NEW ZEALAND JOURNAL OF MATHEMATICS
Volume 51 (2021), 95-108
https://doi.org/10.53733/177

THE NORMING SET OF A SYMMETRIC 3-LINEAR FORM ON
THE PLANE WITH THE [;-NORM

SUNG GUEN KM
(Received 1 October, 2021)

Abstract. An element (z1,...,2n) € E™ is called a norming point of T €
LME) if [|z1|| = -+ = |lzn|| = 1 and |T(z1,...,2zn)| = ||T||, where L("E)
denotes the space of all continuous n-linear forms on E. For T € L("E), we
define

Norm(7T) = {(:pl, ..., Zn) € E™ : (z1,...,2,) is a norming point of T}A

Norm (7)) is called the norming set of T. We classify Norm(T') for every T' €
Ls(312).

1. Introduction

In 1961 Bishop and Phelps [2] initiated and showed that the set of norm at-
taining functionals on a Banach space is dense in the dual space. Shortly after,
attention was paid to possible extensions of this result to more general settings,
specially bounded linear operators between Banach spaces. The problem of dense-
ness of norm attaining functions has moved to other types of mappings like mul-
tilinear forms or polynomials. The first result about norm attaining multilinear
forms appeared in a joint work of Aron, Finet and Werner [1], where they showed
that the Radon-Nikodym property is sufficient for the denseness of norm attaining
multilinear forms. Choi and Kim [3] showed that the Radon-Nikodym property is
also sufficient for the denseness of norm attaining polynomials. Jiménez-Sevilla and
Pay4 [4] studied the denseness of norm attaining multilinear forms and polynomials
on preduals of Lorentz sequence spaces.

Let n € N,n > 2. We write Sg for the unit sphere of a Banach space E. We
denote by £("E) the Banach space of all continuous n-linear forms on E endowed

with the norm ||| = sup(,, ... 4. )espx-xsp [T (@1, 20)|. Ls("E) denote the
closed subspace of all continuous symmetric n-linear forms on E. An element
(x1,...,m,) € E™ is called a norming point of T if ||z1|| = -+ = ||z,]] = 1 and

T(z1, .., za)| = T,
For T € L("E), we define

Norm(T') = {(mh ceyTpn) € E":(x1,...,2,) is a norming point of T}.

Norm(T') is called the norming set of T. Notice that (z1,...,z,) € Norm(T) if
and only if (e121,...,€,2,) € Norm(T') for some €, = +1 (k=1,...,n). Indeed, if
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(x1,...,2y,) € Norm(T'), then
IT(e121,. .. enZn)| = €1 €T (@1, ..., 20)| = |T(21,...,20)| = ||T],

which shows that (e1x1,...,epzy) € Norm(T). If (121, ..., €ex2y) € Norm(T) for
some € = +1 (k=1,...,n), then

(T1,...,2p) = (el(elxl), ey en(enxn)) € Norm(T).

The following examples show that Norm(7") = () or an infinite set.
Examples. (a) Let

oo

T((xi)ieNy (%’)ieN) = ; %Izyz € ﬁs(zco)-

We claim that Norm(T') = (). Obviously, ||T|| = 1. Assume that Norm(T') # (). Let
((xi)ieNa (yi)ieN) € Norm(T'). Then,

= 1 1
= ‘T((mi)iel\h (yi)ieN)’ < ; il lyil < ; 7 =5
which shows that |z;| = |y;| = 1 for all ¢ € N. Hence, (x;)sen, (
a contradiction. Therefore, Norm(T") = §).

(b) Let

i)iEN ¢ Co. This is

T((xi)ieN» (yi)iGN) =T1Y1 € ﬁs(zco)-
Then,

Norm(T') = {((:I:l,;ng,gcg”...)7 (il,yg,yg,...)> € coxcp :lzy| <1, |y;] < 1for j > 2}.

A mapping P : E — R is a continuous n-homogeneous polynomial if there ex-
ists a continuous n-linear form L on the product F X .-+ x F such that P(z) =
L(z,...,x) for every z € E. We denote by P("E) the Banach space of all contin-
uous n-homogeneous polynomials from F into R endowed with the norm ||P| =
sup|, =1 [P()]-

An element z € F is called a norming point of P € P("E) if ||z|| = 1 and
|P(z)| = ||P||. For P € P("E), we define

Norm(P) = {x € E : z is a norming point of P}.

Norm(P) is called the norming set of P. Notice that Norm(P) = () or a finite set
or an infinite set.

Kim [6] classify Norm(P) for every P € P(%I2,), where (2, = R? with the
supremum norm.

If Norm(T) # 0, T € L(™E) is called a norm attaining n-linear form and if
Norm(P) # 0, P € P(™E) is called a norm attaining n-homogeneoue polynomial
(see [3]).

For more details about the theory of multilinear mappings and polynomials on
a Banach space, we refer to [9].

It seems to be natural and interesting to study about Norm(T) for T' € L("E).
For m € N, let IT* := R™ with the the l;-norm and lgo = R? with the supremum
norm. Notice that if E = 7" or 2, and T € L("E), Norm(T) # () since Sg is
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compact. Kim ([5], [7], [8]) classified Norm(T) for every T € L(%12)), L (%1%,
Ls(313).
In this paper, we classify Norm(T') for every T € L4(313).

) or

2. Results

Let T((x1,y1), (@2,¥2), (x3,y3)) = axiz2x3 + by1yays + c(z1y2y3 + T2y1y3 +
23y192) + d(y17273 + Y2123 + y3x112) € L(31?) for some a,b,c,d € R. For sim-
plicity, we denote T' = (a, b, ¢, d).

Theorem 2.1. Let T = (a,b,c,d) € L;(313) for some a,b,c,d € R. Then,

17 = max {fal, Jol, lel, ldl}.
Proof. Let M := max{\a|, b, |el, |d|} Let (z5,y;) € Spz for j = 1,2,3. It follows
that

IT((x1,y1), (x2,92), (x3,93))]
<lal| |z1zaws] + [b] [y1y2ys] + |c| [v1y2y3 + T2y1y3 + T3y1Y2]
+ |d| [y1 2203 + yow123 + Y321 72|

< M(\$1$2$3| + |y1y2ys| + |T1Y2y3 + 2y1y3 + T3y1y2| + Y1223 + Yoz + y3331332|)

< M(\fﬁIIszstI +yillyellysl + [z llyllys] + |22l lyi [lys] + |2allyilly2] + 1] |22 ||z3]
+ Iyl ] + [ys| [o1 22

= M (Jor] + lanl) (2] + Iy ) (Lol + sl ) = M

- max{‘T((l,O), (1,0), (1, 0)) T((O, 1),(0,1), (0, 1))
’T((l,()), (1,0),0,1)) ’}

< |ITl.

Therefore, ||T|| = M. O

Notice that if ||T|| = 1, then |a| < 1,|b] < 1,|c|] <1 and |d| < 1.
Lemma 2.2. Let n,m > 2. Let T € L(™I}) with

T((zgl),...,xg)),..., (:gﬁm),...,x;”’))) = Z Giyoviy, :cgll)xg:)

1<ip<n, 1<k<m

T((l, 0), (0, 1), (0, 1))

) ) b

for some a;,...;,, € R. Suppose that (til), e 511)), ce, (t(l’”)7 o 5:")) € Norm(T).
If |ai’1---i:n‘ < ||T|| for some 1 <1\ <n, 1<k <m, then tl(,,ll) . .tl(,z) —0.
Proof. Assume that tE,ll) . ~t£Z) = 0. It follows that
I = [T ((67, D), (87 8]
= ‘ > iyoniyy £ ) +ai1~~iintl(-'ll) et

1<ip#i) <n, 1<k<m
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<

1<ip#i, <n, 1<k<m

1
S EA D D

1<ip#i, <n, 1<k<m
1 m
=TI 32 [67]) - (30 [4))
1<5i<n 1<i<n

= I,

Wl

3%

-/ )’

tgjjj)’ + ‘alm‘ t

|

gy iy,

wl...

which is a contradiction. Therefore the statement follows. O

Lemma 2.3. Let T = (a,b,c,d) € Ls(313) for some a,b,c,d € R. Then,

(a) ((171,2/1)7 (2,y2), (x3,y3 ) € Norm(T) if and only if (:t(xlayl) +(x2,92), i(l’&y:’,)) €
Norm(T);

() (@19, (222), x37y3)eNorm ) if and only if ((w1,=91). (w2, =92). (23, —y)) €
Norm(T), where T" = (a, —b, ¢, —d);

(©) ((v1,21)s (), (u, ) € Norm(E) if and only if (o1,10). (22.32), (3,15)) €
Norm(T), where T = (ba,d, c).

Proof. This is obvious. (]
Kim [8] classified Norm(T) for every T € L(%1%).

Theorem 2.4. ([8]). Let T((xlay1)7 ($2,y2)> = ax1T2 +by1y2 + cx1y2 +droys €

L(%13) be such that ||T|| = 1 with a > |b| and a > ¢ > d > 0. Then we have the
following:

Case 1. If1=a > |b|,1 > ¢ >d, then
Norm(T) = {((11,0), (il,O))}.
Case 2. (1=a=b,1>c>d)or(1=a>b,1=c>d)
Ifl1=a=|b,1>c>d, then
Norm(T)) = {((11,0), (il,())),(((),il), (0,11))}.
Ifl1=a>|bl,1=c>d, then
Norm(T) = {((11,0), j:(t,l—t)) 0<t< 1}.
Case 3. (l=a=c=d> b)) or(l=a=b,1=c>d)
Ifl=a=c=d> b, then
Norm(T) = { + ((1,0), +(t,1 —t)),j:(i (t,1 —t),(l,O)) 0<t< 1}.
Ifl=a=0b1=c>d, then
Norm(T) = {(ﬁ: (1,0, +(¢ 1 —t)),i(i (t,1 —t),(O,l)) 0<t< 1}.
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If1l=a=-b1=c>d, then
Norm(T) = {(1(1,0), ﬁ:(t,l—t)),i(ﬁ:(t,t—l),(o,l)) :ogtg1}.
Case4. l=a=|b|=c=d
Ifb=1, then
Norm(T):{(i(t,l—t), i(s,l—s)) :ogt,sgl}.
Ifb=—1, then
Norm(T) = {(j: (0,1), +(t,t — 1)), (i (t,t — 1), (0, 1)),
(i(l,O), i(t,l—t)),(i(t,l—t),i(l,o)) :ogtg1}.

We are in the position to prove the main result of this paper.

Let T((z1,91), (22,92), (23,93)) = az1z2®3 + by1yays + c(z1y2ys + T2y1ys +
23Y192) + d(y17223 + Y173 + y3x172) € L(313). By Lemma 2.3, we may assume
that a > b > 0.

Theorem 2.5. Let T((w1,y1), (¥2,92), (¥3,¥3)) = av12273+by1y2ys +c(r1y2y3 +
Toy1y3 + T3y1ye) + d(y1mox3 + yar123 + yzx1w2) € L(313) be such that ||T| = 1
with a > b > 0. Then we have the following 11 cases:

Case 1. [fa=1,b<1,|c| <1 and|d| <1, then
Norm(T) = {((11,0), (+1,0), (11,0))}.
Case 2. If |c] =1,a<1,b< 1 and |d] < 1, then
Norm(T) = {((ﬂ,@), (0,+1), (0,11)), ((O,il), (£1,0), (0,11)),
((O,il), (0, +1), (ﬂ,o))}.
Case 3. If |d|=1,a<1,b< 1 and |c| < 1, then
Norm(T) = {((11,0), (+1,0), (O,jzl)), ((11,0), (0, +1), (11,0)),
((0,11), (£1,0), (11,0))}.
Case 4. I[fa=b=1,|c| <1 and |d| <1, then
Norm(T) = {((11,0), (£1,0), (11,0)), ((0,11), (0,+1), (O,il))}.
Case 5. Ifa=|c| =1,b<1 and |d| < 1, then
Norm(T) = {((11,0), (£1,0), (11,0)), ((0,11), (0,+1), (11,0)),
((O,il), (£1,0), (O,jzl)), ((ﬂ,o), (0,+1), (0,ﬂ:1))}.
Case 6. Ifa=|d =1,b<1 and |c| < 1, then
Norm(T) = {((ﬂ,o), (£1,0), £(t, (1 —1t) sign(d))),

(1,0, £(t, (1 = Hsign(d)), (£1,0)),
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(i (t, (1 — t)sign(d)), (£1,0), (ﬁ:LO)) 0<t< 1}.
Case 7. If || = |d| = 1 and a < 1, then
Norm(T) = {((11,0)7 (0,+1), *(tsign(d), (1 — 1) Sign(c)))
((&1,0), (tsign(a), (1 - 1) sign(e)), (0,£1)),
( (tsign(d), (1 — t)sign(c)), (£1,0), (0, il))
( 0,£1), (£1,0), *(¢sign(d), (1 — ) sign(c )))
( (0,+1), +(tsign(d), (1 — t)sign(c)), (11,0)),
( (tsign(d), (1 — t)sign(c)), (0,=1), (il,O)) 0<t< 1}.
Case 8. [fa=b=|c| =1 and |d| < 1, then
Norm(T) = {((ﬂ,@), (£1,0), (il,O)), ((o,ﬂ), (0,+1), :l:(t,(l—t)sign(c)))
((0.%1), (¢, (1= t)sign(c)), (0,+1)),
(j: (t, (1 — t)sign(c)), (0,%1), (0, il)) 0<t< 1}.
Case 9. Ifa=b=|d =1 and |c| < 1, then
Norm(T) = {((O,ﬁzl), (0,+1), (0,11)), ((11,0), (£1,0), £(t, (1 —1t) sign(d)))
(1,0, £(t, (1 = Hsign(d)), (£1,0)),
(i (t, (1 — t)sign(d)), (£1,0), (il,O)) 0<t< 1}.

Case 10. Ifa=|c| =|d] =1 and b < 1, then the following holds.
If c=1, then

Norm(T) = {((11,0), £(t, (1 — t)sign(d)), =(s, (1 — s)sign(d)),
(% (1= )sign(d), (£1,0), +(s, (1 - s5)sign(d) ),
(j: (t, (1 — t)sign(d)), *(s, (1 — s)sign(d), (1170)) L0<t,s< 1}.
If c = —1, then
Norm(T) = {((11,0), (0, 1), %(¢, (t — 1) sign(d)),
(£1,0), (¢, (t — 1)sign(d)), (0,£1) )
+ (1, (¢ = 1) sign(d)), (+1,0), (0,%1)),
(0,£1), (£1,0), £(t, (t — 1) sign(d )
1,0) )

(0,£1), (¢, (t —1)sign(d)), (£

N T N NN N

£ (t, (t — 1)sign(d)), (0,%1), (1, 0)),
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((11,0), (£1,0), =(t, (1 — ¢)sign(d) )
((il,()), +(t, (1 — t)sign(d)), (1, o)

(j: (t, (1 — t)sign(d)), (£1,0), (il,O)) 0<t< 1}.

)
)

Case 11. Ifa=b=|c| = |d| = 1, then the following holds.

If—c=d=1, then
Norm(T) = {((11,0), (+1,0), ﬁ:(t,l—t)),((il,OL (1 1), (11,0)),
), (£1,0), (%1, 0)) ((0 £1), (£1,0), *£(t,t — 1)),
((O,il), E(tt— 1), (1 0) ( (t,t—1), (0,%1), (£1, 0)),
((0,11), (- 1), (5,5 — 1)) ( (t,t —1), (0,%1), j:(s,s—l)),
), £(s,5 — 1), (011)) ()<ts<1}

[fe=—1=d, then
Norm(T) = {((il 0), (£1,0), +(t, ¢ — 1)), ((11,0), E(tt— 1), (11,0)),
(t,t—1), (£1,0), (£L, 0)) ( (t,t — 1), (£1,0), (O,il)),
1,0), £(t,t—1), (0,£1)), (jzl 0), (0,+1), (tt—l)),

(=
(j: 0), (
( (t,t—1), j:lO)(Oil +(tt—1) (11,0)),
(Oil (+1,0), +(t,1 — 1)) ((0 +1), £(t,t — 1), i(s,s—l)),
( (t,t—1), ), £(s,5 — 1))( (t,t—1), £(s,5— 1), (0,11));
0§t5§1}

fe=1=—d, then
Norm(T):{((O 1), (0,%1), £(t,t — 1)) ((0 £1), £(t,1— 1), (0, j:l)),
(t,1—1), (0,%1), Oil) (£1,0), (0,%1), tt—l))

(

)

1 )
1), (0,£1), (1 0)) (0,£1), £(t,t—1) (11,0)),

):

(
£(t,t—1), (0,£1)), ((£1,0), (0,%1), £(t,t - 1))
(

0),
(t, t —
+1),
(t, t —
(t, t —

(=
(ﬁ:
(=
(©
(=
(=

(£1,0), £(t,t—1) ((i (1 — 1), i(s,s—l)),
1), (£1,0), £(s,s — 1))
1), £(s,5 — 1), (110)) O<ts§1}.



102 SUNG GUEN KIM

If c=d =1, then

Norm(T) = {(:l: (t,1—1), £(s,1—s), ﬂ:(ml—w)) 0<t,s,w < 1}.

Proof. Since 1 = ||T|| = max {a, b, |c], |al|}7 a=1b=1,c=1,ord=1. Hence, we
may consider the 11 cases separately. Let ((xl,yl), (z2,92), (xg,yg)) € Norm(T).

By Lemma 2.3, we may assume that z; > 0 for j = 1,2, 3.

Case 1. Suppose that a =1,b < 1,|c| < 1 and |d| < 1.

It is obvious that ((:tl,O), (£1,0), (:I:l,O)) € Norm(T'). By Lemma 2.2,

1= |70 @2, (@5,06) ) | = o o] ]

Hence, |z;] = 1,; = 0for j = 1,2, 3. Therefore Norm(T') = {((ﬂ,o), (+1,0), (ﬂ,o)) }

Case 2. Suppose that |¢] =1,a < 1,b < 1 and |d] < 1.

By Lemma 2.2, we have 0 = z1T2T3 = y1y2y3 = y1T2T3 = Y2123 = Y3212 and
1= ’xlygyg + 22y1Y3 + 1‘3y1y2‘. We split into three subcases.

Suppose that 3 = 0. Then |y1| = 1 and zoz5 = 0. If 29 = 0, then |y2| =
1and 1 = |zs||y1||ya] = |vs|. Hence, ((0,11)7 (0,+1), (1170)) € Norm(T).
If 3 = 0, then |yzs] = 1 and 1 = |za||y1||ys] = |z2|. As a result we have
((O,il), (+1,0), (O,il)) € Norm(T).

Suppose that zo = 0. Then |ys| = 1 and 123 = 0. If z; = 0, then |y;| = 1 and
1 = |zs||y1] l[y2| = |x3]. Therefore we have ((O,il), (0,£1), (:I:l,O)) € Norm(T).
If z3 = 0, then |y3| = 1 and 1 = |z1] |y=2| |ys| = |z1]- Hence, ((:N:LO), (0,£1), (O,:I:l)) €
Norm(T).

Suppose that x3 = 0. Then |ys| = 1 and 2129 = 0. If 23 = 0, then |y;| =
1 and 1 = |z2]|y1]|ys| = |w2]. We conclude that ((O,jzl), (£1,0), (O,ﬁzl)) €

Norm(T). If o = 0, then |yo| = 1 and 1 = |z1] |y2||ys| = |z1]- Then we have
<(i1,0), (0,+1), (O,il)) € Norm(T'). Therefore,

Norm(T') = {((1170), (0, 1), (0,11)), ((O,il), (+1,0), (0,11)),
((o,ﬂ), (0, +1), (il,O))}.

Case 3. Suppose that |d| =1,a < 1,b < 1 and |¢|] < 1.
Let T = (b,a,d,c) € L(312). By case 2 we know that,

Norm(T') = {((11,0), (0, 1), (0,11)), ((O,il), (+1,0), (o,ﬂ)),
((o,ﬂ), (0, +1), (il,()))}.
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By Lemma 2.3 we have
Norm(T) = {((11,0), (+1,0), (0,11)), ((1170), (0, 1), (11,0)),
((O,ﬁ:l), (+1,0), (il,()))}.

Case 4. Suppose that a =b=1,|c| < 1 and |d| < 1.

By Lemma 2.2 we have 0 = z1y2y3 = T2y1¥Ys = T3l1y2 = Y122%3 = YoT1T3 =
ys3x122 and 1 = ‘xlmxg +y1y2y3’. Then z;, = 0 or y;, = 0 for some j, € {1,2,3}.
We now consider two subcases.

Suppose that x;, = 0 for some jo € {1,2,3}. Then 1 = ‘xlxgxg + ylyzyg‘ =
ly1| ly2| lys|. Hence, 1 = |y;| and z; = 0 for all j = 1,2,3. As a result we have
((O,j:l), (0, +1), (O,il)) € Norm(T).

Suppose that y;, = 0 for some jo € {1,2,3}. Then 1 = ‘xlxgxg, + y1y2y3‘ =
|z1] |z2| |z3|. Therefore, 1 = |z;| and y; = 0 for all j = 1,2,3. We conclude that
((:I:l,O), (£1,0), (:i:LO)) € Norm(T'). Therefore,

Norm(T) = {((1,0), (+1,0), (£1,0)), ((0,%1), (0,+1), (0,%1)) }.
Case 5. Suppose that a = |¢| =1,b < 1 and |d| < 1.

By Lemma 2.2 we know that 0 = y1y2y3s = y1T203 = yox1T3 = y3xr1To and
1= ‘551962%3 + c(r1y2y3 + x2y1y3 + xsylyz)" If yp = 0., then we have |z;| = 1
and 0 = x9ys. If 2o = 0, then |y2| = 1 and 1 = |yo| |ys]. As a result we have
ly2| = |ys| =1 and z9 = z3 = 0. Therefore, ((il,O), (0,£1), (O,il)) € Norm(T).

If y3 = 0, then |z3]| = 1 and y2 = 0. We conclude that, ((:I:l, 0), (£1,0), (+£1, O)) €

Norm(T)). Since T is symmetric,
Norm(T) = {((ﬂ,@), (+1,0), (il,O)), ((O,il), (0, 1), (il,O)),

(0, £1), (£1,0), (0.1)), ((£1,0), (0,£1), (0,+1)) }.
Case 6. Suppose that a = |d| = 1,b < 1 and |¢| < 1.

By Lemma 2.2 we have 0 = y1y2ys = X1Y2ys = Z2y1ys = Z3y1y2 and 1 =
‘1‘1.1?231‘3 + d(y12223 + yox123 + ysx122)|. Consider the following three subcases.

Suppose that y; = 0. Then |z1] = 1 and 0 = yoys. If yo = 0, then |z2| = 1 and
1 = |z3 + dys|. Hence, (z3,y3) = £(t, (1 — t)sign(d)) for some 0 < ¢t < 1. As a

result, ((:l:l, 0), (£1,0), £(¢t,(1—1) sign(d))) € Norm(T'). If y3 = 0, then |z3]| =1
and 1 = |zg + dysa|. Therefore, (z2,y2) = £(t, (1 — t)sign(d)) for some 0 < ¢ < 1.
We now have ((ﬂ,o), £(t, (1 — ) sign(d)), (il,O)) € Norm(T).

Suppose that yo = 0. Then |z2] = 1 and 0 = yyy3. If y; = 0, then |z1] = 1 and
1 = |z3 + dys|. Now we have (z3,y3) = £(t, (1 — t)sign(d)) for some 0 < ¢t < 1.
Hence, ((:I:l,O), (£1,0), £(¢,(1—1) sign(d))) € Norm(T). If y3 = 0, then |z3| =1
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and 1 = |x2 + dya|. As a result we have (x2,y2) = £(¢, (1 — ¢)sign(d)) for some
0 <t < 1. We now have that ((:I:l, 0), £(¢, (1 — t)sign(d)), (iLO)) € Norm(T).

Suppose that y3 = 0. Then |z3| = 1 and 0 = y1y2. If y3 = 0, then |z1] = 1 and
1 = |x2 + dya|. Therefore, (z2,y2) = £(¢, (1 — t)sign(d)) for some 0 < ¢ < 1. Now

we have that ((11,0), £(t, (1 — ) sign(d)), (11,0)) € Norm(T). If yp = 0, then
|zo| = 1 and 1 = |x1 + dyi|. Therefore, (x1,y1) = (¢, (1 — t)sign(d)) for some
0 <t < 1. We conclude that (i (t,(1 —t)sign(d)), (£1,0), (il,O)) € Norm(T).
We conclude that

Norm(T) = {((11,0), (£1,0), £(t, (1 — 1) sign(d))),
((1,0), (&, (1 = t)sign(d)), (+1,0)),

(i (t, (1 — t)sign(d)), (£1,0), (ﬂ:LO)) 0<t< 1}.
Case 7. Suppose that |¢| = |d| =1 and a < 1.

By Lemma 2.2 we know that 0 = z1x223 = y19293.

Pick jo € {1, 2,3} such that ;, = 0. Since T is symmetric, we may assume that
jo = 1. Then |y1| = 1. Hence, yo = 0 or y3 = 0. If yo = 0, then |zo] =1 and 1 =
|cxoy1ys+dasxsyr| = |cys+das|. Therefore, (x3,y3) = +(¢sign(c), (1—t) sign(d)) for

some 0 < t < 1. As aresult we have ((0, +1), (£1,0), £(¢tsign(c), (1—1) sign(d))) €

Norm(T') for all 0 < ¢ < 1. If y3 = 0, then |x3] = 1 and 1 = |cx3y1y2 + drazsyi| =
lcya + dxz|. We can see that (z2,y2) = £(tsign(d), (1 — t)sign(c)) for some 0 <

¢ < 1. Hence, ((o,ﬂ,()), +(tsign(d), (1 — ) sign(c)), (il,O)) € Norm(T) for all
0 <t < 1. Therefore,

Norm(T) = {((11,0)7 (0, 1), +(tsign(d), (1 —t) sign(c))),
(£1,0), +(¢sign(d), (1 — t)sign(c)), (0,%£1)),

+ (tsign(d), (1 — t) sign(c)), (£1,0), (0,1 )

N T N TN TN

)

(0,£1), (£1,0), +(tsign(d), (1 —t) sign(c))),

(0,+1), +(tsign(d), (1 — ¢) sign(c)), (ﬁ:l,O)),
)

(i (tsign(d), (1 — t)sign(c)), (0,%1), (£1,0 ) 0<t< 1}.
Case 8. Suppose that a =b=|c| =1 and |d| < 1.

By Lemma 2.2 we have 0 = xox3y1 = T123Yy2 = T122y3. We consider the follow-
ing three subcases.

Suppose that zo = 0. Then |ys| = 1 and 123 = 0. If z; = 0, then |y;| = 1 and
1 = |ys + cx3|. Hence, (z3,ys) = £(t, (1 —t) sign(c)) for some 0 < ¢ < 1. As a result,

((07 £1), (0,%1), +(tsign(d), (1 — t) sign(c))) € Norm(T) for all 0 < ¢ < 1.
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If 3 = 0, then |ys] = 1 and 1 = |y2 + cxa|. Therefore, (z2,y2) = £(¢, (1 —
t) sign(c)) for some 0 < ¢ < 1. We conclude that ((O7 +1), +(tsign(d), (1—t) sign(c)), (0, :tl)) €
Norm(T') for all 0 < ¢ < 1.

If y1 =0, then |x1| = 1 and 23y, = 0. If 3 = 0, then |ys| = 1 and 1 = |ys + cxo].
We can see that (x2,y2) = £(¢, (1 — t)sign(c)) for some 0 < ¢t < 1. Therefore,

((11,0), +(tsign(d), (1 — t) sign(c)), (o,ﬂ)) € Norm(T) for all 0 < t < 1. If
y2 = 0, then |a5| = 1 and 1 = |x3]. Hence, ((11,0), (+1,0), (jzl,O)) € Norm(T).
From here we have
Norm(T) = {((11,0), (+1,0), (11,0)), ((0,11), (0,+1), j:(t7(1—t)sign(c)))
(€0, 1), (2, (1 = t)sign(e)). (0,%1)),
(i (t, (1 — t)sign(c)), (0,=1), (O,il)) 0<t< 1}.
Case 9. Suppose that a = b = |d| = 1 and |¢| < L.

By Lemma 2.2 we have 0 = x1y2y3 = T2y1y3s = T3y1y2. We consider the following
three subcases.
Suppose that 1 = 0. Then |y;| = 1 and z2y5 = 0. If 22 = 0, then |ys| = 1,23 =0

and |ys| = 1. Hence, ((0,:|:1), (0,+£1), (07:|:1)) € Norm(T). If y3 = 0, then
23] = 1,90 = 0 and |z2| = 1. As a result, ((o,ﬂ), (+1,0), (il,O)) e Norm(T).

Suppose that yo = 0. Then |z3| = 1 and y1ys = 0. If y; = 0, then |z1] = 1 and
|zs+dys| = 1. Therefore, ((:l:l,O), (£1,0), £(tsign(d), (1—t) sign(c))) € Norm(T)
for all 0 < ¢t < 1. If y3 = 0, then |z3] = 1 and |21 + dy1| = 1. We can see that
(:I: (tsign(d), (1 —t)sign(c)), (£1,0), (:tl,O)) € Norm(T') for all 0 < ¢ < 1.

Suppose that y3 = 0. Then |zs3| = 1 and y1y2 = 0. If y3 = 0, then |z1| = 1 and
|22 + dys| = 1. Hence, ((il,O), +(¢sign(d), (1 — ) sign(c)), (ﬁ:l,O)) € Norm(T)
forall 0 <t < 1. If yo = 0, then |z2| = 1 and |z3 + dy3| = 1. We conclude that
((:I:l,O)7 (£1,0), *(tsign(d), (1 —1) sign(c))) € Norm(T) for all 0 <t < 1. As a
result we have

Norm(T) = {((0711), (0,+1), (0, 11)), ((11,0), (£1,0), £(t, (1 —1t) sign(d)))
(1,0, (2, (1 = t)sign(d)), (+1,0)),
(i (t, (1 — t)sign(d)), (£1,0), (ﬂ,o)) 0<t< 1}.
Case 10. Suppose that a = |¢| = |d| =1 and b < 1.
In that case we have 0 = y1y2y3. Suppose that y; = 0. Then |z1| = 1 and
1 = |z2x3 + cyoys + d(z3y1 + 22y3)|.

If ¢ = 1, then ((ﬂ,@), +(t, (1 — ) sign(d)), (s, (1 — s)sign(d))) € Norm(T) for
0<ts<1.
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Let ¢ = —1. If d = 1, by Theorem 2.4, ((11,0), (0, 1), +(t,¢— 1)) € Norm(T)
for 0 <t < 1.If d = —1, then, by case 4 of Theorem 2.4, ((iLO), (0,£1), +(¢,1—

t)) € Norm(T') for 0 <t < 1. Since T is symmetric we know that

Norm(T) = { ((£1,0), +(t, (1 - t) sign(d)), +(s, (1 - 5) sign(d) ),
(& (6, (1 = )sign(d)), (£1,0), (s, (1~ 5)sign(d)),
(i (t, (1 — t)sign(d)), =(s, (1 — s)sign(d), (il,O)) [0<ts< 1}.
Case 11. Suppose that a = b = |¢| = |d| = 1.

We first consider ¢ = —1 or d = —1.
We claim that there is a jo € {1, 2,3} such that z;,y,, = 0.

Assume the contrary. Without loss of generality we may assume that ¢ = —1
because if d = —1, we may consider T' = (b, a, d, ¢). By Lemma 2.3, we may assume
that x; > 0 and y; # 0 for all j =1,2,3. Since

1= ‘T((-Tl; Y1) (22, 92), (23, ?/3))‘

= ’3”1562563 + y1y2y3 — (T192y3 + T2y1y3 + T3y1y2) + d(Y17223 + Yor173 + Y3 172)
= |z12223] + [y1y2ys| + |T1v2ys| + |T2v1ys| + |Xsy1y2| + [v1zezs| + [yaz123| + |ysT122l,
which shows that y1y2 < 0,y2y3 < 0 and y1y3 < 0. Then

0 < (y1y2y3)” = (Y1y2) (y2y3) (Y1ys) < 0,

which is a contradiction, so the claim follows.
Let ¢ = —1. Since T is symmetric, we may assume that jo = 1. Hence, z1y; = 0.
If x; =0, then |y;| = 1 and

1= ‘T<(07 1), (z2,92), ($3,y3))‘ = ‘yzys — (z2y3 + x3y2) + d$2$3‘~

If d = 1, then, by case 4 of Theorem 2.4, ((07:|:1), +(t,t — 1), £(s,s — 1)) €
Norm(T') for 0 < ¢,s < 1. Since T is symmetric,

Norm(T)z{((il 0), (£1,0), (tl—t))7((j:1 0), £(t,1—1), (1170))7
( (t,1—1), (£1,0), 110) ( (+1,0), i(t,t—l)),
(Oil E(tt— 1), (£1, 0)) (i(tt—l) (0, +1), (il,O)),
(011 L(tt—1), ss—l)( (t,t —1), (0,%1), 1(575—1)),
(i(t,tfl), +(s,5— 1), (Oil)) O<ts<1}

If d = —1, then, by case 4 of Theorem 2.4,

((O,jzl), (0,+1), £(t,t — 1)), ((O,jzl), (£1,0), j:(t,l—t)) € Norm(T)
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for 0 <t <1.Ify; =0, then |z1] =1 and

1= ’T<(0» 1), (z2,92), ($3»y3))‘ = ‘xz% — yoys + d(z3y2 + xzys)’~
By case 4 of Theorem 2.4,
((11,0), (0,+1), j:(t,t—l)sign(d)), ((11,0), (£1,0), i(t,kt)sign(d)) € Norm(T)
for 0 <t < 1. Since T is symmetric we conclude that
Norm(T {( (£1,0), (£1,0), =(t,¢ — 1)), ((il,O), E(tt— 1), (il,O)), (i (t,t—1),
(£1,0), (£1, 0)) (i (t,t — 1), (£1,0), (O,jzl)),
(il 0), £(t,t—1), (0,11)), ((11,0), (0, 1), £(t,t — 1)),
( t,t—1), (0,%£1), (il,O)), ((O,il), L(tt - 1), (il,O)),
(0 £1), (£1,0), £(t,t — 1)), ((0,11)7 (1), (5,5 — 1)),
( tt—1), (0,£1), £(s,5 — 1)), (ﬁ: (t,t—1), £(s,s — 1), (0,£1) ) :
<1}
If c=1and d = —1, we may consider T’ = (b,a,d,c). By the above,

Norm(T) = {((O,il), (0,£1), +(t,t — 1)), ((o £1), +(,1— 1), (O,il)),
7 ) :l:(t7t - 1))7

0

| /\

£ (t,1—1), (0,+1), Oil),
(jzl,() (0,+1), ﬁ:(t,t—l)),

)
(£1,0), +(t,t 1), 011)
£ (t,t— 1), (0,+1), il,O)),
)

(1
(
( 0,£1), £(t,t— 1), (il,O)),
(0,4£1), (£1,0), £(t,t — 1) ((il,O tt—1), £(s,5— 1)),

£ (tt—1), (£1,0), (s,s—l)),(ﬁ:(t,t—l), +(s,5— 1), (£1,0) ):

S I~~~/

IN

ts< 1}.
Finally assume that ¢ = d = 1. It is then trivial that
Norm(T) = {(i (t,1—1), £(s,1—s), £(w,1— w)) L0<ts,w< 1}

which completes the proof. (I
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