact that, if X is the MC with
canonical data (v, K), then it is a stationary stochastic process. It is classical
that, if K € Ky is irreducible and aperiodic, then there exists a unique stationary
distribution v, and it moreover has the property that if X is a MC with canonical
data (v, K) for any v/ € M;([0,N]), then the law of X (i) converges to v in
distribution as ¢ — oo. For this latter reason, stationary distributions are sometimes
called equilibrium distributions. In this subsection we explore analogous notions of
equilibrium and stationary distributions for VI'Ms. Interestingly, in the virtual
case it becomes important to distinguish between these notions.

For any K € K, let us say that v = {vn } ven € D is an equilibrium distribution
for K ={Kn}nen € K if we have vy Ky = vy for all N € N, and let us say that
it is a stationary distribution for K if it is an equilibrium distribution for K which
is also compatible with K. We write D{%(K) for the space of VIDs that are
equilibrium distributions for K, and write D5'(K) for the space of VIDs that are
stationary distributions for K.

Lemma 4.10. For any K € IC, the spaces D (K) and D;*(K) are compact and
convez.

Proof. By Lemmal[d.2and the fact Di*(K) = D (K)ND;(K), it suffices to show
that D]%(K) is compact and convex. To do this, we simply write

DYYK) = () {{vv}ven € D1 :vnKy = vy},
NeN

and the result follows. O

Let us now give two results which justify the nomenclature of the terms just
introduced. We say that a VIM K = {Ky}nen € K is irreducible if, for each N €
N we have Kx(4,0) = 0 for all ¢ € [1, N] and and that [1, N] is a communicating
class of K. We say K is aperiodic if Ky is aperiodic for each N € N. The proofs
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of both results are immediate from the definitions and from the analagous results
for classical MCs.

Lemma 4.11. If K = {Kn}nen € K is an irreducible and aperiodic VTM, then
there exists a unique equilibrium distribution v = {vn}nen € D1 for K. Moreover,
if X = {Xn}nen is any VMC with VTM K, then for each N € N, the law of Xy (%)
converges to vy in distribution as ¢ — 0.

Lemma 4.12. Suppose that K € K is a VTM with v € Dy a stationary distribu-
tion. Then, the VMC X = {Xn}nen with canonical data (v, K) has the property
that Xn is a stationary stochastic process for each N € N.

4.3. Examples. Let us see some examples of the ideas developed in this section.

Example 4.13. Consider the VMC X on (2, F,P) constructed via Example
whose VI'M K is given in Example where F' and {Lx}nyen are left general.

As a first step, let us compute the elements of the set D;(K). By Choquet’s
theorem, it suffices to find the extreme points of this set. To do this, note that
we have Cff y = 1 for all N € Ny, hence Dy(K) is exactly the space of all non-
decreasing sequences in [0,1] with pg = 1. By Lemma we know that the
extreme points of this space are exactly the sequences {1V0* : N € N} U {1°°}.
Moreover, we have ¢ (1VF10%°) = §¥ for all N € Ny by Lemma and also
limpy o0 0K = 15 (1°°) which is extreme by Lemma Of course, limy_, o 0 is
just the VID introduced in Example Therefore, we have

ex(Dy(K) = {65 : N ¢ No} {1 5%}

In other words, this VI'M has an extremal VID corresponding to starting in each
finite level N € N as well as a unique extremal VID corresponding to starting at
infinity.

Next let us find the points of D{%(K). Aslong as gy > 0 for all N € N, it follows
that K is irreducible and aperiodic, hence by Lemma that #(D]Y(K)) = 1.
An easy calculation shows the unique element v = {vx } nven € DI (K) is given by

a—1 N a—1

-1 -1 -1

vn(a) = zy H gy:; where ZN = g H anr s
M=1 a=1M=1

for N € N and a € [0, N].
Finally, we find D5*(K). Note that for N € N and a = 1 we have

vn(1) = 2y > 2y = vva (D) + v (N + 1DOR,

which contradicts (3.8)), hence v is not compatible with K. Therefore, D5'(K)
is empty. In particular, we see that K admits equilibrium distributions but no
stationary distributions.

Example 4.14. Consider the VMC X on (2, F,Py) constructed via Example[2.24]
whose VIM K is given in Example Recall that {{x}nen is arbitrary and
does not affect the VI M.

To begin, let us compute D;(K). Note that we have C’ffl = 1 as well as
CXy_1=1forall N € N with N > 2, hence

Dy(K) = {{Pa}aen, € [0,1N : py > py + p3 and p, > paio for a > 2}.
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Now we find its extreme points. If p; = 0 then this forces ps = p3 = 0, hence also
po = 0 for all @ € N, and this point is clearly extreme. If p; = 1, then the resulting
point is extreme only when at most one of ps or p3 is equal to 1; hence the terms of
some parity are identically equal to zero, while the terms of the other parity form
a non-decreasing sequence whose extremality we can characterize via the results of
Appendix [A] If the even indices are identically zero, then the extreme points of the
odd indices are characterized by Lemma [AT] and if the odd indices are identically
zero, then the extreme points of the even indices are characterized by Lemma [A2]
Moreover, it is easy to show that there are no other extreme points. Transforming
these back to D1 (K) via ¥k, we find

ex(D1(K)) = {65 : N e No} U {ngloo 015, Jim_ 5g§v+1}.

Of course, the VIDs limy o 055 and limy o 6351 both correspond to “starting
at infinity” but in two different senses.

This point deserves further elaboration. Recall the representation of this VID
given in Example which states that the sample paths of this VMCs represent
repeatedly choosing, uniformly at random, one of two different paths coming down
from infinity. These two VIDs then correspond respectively to starting at the
two different “trailheads”; geometrically speaking, limy oo 65, and limpy_, o, 655 11
correspond to starting infinitesimally left of the origin and infinitesimally right of
the origin, respectively. At the origin, the corresponding VID is in fact

_ 1/ .
(B0 Xn(0) Jwven = 5 Jim 885 + Jim o551a).

This dispels the plausible but false notion that, for any VIM K € I arising in
the setting of Lemma all the elements of ex(D1(K)) \ {6¥ : N € Ny} are of
the form {P, o X5 (0)"'}yen for some 2 € S which is an accumulation point of
{LNn}Nen-

Next let us find the points of D{4(K). It is clear that K is irreducible and
aperiodic, hence by Lemma that #(DJ*(K)) = 1. Then note that Ky is
doubly-stochastic for each N € N, hence Di*(K) = {U}.

To see that D5*(K) is empty, it suffices to show that U is not compatible with
K. Indeed, for any N € N with N > 2 and a = N — 1 we have
1 2

N -1 =57 531

= NN = 1)+ vy (N+1)CF vy,
whence the result.

Example 4.15. Define the VIM K = {Kx}nen via

/N 1/N --- 1/N 1/N
1N 1/N --- 1/N 1/N
Kv=|: & i
/N 1/N --- 1/N 1/N
1N 1/N --- 1/N 1/N

for all N € N. Since Kn(a,b) — 0 as N — oo for all a € N and b € Ny, we have by
Lemma that K ¢ ((K). Intuitively speaking, K is the VITM representing the
“random walk on the infinite clique”.
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This example is somewhat more complicated than the previous examples in that
we can only get a partial understanding of D;(K). To do this, note that we have
C’f\ﬁa =1/N for all N € N and a € [1, N] also Cf§, = 1 by convention. Hence:

po=1>3 0 M paria, aﬂd}
" Pa > Z(I)\?[:a M_lpM+1 for a € N

In principle one can use the map ¥ to transform this to an understanding of
D, (K), but, unfortunately, we are not able to characterize the extreme points of
this set.

A much easier question is to understand the equilibrium and stationary dis-
tributions for K. Note that K is clearly irreducible and aperiodic, and more-
over that, for each N € N, the matrix Ky is doubly-stochastic. Hence we have
DIY(K) = {U}. One easily checks that U is in fact compatible with K, hence also
that D5'(K) = {U}.

4.4. The virtual Birkhoff polytope. As we saw in Example 2:22] VMCs can
be seen as a generalization of virtual permutations. We also know the classical
Birkhoff-von Neumann theorem that, in a fixed dimension, the (closed) convex hull
of the TMs of all permutation matrices is exactly the space of doubly-stochastic
matrices. Hence, it is natural to ask whether, in some suitable sense, the closed
convex hull of the VT Ms of all virtual permutations coincides with the space of
“doubly-stochastic” VTMs. As we show in this section, the natural generalization
is false, but we are able to gain some understanding of the convexity structure of
this space.

For each N € N, write By C Ky for the subspace of all doubly-stochastic
transition matrices (DSTMs) on [1, NT; these are often called the Birkhoff polytopes.
Also write B C K for the subspace of all doubly-stochastic transition matrices
(DSTMs). We say that a VIM K = {Kny}nen € K is doubly-stochastic if Ky
is doubly-stochastic for each N € N, or also that K is a DSVTM, and we write
B C K for the space of all DSVTMs; this is called the virtual Birkhoff polytope
although, as we will see, it is not a polytope at all. Note that B is equivalently
characterized as the space of all VI'Ms which admit the virtual uniform measure
U as an equilibrium distribution.

Note, in particular, that the first row and column of K can be ignored for each
N € N, hence can always use matrices with brackets as boundaries to represent
these VTMs. Moreover, the projection operation Py : Byt1 — By can be written
as:

Dy(K) = {{pa}aeNo € (0,1

[A + I%UUT} ifp<l1

A wu b

L’T p] — , (4.2)
[ A } ifp=1

which follows from (3.4), since (3.3)) being doubly-stochastic necessarily implies

w =0 and ¢ = 0, and since p = 0 implies u = v = 0. Now we develop the requisite
properties of these projection maps.

Lemma 4.16. For any N € N, the map Py : Byy1 — By is continuous.

Proof. Suppose that {K,},eny and K in By4q have K, — K. Using the block
form (3.3), write A, uy, vy, and p, for the blocks of K, for each n € N, and write
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A, u,v, and p for the blocks of K. Then note that we have A,, — A, u,, — u,v,, — v,
and p, — p in their respective topologies as n — oco. If p < 1, then we have p,, < 1
for sufficiently large n € N, hence we clearly have Py(K,) — P,(K) as n — co. In
instead p = 1, then we recall the fact that all matrix norms on Iy are equivalent;
hence it suffices to show ||Py(K,) — P,(K)|lr — 0 as n — oo where || - ||r denotes
the Frobenius norm. To do this, we simply bound

1
1Py (Kp) = Pa(K) e < [|An = Allp + 7= llunvy [l¢
1
= [4n = Allp + 77— llunll2[lva]l2
< An = Alle + 7 =llunllfvn

< ”An - AHF +1—pn.
Since the right side goes to zero as n — oo, the result is proved. (I
Lemma 4.17. The map ¢ : B — B is a continuous injection.

Proof. That ¢ : B — B is an injection follows from Lemma [3.5]in that ¢ : K — IKC
is an injection, and that ¢ : B — B is continuous follows from Lemma [£.16] O

Lemma 4.18. The space B is compact.

Proof. Immediate from Lemma (.16 O
Example 4.19. Consider

0 01
K'=10 1 0
1 0 0

in K3, and note these correspond to some elements K := {Ky}nen := ¢(K) and
K' = {K)\}nen := t(K’) in K. Since we have

0 1

and also that Ky = Ky and K}, = K} for all M > N, it follows that K, K’ € B.
However, the matrix K = (K’ + K") satisfies
12 0 1/2
K=|0 12 12| P(K)= E’?j ;jﬂ .
1/2 1/2 0

Since Py(3(K' + K")) # 5(P2(K') + P»(K")), it follows that B is not convex.

PK') = PA(K") = [1 0} ,

Despite the fact that B is not convex as in the classical case, we can still un-
derstand some of its convexity structure. The following result characterizes exactly
when the line segment between two points of B is fully contained in B, and it im-
plies that the relative interior of any such segment is either fully contained in or
fully disjoint from B.

Proposition 4.20. Take any K,K' € B and write K = {Ky}nen and K' =
{K\}nen. Then, the set of o € [0,1] for which we have (1 — a)K + oK' € B is
[0,1] if for all N € N we have at least one of the properties
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(i) Knpay(N+1,N+1)=1
(i) Ky (N+1,N+1) =1,
(iii) Kyt (N+1,N+1)<1and Ky 1 (N+1,N+1) <1, and

Knyi(@N+1) Ky N+1)

1-Knui(N+1L,N+1) 1-Ky (N+1,N+1)

for all a € [1,N], or
(iV) KN+1(N+ 1,N+1) <1 and KN+1(N+1,N+1) <1, and

KN+1(N+].,Z)) B Kf\H_l(N‘F].,b)

I1-Kyua(N+1L,N+1)  1-Ky (N+1,N+1)

for all b € [1, N],
and it is {0, 1} if there is some N € N for which we have none of these properties.

Proof. To begin, let us define, for K = {Kn}nen € [[yenBn, N € N, and
a € [0, N, the values

— Ry (N+LNTI
FNap = ~1 )

K Ky (@ Nt DENal (NELD) - o0 (N 4+1,N +1) < 1,
0, if Knat(N+1,N+1)=1.

Then note that K is in B if and only if for all N € N and a,b € [1, N] we have
Ky(a,b) = Kn11(a,b) + Flff‘:mb. Thus for K = {Ky}nyen and K' = {K/y}nen in
B and «a € [0, 1], we have

KN(CL, b) = KN-‘:-l(av b) + FJ{T(:a}ba and
Kiy(a,b) = Kiy g (a,0) + Fi,
for all N € N and a,b € [1, N], and we want to understand when we have

(1 —a)Ky(a,b) + aK(a,b)
= (]_ — a)KNH(a, b) + CVKN+1(Q, b) + FI(V{;Z‘)K—&-QK/
for all N € N and a,b € [1, N]. Plugging the first two equations into the third, we
see that (1 — a)K + oK' € B if and only if
(L= )P+ aFf,, = By 3 (43)

for all N € N and a,b € [1, N]. We use this characterization to complete the two
directions of the proof.

Now let us show that, for each N € N, any of the properties enumerated above
implies (4.3)) for all a,b € [1, N]|. First suppose both (i) and (ii), that Kn41(N +
I,N+1)= Ky, (N+1,N +1) =1, and note that this implies

(1-o)K+aK' oK _ pK'
Fy o =FNap=FNap =0,

as needed. Now suppose that (i) holds but (ii) fails, that is, that Ky 11(N+1, N +

1)=1and Ky (N+1,N+1) < 1. Then we have (1 —a)Kn1(N+1,N+1)+
aK' (N +1,N +1) < 1, and also Kny1(a, N +1) = Kyy1(N +1,b) = 0 by
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double-stochasticity. Hence we can compute:

(1-a)K+aK'’
FN,a,b

(I—=a)-0+aKy,(a,N+1))((1 —a) -0+ aKy, (N +1,b))
I-(1-a)-1-aKy (N+1,N+1)
Ky i(a, N+ 1)Ky (N +1,b)
a(l— Ky, (N + LN +1))
aKyi(a, N+ 1)Ky (N +1,0) — oFK
1- Ky (N+1,N+1) Nyab:

as needed. The same argument works for the case that (i) fails and (ii) holds. Now
suppose that both (i) and (ii) fail. Then, (4.3) is equivalent to
zy ey (—a)z+a)((1 - o)y + ay)

1-— = 4.4
( a)l—z+a1—z’ 1-(1-a)z—az! (44)

for the assignment
x=Kyyi1(a, N +1), ' =Ky, (a,N+1)
y=Kyi1(N+1,0), Y =Ky (N+1,b)
z2=Kyp(N+1,N+1), 2 =Ky (N+1,N+1).

Now a small arithmetic miracle occurs, as it turns out that (4.4)) is equivalent to

T ' Y Yy
— — =0 4.5
(1—2 1—z’)<1—z 1—z’> ’ (45)

which, remarkably, does not depend on «. Now note that either (iii) or (iv) imply
that at least one factor in is zero, hence is satisfied, as needed.
Conversely, it is easy to show for each N € N that holding for all a,b €
[1, N] implies one of the enumerated properties: If both (i) and (ii) fail, then, as
we remarked above, is equivalent to , hence at least one of the factors
must be equal to zero. This shows that for all a,b € [1, N] we must have either
Kyi1(a,N+1) B Ky, i(a, N +1)

1-Knp(N+1L,N+1)  1-Kjn (N+1LN+1)

or

Ky (N +1,0) B Ky, (N +1,b)
1-Kyaa(N+1L,N+1) 1-Kj  (N+1,N+1)
which in turn this implies that at least one of (iii) or (iv) holds. O

The following is a direct translation of the conditions (i) to (iv) in terms of the
analogous conditions for VI'Ms of virtual permutations.

Corollary 4.21. Take any virtual permutations 0,0’ € S, and write 0 = {oN}NeN
and o’ = {oy}nen. Then the set of o € [0,1] for which we have (1 — a)K (o) +
aK(o') € B is [0,1] if for all N € N we have at least one of

(i) oy (N) =N,
(i'iig (on)"HN) = (o) "H(N), or
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and it is {0,1} if there is some N € N for which we have none of these properties.

Example 4.22. To see that Corollary [£:2]] can give non-trivial information, let
o = {on}nen and o’ = {0y }nen in S be the virtual permutations whose cycle
structures are given by

~(1)(23)(45) - (N = 1 N), if N odd,
N T (1)(23)45) - (N — 2N — 1)(N), if N even,

and
, [(2)(34)(56) - (N — 2N —1)(N), if N odd,
TN 7 (12)(34)(56) - - (N — 1 N), if N even,

for all N € N with N > 2. Note that (i) is true for odd N and that (ii) is
true for even N, and therefore that we have (1 — a)K (o) + aK(o’') € B for all
o € [0,1]. In particular, observe that 2 K (o)+ 3+ K (") is exactly the VTM given in
Example that is, the VITM of the random walk on N for which the boundary
state 1 reflects and holds with equal probability.

Finally, recall that the kernel of a set S in a real vector space is the set of all
x € S such that for all 2’ € S and «a € [0,1] we have (1 — a)z + az’ € S; this
is denoted ker(S). Then, S is convex if and only if ker(S) = S and S is called
star-shaped if ker(S) is non-empty. Hence, the kernel encodes some information
about the convexity structure of possibly non-convex sets. Our last result shows
that the kernel of the virtual Birkhoff polytope is a sinlgeton.

Theorem 4.23. We have ker(B) = {I}, for I ={In}nen the VTM consisting of
the identity matrix Iy for each level N € N.

Proof. That Iis in ker(B) follows from Proposition [{.20]since (i) is always satisfied.
For the converse, suppose K € ker(B), and write K = {Kn}nen. Note that it
suffices to show Kn11(N+1, N+1) =1 for all N € N. To do this, take any N € N
with N > 2.

We now define three elements of B: First set

01 0 0 000 0
000 0 000 1
0010 000 0
000 1 000 0

Kyp=10 001 S
000 0 100 0
000 0 010 0
0000 - 0010
1000 -~ 00 0 0

in Kny1, and define K' = ((K}41)- (Observe that K' is just the virtual per-
mutation matrix corresponding to the classical permutation with cycle structure
(12N +1).) Then we have

Ky (1L,N+1) Ky (N +1,2)

= =0.
1-Ky  (N+1L,N+1) 1-Ky (N+1,N+1)
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Second, define K3, | € Ky41 via

0 1/2 0 0 00 0 1/2
0 0 10 000 0
0 0 01 000 0
0 0 00 000 0
K= |0 1 0 AR
0 0 00 010 0
0 0 00 001 0
1 0 00 000 0
0 1/2 0 0 00 0 1/2]

and set K* = ((K%_;). Then note that we have
K31 (1, N +1) K31 (N +1,2)

1-K{ (N+1,N+1) 1-K3  (N+1,N+1)
Third, consider K* to be the VIM from Example and note that we have
K31 (1, N +1) K31 (N +1,2) 1

1-Ky  (N+LN+1) 1-Ky (N+1,N+1) N’

Now we apply Propositionto the pair (K, K) for i € {1,2,3} and we consider
the value of N € N that we have fixed. Since (ii) always fails by construction, we
must have at least one of (i), (iii), or (iv), holding for each i € {1,2,3}. If (i) were
not true, then, by the pigeonhole principle, at least one of (iii) or (iv) would have
to hold for two different ¢ € {1,2,3}, but this is a contradiction since then one of
the values

Kny1(1,N +1) or Kny1(N +1,2)
1-Knpi(N+1,N+1) 1-Kypi(N+1,N+1)
would be equal to two distinct values in {0, 1, %} Therefore, (i) holds, that is,
Ky (N+1,N+1)=1forall N € N with N > 2.
It still remains to show that K5(2,2) = 1. To do this, define

1 (0) = {109 1;0}

for all § € (0,1), and set K(0) = +(K2(f)). Again by Proposition we must
have that one of the enumerated properties holds for each 8 € (0,1), and again we
see that (ii) always fails. Thus, if (i) were not true, then we could choose three
distinct values of € (0, 1), and the pigeonhole principle would imply that at least
one (iii) or (iv) would have to hold for two distinct values of 6 € (0,1), which is
again a contradiction. Thus, (i) holds, and we have proven K =1. (]
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Appendix A. The Space of Monotone Sequences

In this appendix we prove some results about extremality in convex spaces of
monotone sequences living in a given bounded set of reals. We believe such results
are likely well-known, but we could not find a reference. To begin, define

D = {{xk}keN e[0,1N 2y > 2y, forall k € N},
and observe that D is clearly convex. Also define
D = {{xk}keN eD:x = 1},

which is also convex. When [0, 1] is endowed with the product topology which
is compact by Tychonoff, then D and D’ are compact convex sets. Hence, one
naturally inquires about the extreme points of D and D’, which are easy to describe.

For each m € N, define the sequence 10 := {z} }ren via z = 1{k < m} for
all kK € N. Also define 1°° := {zy }ren via zx = 1 for all &k € N and 0% := {zy }ren
via z = 0 for all k € N.

Lemma A.1. ex(D) = {0} U {1™0* : m € N} U {1>}.
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Proof. That D is compact and convex is clear, as is the statement
ex(D) 2 {0} U {10 : m € N} U {1},

so only the reverse inclusion remains to be shown. Indeed, suppose that {zj }ren is
not in the right side. Then the value k, = inf{k € N : z;, < 1} is finite and satisfies
xg, € (0,1). Now define

ko :=1inf{k e N: k > k, and 2 > 2p41}-
If k.. = 00, then we set ¢ := min{xy,,1 — 3, } > 0 and define 2% = {xf}keNO via
4 1, if k& < ks,
T, =
xy, £ 36, if k> k..

Notice that we have z ¢ {z*,27} and = (2" + z7), thus  is not extreme.

Otherwisewe have k.. < oo and xy,, € (zk,,+1,1), SO we can set
e :=min{xg,,1 — g, , Tk, — Tk, 41,1 — Tk, } >0,

£ _.E -
and we can define ™ = {2} }ren, via

1, if k< ks,
af =S ay, £ie, if ke <k <k,
Tk, if k> kyy.

Again we have z ¢ {z 7,27} and « = (2" + 27), so « is not extreme. Therefore,
the result is proved. O

The same argument shows that we also have:
Lemma A.2. ex(D’) = {1™0° : m € N} U {1*°}.

Since 1™0°° — 1°° in the product topology as m — oo, the compact convex sets
D and D’ both have closed sets of extreme points.
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