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Abstract. We give a systematic treatment of caloric measure null sets on the
essential boundary 8. E of an arbitrary open set E in R™T1. We discuss two
characterisations of such sets and present some basic properties. We investigate
the dependence of caloric measure null sets on the open set E. Thus, if D is an
open subset of E and Z C 3¢ E N de D, we show that Z is caloric measure null
for D if it is caloric measure null for E. We also give conditions on F and Z
which imply that the reverse implication is true. We know from [10] that any
polar subset of 0. D is caloric measure null for D, but the reverse implication
is not generally true. In our final result we show that, for subsets of a certain
component of de D, caloric measure null sets are necessarily polar.

1. Introduction

Caloric measure is sometimes called parabolic measure, sometimes harmonic
measure for the heat equation. Its null sets have been studied by several authors
for particular boundaries, for example in [3, 4, 5, 6, 7, 14, 15]. However, to my
knowledge they have never been given a systematic treatment for arbitrary open
sets. In this paper we give such a treatment, partly guided by the treatments for
Laplace’s equation given in [1, 2], but also including results that have no known
analogue in the classical case.

Our terminology will follow [11], where further details can be found. We work
in R = {(z,t) : € R", ¢t € R}, and denote a typical point by p or (z,t) as
convenient. The characteristic function of a set A is denoted by x 4.

Given an open set E in R™™ a function u € C*'(E) that satisfies the standard
heat equation > ;" (8%u/0z?) — (Ou/Ot) = 0 on E is called a temperature. If

n 2
W, t) = (47t)~ 2 exp (—%) it t>0,
0 if t<0.
then W is a temperature on R"™\{0}. For any point (z¢,ty) € R"* and any
positive number ¢, the set

o, t03¢) = {(4,5) € R W(wo —y, 1o — ) > (4m) ¥}

is called the heat ball with centre (xg,tp) and radius c. Temperatures can be
characterized in terms of mean values over heat balls, in that a function u € C%1(E)
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is a temperature if and only if

o —2|*
u(xo,to) = (dme)™ // w(x,t) dx dt
:Eo to; C) 4 tO - t)

whenever Q(zg,to;c) C E.

An extended real-valued function v on F is called a supertemperature on E if it
satisfies the following four conditions:

(01): —o0 < w(p) < +oo for all p € E.

(02): v is lower semicontinuous on E.

(03): v is finite on a dense subset of F.

(04): Given any point (zo,t9) € E and positive number ¢, there is a positive
number ¢ < € such that the closed heat ball Q(x,to;c) C E and the inequality

2
v(xo,to) > (4me)™ // Jzo =P u(x,t) dx dt

’Eoto(‘) 4 toit)
holds.

An extended real-valued function v on E is called a hypertemperature on E if it
satisfies the conditions (d1), (d2) and (d4) above.

We require a classification of the boundary points of an arbitrary open set E.
Here, and below, we use the following notations for the upper and lower half-balls.
Given a point py = (zo,to) € R™™" and r > 0, we denote by H(po,r) the open
lower half-ball {(z,t) : |x —x0|? + (t —t0)? < 7%, t < to}, and by H*(pg, r) the open
upper half-ball {(z,t) : |z — zo|> + (t — t0)? <72, t > to}.

Definitions. Let ¢ be a boundary point of the open set E. We call ¢ a normal
boundary point if either

(a) ¢ is the point at infinity, or

(b) ¢ € R, and for every r > 0 we have H(q,7)\E # 0.

Otherwise, we call ¢ an abnormal boundary point; in this case, there is some
ro > 0 such that H(q,79) C E. The abnormal boundary points are of two kinds,
according to whether they can be approached from above by points in E. If there
is some r| < rg such that H*(q,r1) N E = 0, then q is called a singular boundary
point. On the other hand if, for every r < ro, we have H*(q,7) N E # (), then q is
called a semi-singular boundary point.

The set of all normal boundary points of F is denoted by 0,F, that of all
abnormal points by 0, F, that of all singular points by 0sF, and that of all semi-
singular points by O0ssE. Thus OF = 0,F U 0, F and 9,F = 0,FE U OssF. The
essential boundary 0.F is defined by

0cF = 0,F UJssE = OE\OE.
We also use the concept of an abnormal boundary point relative to the adjoint
equation Y ., (9%u/02?) + (Ou/0t) = 0. If ¢ is such a point, then there is some
ro > 0 such that H*(q,79) C E. The set of all such points is denoted by 9;FE

Let f be an extended real-valued function defined on 9. F. For any lower bounded
hypertemperature v on E, we put v in the class Llf if and only if both

liminfu(p) > f(q) for all ¢ € 9, F,
pP—q
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and

liminfv(p) > f(q) for all ¢ € 0s:F,
P—q+

where the notation liminf, 44 v(p) means liminf, ;) s4) v(z,t). We then put
UJ? =inf{v:v e Ll]]?}7 and call it the upper solution for f on E. The lower solution
LY can be defined by the formula LF = —U¥;. This is the same as in [9, 11].

If LJIZJ = UJZE and is a temperature on E, we denote it by SF, call it the PWB
solution for f on E, and say that f is resolutive for E. Every function f € C(9.F)
is resolutive, a result first proved in [9]. For any point p € E there is a unique
nonnegative Borel measure ,uf on J.F such that S}f (p) = fae 5 fd,u][‘:J holds for
every f € C(0.F). The completion of this measure is called the caloric measure
relative to E and p; it is also denoted by ,uf . If f is resolutive for E, then SJ]ZJ has
the representation Sf(p) = faeE fdpl for all p e E. A point ¢ € 0,E is called
regular if lim,_,, Sf(p) = f(q) for all f € C(0.F). A point ¢ € JssE is called
regular if lim, 44 Sf(p) = f(q) for all f € C(0.E). The set E is called regular if
every point of 9. F is regular, and quasi-regular if every point of d. F outside some
polar set is regular.

Given a point pg € F, we denote by A(po; E) the set of points ¢ € F that are
lower than pg relative to F, in the sense that there is a polygonal path v C F
joining py to q along which the temporal variable t is strictly decreasing. We also
denote by A*(pg; E) the set of points ¢ € E for which there is a polygonal path
~v C FE joining pg to ¢ along which ¢ is strictly increasing. Clearly p € A(q; E) if
and only if ¢ € A*(p; E).

We recall from [10] that a subset Z of 0. F is a caloric measure null set for E if
uf(Z) =0 for all p € E. An equivalent condition is that Ufz =0on FE, and xyz is
resolutive.

In Section 2 we amend the characterization of caloric measure null sets given in
[10], and give a new characterization which relates the null sets of E to those of
A(g; E) for points g € E. We also present some basic properties of caloric measure
null sets. All of these results are analogues of known results for harmonic measure
null sets.

In Section 3 we look at the dependence of caloric measure null sets on the set
E. Let D and E be open sets such that D C E. If ¢ € D, and Z is a subset
of 9.E N .D which is p-measurable, we know from [12, Theorem 10] that Z is
also pl-measurable with p2(Z) < pf(Z). 1t is easy to deduce from this that Z
is caloric measure null for D if it is caloric measure null for £. We prove, under
certain conditions on FE and Z, that the reverse implication is also true. These
results are also analogues of known results for harmonic measure null sets.

Although a polar subset of 0. D is always caloric measure null for D, the opposite
implication is only rarely true. Indeed, as shown in [13, Example 5], a caloric
measure null set can have positive (n+1)-dimensional Lebesgue measure. In Section
4 we show that a subset Z of 07D is caloric measure null for D if and only if it
is polar. Note that if ¢ € 9D there is an upper half-ball H*(¢,7) C D, so that
q ¢ 95D and hence ¢ € 9.D.
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2. Characterizations and General Properties

We need the characterization of caloric measure null sets given in [10, Theorem
5.2]. In the proof of that result, it was implicitly assumed that 0. F is always equal
to U,cp 9eA(p; E), which is not the case. Certainly [10, Lemma 2.9] shows that we
always have |, 0cA(p; E) C OcE, but the reverse inclusion may not hold. This
oversight is easy to fix, because the set difference is always caloric measure null for
FE, as we shall show. Here is a corrected statement of the theorem.

Theorem 1. Let E be an open set.

(a) The set

T =0.E\ | 0.A(p; E)
peE

is caloric measure null for E.

(b) If Z C UpeE 0.A(p; E), then Z is caloric measure null for E if and only if
the following condition is satisfied.

For each point py € E, there is a nonnegative supertemperature u on A(po; E)
such that limy,_,q u(p) = +o0 for all ¢ € Z N Oy A(po; E), and limy_,q1 u(p) = +o0
forall g € ZNOssA(po; E).

Proof. (a) Given any point p € E, we put A = A(p; E). The function x = xr

is identically zero on O.A, so that U;(\ =0 on A. By [10, Lemma 3.4], UQ is the

restriction to A of Uf, so that Uf =0 on A. Since p is arbitrary, Uf =0on FE.
(b) See the proof of [10, Theorem 5.2]. O

Here is a different characterization of caloric measure null sets. This result is
analogous to one for harmonic measure given in [1, Lemma 6.5.3], where A(q; E) is
replaced by the component of F that contains ¢, and d, by 0.

Theorem 2. Let E be an open set, and let Z C 0. FE.
(a) If Z is caloric measure null for E, then given any p € E and q¢ € A*(p; E),
we have

pd @) (Z 1 0.M(g; E)) = 0.

(b) Conversely, if {p;} is a sequence in E such that \J;Z, A(p;; E) = E, and for
each j there is a point q; € A*(p;; E) such that

pp (2 N DM (g5 E)) = 0,
then Z is a caloric measure null set for E.

Proof. (a) Given any points p € E and ¢ € A*(p; E), the set Y = ZN9J.A(q; E) is
caloric measure null for £ and hence ,uf -measurable. Therefore [12, Theorem 10]
shows that Y is also u) “®)-measurable with 15" (v) = 0.
(b) For each j, we denote by x; the characteristic function of Z N d.A(g;; E). If
N,’,‘j(qﬁE)(Z N8.A(q;; E)) = 0, then [, AgyiE) X dugj(qj;E) exists so that, in view of
(= J

[10, Theorem 4.6(a)],

U)/(\j(qj;E) @j) _ / X; du;\j(qj;E) — M;\j(qj;E)(Z o) 331\(%‘; E))=0.
.M (q;;E)
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A(g;;E)

Since the values of Uy; all lie in the interval [0,1], it is a temperature on
A(p; A(g;; E)) for all p € A(gj; E), by [10, Lemma 3.6], and hence on A(g;; E)
itself. It therefore follows from the minimum principle that U;(\J.(qj;E) = 0 on the

set A(pj;A(g;; E)) = A(p;; E). Since x; is the restriction to 0.A(g;; E) of xz, it
follows from [10, Lemma 3.4] that U = 0 on A(p;; E). Our hypothesis on {p;}
now implies that Ufz =0 on E, so that Z is caloric measure null for E. ([

Theorem 3. Let E be an open set.

(a) If f is a function on O.E such that U]ZE < 400 on E, then the set Z of points
p where f(p) = +oo is caloric measure null for E.

(b) If {Z;} is a sequence of caloric measure null subsets of d.E, then | J;o, Z; is
also caloric measure null for E.

(c) If f is a nonnegative function on 0.E such that UJ? =0 on E, then the set
Z of points p where f(p) > 0 is caloric measure null for E.

(d) If Z is a relatively open subset of O.F that is caloric measure null for E,
then every point of Z is irregular and Z is semipolar.

Proof. (a) Let f and Z be as in the statement. By Theorem 1(a), we may suppose
that Z C U, cp 0cA(p; E), and so we can use the criterion in Theorem 1(b). Let
po € E. Since U;E(po) < 400, we can find a hypertemperature u € 11? such
that u(pg) < +oo, which implies that w is a supertemperature on A(pg; E) by
[11, Corollary 3.55]. The function w is lower bounded on E, and satisfies both
lim,_,qu(p) = 4oo for all ¢ € Z N O, E and lim,_,q4 u(p) = +oo for all ¢ €
ZN0ssE. We put v = u—infg u on E, so that v is a nonnegative supertemperature
on A(po; E). We also put A = A(po; E). By [11, Lemma 8.4], 9.A C 9.F and
OssA C 0ssE; but is it not in general true that 9, A C 9, E. Hence we immediately
deduce that

lim v(p) = +oo for all g € ZNOssA C Z N0 E,

p—q+

but the corresponding result for normal boundary points needs a bit more. Clearly

lim v(p) = +oo for all g € ZN o, ANO,E.
p—4q

On the other hand, if ¢ € Z N 9, A N OssE, there is an open half-ball H(q,r) C E
such that H(q,r) N A =0, by [11, Lemma 8.4]. Therefore
,dm_ w(p) = lim o w(p) = +oo.

It now follows from Theorem 1(b) that Z is caloric measure null for E.

(b) Let {Z;} be a sequence of caloric measure null subsets of J. E. For any point
p € E we have p(Z;) = 0 for all 4, so that p5(U;2, Z;) = 0 also. Since p is
arbitrary, that union is caloric measure null for F.

(c) Let f be a nonnegative function on J.E such that Uf = (0 on E. For each
k € N, we denote by xi the characteristic function of the set Zj of points p where
f(p) > 1/k. Then 0 = kUJZE = U,f} > UL >0 on E, so that each Z is caloric
measure null for E. It now follows from (b) that the set Z = |J;, Zj is also caloric
measure null for E.

(d) Let Z be a relatively open subset of 9. F that is caloric measure null for E.
Given any point ¢ € Z, we choose a continuous function f : 9.FE + [0, 1] such that
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f=0on 0.F\Z and f(q) = 1. Then 0 < Sf < SE, =0 on E because Z is caloric
measure null for F, so that ¢ is irregular. It now follows from [11, Corollary 9.47]
that Z is semipolar. (I

The results in Theorem 3 are analogous to results for harmonic measure null
sets, parts (a), (b) and (c) given in [2, p.108], part (d) in [1, Corollary 6.6.9)].
The proofs of Theorems 5 and 7 require the following elementary lemma.

Lemma 4. Let D be an open set, and let Z be a subset of O.D which is caloric
measure null for D. Then there is a Borel subset B of 0.D which contains Z and
is also caloric measure null for D.

Proof. We take a sequence {p, } of points in D such that Uj’;l A(pj; D) = D. Since
Z is caloric measure null for D, given any j we have uz?j (Z) = 0 so that, since ,ufj
is a completed Borel measure, there is a Borel set B; O Z such that ug (Bj) =0.
We denote by x; the characteristic function of B;. By [10, Corollary 4.7], the fact
that 0 < LQJ_ < UXDJ_ < 1 implies that x; is resolutive for D and

2w = [ xiduf =P8y
0D

for all p € D. In particular S;?j (pj) = 0, so that the temperature S;Z is zero on
A(p;; D) by the minimum principle. We now put B = ﬂjoil Bj, so that B is a Borel
superset of Z and ,ug_ (B) =0 for all j. By [10, Corollary 4.7], x p is resolutive for
D and

LW = [ xpduf = ()

e

for all p € D. Thus S;(DB (p;) = 0 for all j, and so the minimum principle implies
that SXDB =0 on U;i1 A(p;; D) = D. Hence B is caloric measure null for D. O

3. Dependence on the Open Set

Theorem 5 below is a partial analogue of [1, Theorem 6.6.10]. In part (b) we
assume that F is quasi-regular, a hypothesis not necessary in the harmonic case
because there every open set has this property. Thus, as is often the case, the
situation for the heat equation is more complicated and less satisfactory than that
for Laplace’s equation. However, the hypothesis of quasi-regularity is not very
restrictive, and examples of open sets which do not satisfy it are always non-trivial.
Some examples can be found in [8].

Theorem 5. Let D and E be open sets such that D C E, and let Z C 0. DN I E.
(a) If Z is caloric measure null for E, then it is also caloric measure null for D.
(b) Conversely, if E is quasi-regular, Z C 0.E\(E\D), and Z is caloric measure

null for D, then it is also caloric measure null for E.

Proof. (a) If Z is caloric measure null for E, then for all ¢ € E the set Z is
py-measurable with pf(Z) = 0. Therefore, by [12, Theorem 10], for every point
q € D, the set Z is pl-measurable with 0 < p2(Z) < pF(Z) = 0. Hence Z is
caloric measure null for D.

(b) For the converse, if Z is contained in the relatively open subset 9, E\(E\D)
of 0. F, we can write Z = Ufil Z;, where each Z; is bounded and has its closure in
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d.E\(E\D). If we prove that each Z; is caloric measure null for E, the result for
Z will follow from Theorem 3(b). We can therefore assume that Z is bounded and
that Z C 9.E\(E\D). Furthermore, if Z is caloric measure null for D, Lemma 4
shows that there is a Borel set B such that Z C B C 0.D and which is also caloric
measure null for D. The set X = BN(0.E\(E\D)) is also a Borel superset of Z, and
satisfies the same conditions as Z. If we were to prove the result with Z replaced
by X, then the result for Z would follow immediately. We may therefore assume
that Z is a Borel set. With this assumption, the inequalities 0 < L¥ < U[F <1
on E imply that xz is resolutive for E, by [10, Corollary 4.7].
We now define

B {XZ on OF,
sz on F.
Then
li =0 1
i w(p) (1)

for every point q € 9, E\Z that is regular for E, and

li =0 2
p%qflpeEw(p) (2)

for every point ¢ € 955 E\Z that is regular for E. Hence either (1) or (2) holds, as
appropriate, for all ¢ € 9, F\Z outside some polar set, since F is quasi-regular by
hypothesis. Moreover, for all p € D we have w(p) = sz (p) = SP(p), in view of
[12, Theorem 11, Corollary].
We now split 9. D into three disjoint sets, and write
U=0.DNECE\D, V=0,DN0O.EDZ, Y =0.DNosE.
Since Z C 9.E we have w = 0 on 9, F, so that

w=w(xu +xv +Xxvy) = wxv + Xz
on J.D. Therefore, for all p € D we have

w(p) = S5 (p) = S5, (0) + SL,(p) = SE\, (),

because Z is caloric measure null for D. Furthermore, because the compact set Z
does not meet F\D, there is a positive distance between them. It follows that, for
every point ¢ € Z N J, D that is regular for D,

li = = lim S2 =0 3
pa;,lgeEw@) pﬁ;g}eDw(p) PI—IBI wXU(p) ©

since ZNU = (), and for every point ¢ € Z N 9, D that is regular for D,

. . . D
dm w(p) = lm w(p) = lim Sy, (p) = 0. (4)
We know from [11, Corollary 8.47] that any point of 9, D N 9, E, or of 95sD(C
0ssE), that is regular for E is also regular for D. Moreover, there are no points
in 0,D N 055 F outside E\D; for if ¢ € 055 F there is a half-ball H(q,rg) C E, so
that if ¢ € 8, D and r < 79 then H(g,r)\D # 0, and hence ¢ € E\D. Since E
is quasi-regular, it now follows that either (3) or (4) holds, as appropriate, for all
q € Z outside some polar set. Therefore either (1) or (2) holds, as appropriate, for
all ¢ € 0.F outside some polar set. If E is unbounded then the point at infinity
is regular, by [11, Theorem 8.46(b)], and since Z is bounded we have xz =0 in a
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neighbourhood of infinity, so that w(p) — 0 as p approaches infinity also. It now
follows from the boundedness of w and the maximum principle in [11, Theorem
8.2], that w =0 on E. Hence Z is caloric measure null for E. ]

4. Polarity

We know from [10, p. 405] that any polar subset of 9, D is caloric measure null
for D. In this section we show that a subset Z of 9D is caloric measure null for
D only if it is polar. The following lemma plays a crucial role in this.

Lemma 6. Let D be an open set, let ¢ € R, and let E, = R" X ¢, +o00[. If
Z C (9D N (R" x {c}))\(E\D), ()
then Z is caloric measure null for D only if Z is polar.

Proof. Suppose that Z is caloric measure null for D. We first consider the case
where D C E.. Since E, is a regular open set and (5) holds, it follows from Theorem
5(b) that Z is caloric measure null for E.. The caloric measure of Z relative to E,
and any point (z,t) therein, is given by

ey (2) = / W(z —y,t—c)dy
Z

[2, p. 332], which is zero if and only if the n-dimensional Lebesgue measure of Z is
zero. By [11, Theorem 7.55], this happens if and only if the thermal capacity of Z
relative to R" ™ is zero, which holds if and only if Z is polar [11, Theorem 7.46].
We now consider the general case, and put C = DN E,.. We note that condition
(5) implies that Z C 9,,C; for if ¢ € 9.D N (R™ x {c}), then either (i) for all » > 0
we have H*(q,r) N D # ), in which case ¢ € 9,C, or (ii) there is € > 0 such that
H*(q,e) N D = (, in which case ¢ € E.\D. Thus Z C 9.,C N 9.D, and we can use
Theorem 5(a) to show that Z is caloric measure null for C. Since E.\C = E\D,
condition (5) holds with D replaced by C throughout. Therefore we can use the
case proved above to show that Z is polar. O

Lemma 7. If A is an analytic set whose every compact subset is polar, then A
itself is polar.

Proof. Let K be any compact subset of A. Since K is polar it has thermal capacity
C(K) = 0 [11, p.175]. Therefore the inner thermal capacity of A, namely [11,
Definition 7.40]

C_(A) =sup{C(K) : K is a compact subset of A},

is also zero. Since A is analytic it is thermal capacitable, by [11, Theorem 7.51],
with thermal capacity C(A) = C_(A) = 0 [11, Definition 7.43]. Therefore A is
polar, by [11, Theorem 7.46(b)]. O

Theorem 8. Let D be an open set. A subset Z of 0D s caloric measure null for
D if and only if it is polar.

Proof. Suppose that Z is caloric measure null for D. By Lemma 4, there is a Borel
subset B of 0.D which contains Z and is also caloric measure null for D. The set
BNo;D is a Borel set which contains Z and satisfies the same conditions as Z. We
can therefore suppose that Z is Borel.
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By [11, Theorem 8.40], there is a sequence of hyperplanes of the form R" x {t}
which covers 97 D. We can therefore write Z = |J;=, Z;, where each Z; is either
() or a caloric measure null subset of a single such hyperplane. It thus suffices to
prove that any nonempty Z; is polar. So we suppose that ) # Z; C R" x {c},
and take an arbitrary compact subset K of Z;. We put E. = R"x |¢, +oo[ with
a view to using Lemma 6. For each point ¢ € K, we can find r, > 0 such that
H*(q,rq) € D because ¢ € 9D, and also B(g,rq) N (R" x {c}) C 9D because
0: D is relatively open in 0D. The compactness of K ensures that there is € > 0
such that H*(q,e) € D and B(q,¢) N (R™ x {c¢}) C 9D for all ¢ € K. Thus
the distance between K and FE.\D is positive, so that K N (E.\D) = (. Hence
K C 9.Dn R" x {cHh)\(E\D), and Lemma 6 shows that K is polar. If Z is a
Borel set then each Z; is too, so that Z; is analytic by [11, Lemma 7.49(b)]. Hence
the arbitrariness of K and Lemma 7 show that Z; is polar. [
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