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Abstract. We prove local injectivity near a boundary point for the geodesic
X-ray transform for an asymptotically hyperbolic metric even mod O(p®) in
dimensions three and higher.

Dedicated to the memory of Vaughan Jones

1. Introduction

The problem of recovering a function f from its geodesic X-ray transform
1) = [ s
¥

where 7 is a geodesic of a Riemannian metric g on a Riemannian manifold and ds
denotes integration with respect to g-arc length, has been studied extensively since
the early 20th century, starting with the Radon transform in the 2-dimensional
Euclidean space ([Rad17]). Aside from its intrinsic geometric interest, this ques-
tion arises in numerous applications, including medical, geophysical and ultrasound
imaging; for a comprehensive recent survey see [IM19]. A major breakthrough in
the study of the geodesic X-ray transform was the proof by Uhlmann-Vasy ([UV16])
of local injectivity near a boundary point on manifolds of dimension at least 3 with
strictly convex boundary. In this paper we prove an analog of the Uhlmann-Vasy
result on asymptotically hyperbolic manifolds.

Let (MnHﬂM) be a compact manifold with boundary and M be its interior.
A C* metric g on M is called asymptotically hyperbolic (AH) if for some (and
hence any) smooth boundary defining function p (that is, p’ o5 = 0, p>0on
M, dp’aﬁ # 0) the Riemannian metric § := p?g on M extends to a smooth
metric on M with the additional property that |dp\§ =1 on OM. We denote by
h = gl 477 the induced metric on 9M. As shown in [Maz86], (M, g) is a complete
Riemannian manifold with sectional curvatures approaching —1 as p — 0. The
classical example of an AH manifold is the Poincaré ball model of the hyperbolic
space of constant sectional curvature —1, the manifold being the Euclidean unit
ball B*+! = {(z1,...,2"*1) € R"*! : |z| < 1} with the metric

gn = >t (dad)?
S F R R
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Interest in the study of AH manifolds has risen in the past 20 years since the
AdS/CFT conjecture, proposed in [Mal98], related conformal field theories with
gravity theories on AH spaces.

Since a boundary defining function p is determined only up to a smooth positive
multiple, g determines a conformal family ¢ of metrics on the boundary given by
¢ = [h]. This conformal class of metrics is called the conformal infinity of g. In
[GL91], Graham and Lee show that for each conformal representative h € ¢ there
exists a unique boundary defining function p inducing a product decomposition
[0,€), x @M of a collar neighborhood of the boundary such that the metric can be
written in the form )

- Ll’lll’7 (1.1)

p
where h, is a one-parameter family of metrics on M, smooth in p up to p = 0,
with hg = h. We say that an AH metric is in normal form if it is written as in .
Note that implies that the equality |dp|% = 1 is valid in a neighborhood of OM

instead of just on M. In this paper we will be concerned with AH metrics that
are even mod O(p"), where N is a positive odd integer. This means that whenever
g is written in normal form (|1.1)) in a neighborhood of 9M, one has

(8p)mhp‘p20 =0for modd, 1 <m < N. (1.2)

In the case when holds for any odd N > 0 the metric g will be called even.
As shown in [Gui05, Lemma 2.1], evenness mod O(p") is a well defined property
of an AH metric, independent of the chosen conformal representative determining
the normal form .

A unit-speed geodesic v for g is said to be trapped if either lim inf;_, o, p(y(¢t)) > 0
or liminf, , o p(y(t)) > 0. If ~y is not trapped, then lim; .1 v(t) € M exists
and p(y(t)) = O(e*). (See [Maz86] or [GGSUTY, Lemma 2.3].) In this case we
define

116 = [ ) dt (1.3)

for f such that the integral converges.

Injectivity of the X-ray transform has been studied in various settings overlapping
with AH spaces. Classical results on hyperbolic space viewed as a symmetric space
can be found in [Helll]. More recently, [Leh] and [LRS18] consider injectivity
of the X-ray transform in the setting of Cartan-Hadamard manifolds, which are
by definition complete, simply connected manifolds of non-positive curvature; the
underlying manifolds are diffeomorphic to R™. Injectivity results specifically in the
setting of AH manifolds can be found in [GGSU19J.

We will focus on restricted to a subset of geodesics. If U C M (typically
an open neighborhood of a point p € M, or its closure), a geodesic is said to be
U-local if y(t) € U for all t € R and lim;_, 1+, y(t) € UNOM. The set Qp of U-local
geodesics is nonempty if U is any open neighborhood of a boundary point; this is
a consequence of the existence of “short” geodesics (see §2.2 of [GGSU19)).

As we will indicate in Section 3] for U a small neighborhood of a boundary point,
the map f — If|q, can be defined on p*/2L?(U; dvg) with values in an appropriate
L? space (here dvg denotes the volume form induced by the smooth metric g on
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Theorem 1. Let M be a manifold with boundary of dimension at least 3, with
its interior endowed with an asymptotically hyperbolic metric g that is even mod
O(p®). Given any neighborhood O in M of p € OM, there erists a neighborhood
UcCO inM of p such that f — If’QU is injective on p>/2L*(U; dvg).

We expect that local injectivity holds for general asymptotically hyperbolic metrics,
but that other techniques will be needed to prove this. Likewise, we expect that
the hypothesis f € p*/2L?(U;dvg) can be weakened.

Our approach is motivated by the following observation. Recall that the Klein
model for hyperbolic space is another metric on B"+! obtained from the Poincaré
metric by a change of the radial variable. Geodesics for the Klein model are straight
line segments in R”*! under suitable parametrizations. So the hyperbolic X-ray
transform can be identified with the Euclidean X-ray transform applied to a function
supported in the unit ball, modulo changing the parameter of integration on each
geodesic. This observation has been utilized in the study of the hyperbolic Radon
transform, see e.g. [BT93|. There is an analogous relation for even AH metrics. An
even AH metric induces what we call an even structure on (M, M) subordinate to
its smooth structure. This is a subatlas of the atlas defining the smooth structure,
with the property that all the transition maps for the even structure are even
diffeomorphisms. One can use the even structure to define a new smooth structure
(M.,0M.) on the topological manifold with boundary underlying (M,9M) by
introducing r = p? as a new boundary defining function. As outlined at the end
of §4 of [FG12], when viewed relative to the smooth structure (M.,dM.), the
metric g is projectively compact in the sense that its Levi-Civita connection is
projectively equivalent to a connection V smooth up to the boundary, i.e. its
geodesics agree up to parametrization with the geodesics of V. The connection V
need not be the Levi-Civita connection of a metric as happens on hyperbolic space,
but the Uhlmann-Vasy local injectivity result applies also to the X-ray transform
for smooth connections, so local injectivity for even AH metrics follows just by
quoting [UV16].

The introduction of » = p? as a new defining function to pass from M to M,
is a key step in Vasy’s approach to microlocal analysis on even AH manifolds; see
[Vas13al, [Vas13bl, [Vas17].

If the AH metric g is not even, one can still introduce an even structure and
a corresponding (M.,0M.) by introducing » = p? as a new boundary defining
function. But in this case the connection V is no longer smooth up to the boundary:
its Christoffel symbols have expansions in /r. If 8Ph/”p:0 # 0 in , then

the Christoffel symbols have r~1/2 terms so V is not even continuous up to the
boundary. If 5‘php’p:0 = 0 but (aP)ShP’p:o # 0, then V has /7 terms so it
is continuous but not Lipschitz. Our assumption that g is even modulo O(p®)
guarantees that V is at least a C'! connection.

In principle one could try to extend directly the proof in [UV16] to the case of
a C! connection like V. But the microlocal methods do not seem very well suited
to such an analysis. Instead we argue by perturbation: Visa perturbation of a
smooth connection, and the perturbation gets smaller the closer one gets to the
boundary. For the quantitative control needed to carry this out, we need to use
not only the local injectivity result of [UV16], but also the associated stability
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estimate. We briefly indicate how this goes, beginning by describing this stability
estimate.

Let V be a smooth connection on a manifold with strictly convex boundary
(M.,0M.), of dimension at least 3, let r be a boundary defining function, and M
a closed manifold of the same dimension containing M,. The authors of [UV16]
constructed a one-parameter family of “artificial boundaries” near a point p € M,
given by & = —, where & € C°°(M) satisfies &(p) = 0 and d&(p) = —dr(p), and
n > 0, and showed injectivity of the X-ray transform I of V restricted to geodesics
in M, entirely contained in U, := {&# > —n} N {r > 0}, for n sufficiently small (see
Figure [1)). The proof is based on the construction of a family of “microlocalized

p

FIGURE 1. The artificial boundary.

normal operators” ZXJLO' each one of which is, roughly speaking, the conjugate
by exponential weights of the average of If over the set of such geodesics passing
through a given point. Here o is the parameter in the exponential weight and x is a
cutoff function. They showed that for appropriately chosen x, the operator ZX’W,
is an elliptic pseudodifferential operator in Melrose’s scattering calculus which for
sufficiently small 7 has trivial kernel when acting on functions supported in U,;, and
derived the stability estimate

||fHL2(U,,]) < C||AX77]7<Tf||HSICfO(On)? (1~4)

where HL denotes a scattering Sobolev space and O, is a neighborhood of U, in
X, ={%>—-n}

If g is an AH metric even mod O(p?), its Levi-Civita connection is projectively

equivalent as described above to a connection v of the form V =V +r¥/2-1B on

M., where V and B _are smooth. IfN > 5, then vV is C', so the constructions of

its X-ray transform T and the operator Ax no can be carried out just as for the
smooth connection V. We show that the norm of the perturbation operator

gx,n,o - Zx#w : LQ(Un) - HsléO(On) (1.5)

goes to zero as 7 — 0. This gives an estimate of the form for gx,n,ﬂ for n
sufficiently small, which implies local injectivity since ‘Zx’n,o' factors through the
X-ray transform 1. The perturbation operator is estimated as in the classical Schur
criterion bounding an L? operator norm by the sup of the L' norms of the Schwartz
kernel in each variable separately. We lift the kernels of the operators gx,n,o and
Zx,n,o to a blown up space which is a refinement of Melrose’s double stretched space
(see [Mel94]), where their singularities are more easily analyzed. Due to the fact
that the connection V is only of class C'!, some rather technical analysis is required
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near each boundary face and corner of the blow-up to conclude that the kernel of
Ex,n,a is sufficiently regular that the norm of the perturbation operator vanishes in
the limit as n — 0.

As in [UV16], the method of proof naturally yields reconstruction via a Neu-
mann series and a stability estimate for T acting between Sobolev spaces on M,
and the sphere bundle S°M,. of a smooth metric ¢g° on M., which we use to pa-
rametrize geodesics for V. One could pull back such an estimate to obtain one for
I acting between Sobolev spaces on M and the sphere bundle of g, but we will
not pursue this here. Moreover, one could obtain a global injectivity result in the
same way as in [UV16] provided the compact manifold with boundary {p > ¢}
admits a strictly convex foliation, for all £ sufficiently small. We mention that Vasy
recently used semiclassical analysis to provide a simplified, compared to [UV16],
proof of injectivity of the global and local X-ray transform on compact manifolds
with boundary admitting a convex foliation ([Vas|). Global injectivity is shown
there without the need for localization and layer stripping. In the present work,
working with the local transform is essential for the aforementioned perturbation
argument showing Theorem [1] for AH metrics which are even mod O(p®), and we
follow the original formulation of [UV16].

In Section[2]we define even structures on a manifold with boundary and construct
the new manifold with boundary (M., M) obtained by introducing r = p? as a
new defining function. We show that via this construction, even asymptotically hy-
perbolic metrics are the same as projectively compact metrics, only viewed relative
to different smooth structures near infinity. In Section [B] we use this observation to
relate the X-ray transforms for g and V and then deduce Theorem for even AH
metrics. Section I 4 begins the analysis for the C'! connection V arising from an AH
metric even mod O(p%). We decompose V into a smooth projectively compact con-
nection V and a nonsmooth error term and extend both to the larger manifold M in
such a way that they agree outside of M,. We also prove Lemma which states
that the exponential map for V has one more degree of regularity than expected.
In Section 5] we review scattering Sobolev spaces on a manifold with boundary, the
construction of the microlocal normal operator A, , -, and the stability estimate
(1.4). We also show how Theorem [l follows from Proposition which is the
assertion that the norm of the perturbation operator goes to zero as 7 — 0.
In Section[6] we describe the blown-up double space, analyze in detail the lift of the
kernel of A, , - to this space, and conclude with the proof of Proposition @

Throughout this paper and unless otherwise stated, given an n 4+ 1-dimensional
manifold with boundary (such as (M,9M) or (M.,dM.)), lower case Latin indices
i, 7, k label objects on the manifold and run between 0 and n in coordinates. Lower
case Greek indices «, (3, v label objects on the boundary and run between 1 and n
in coordinates. So a Latin index corresponds to a pair i <> (0, @).

2. Even Asymptotically Hyperbolic = Projectively Compact

This paper is based on an equivalence between even asymptotically hyperbolic
metrics and projectively compact metrics, briefly outlined at the end of Section 4
of [FG12]. Since it is central to the paper, we describe this equivalence in more
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detail. We begin by recalling the notions of projective equivalence and projectively
compact metrics. A reference for projective equivalence is [Poo81] §5.24].

Two torsion-free connections V and V on a smooth manifold are said to be
projectively equivalent if they have the same geodesics up to parametrization. This
is equivalent to the condition that their difference tensor V — V is of the form

v(iéf) = (06} 4 v;67) for some 1-form v. If 4(t) is a geodesic for V, then y(t(7))

is a geodesic for V, where ¢(7) solves the differential equation ¢/ = u(t)(t')? with
p(t) = —vy@)(¥'(t)). If v = du happens to be exact, then this equation for the
parametrization reduces to the first order equation

t' = ce n0O®) (2.1)

which can be integrated by separation of variables.

Let ¢g be a metric on the interior of a manifold with boundary (M., dM.). (The
explanation for the super/subscript e will be apparent shortly. For now this is just
an inconsequential notation.) We say that g is projectively compact if near OM,

it has the form

_ ar? k
9= 42 + r’
where r is a defining function for M, and k is a smooth symmetric 2-tensor on
M, which is positive definite when restricted to TOM.. (The papers [éGlGaJ,
[éGle] consider more general notions of projective compactness; our projectively
compact metrics are projectively compact of order 2 in the terminology introduced
there.) It is easily checked that this class of metrics is independent of the choice
of defining function r. Elementary calculations (see below) show that if ¢V
is the Levi-Civita connection of such a metric and r a defining function, then the
connection V defined by

V="°V+D, ij = v(iéf), v=dr/r (2.2)

extends smoothly up to OM,.. Thus ¢V is projectively equivalent to the smooth

€

connection V. It turns out that projectively compact metrics are the same as
even asymptotically hyperbolic metrics upon changing the smooth structure at the
boundary. We digress to formulate the notion of an even structure on a manifold
with boundary, which underlies this equivalence.

Set Rﬁ“ ={(p,s) : p>0,s € R"}. View R" C R’}fl as the subset p = 0.

Definition 2.1. LetU C RT‘l be open. Let f :U — R be smooth. f is said to be

even (resp. odd) if either:

(1) UNR"™ =0, or

(2) UNR™ £ O and the Taylor expansion of f at each point of U NR™ has only
even (resp. odd) terms in p.

It is equivalent to say that f is even (resp. odd) if there is a smooth function u so

— (2 _ 2 . +1
that f(p,s) = u(p®,s) (resp. f(p,s) = pu(p®,s)). A smooth map ¢ : U — R}
is said to be even if it is of the form ¢(p,s) = (p’,s’), where p’ is odd and each
component of s’ is even.

Definition 2.2. Let (M,0M) be a manifold with boundary, with atlas {Us, Pa)}aca-
Let {(Ua, pa)} o 7 be a subatlas of {(Ua, Pa)}aca corresponding to a subset A C A.
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We say that {(Ua, o)}, 5 defines an even structure on (M,0M) subordinate to

its smooth structure if the transition map
900!2 © (p;ll : gpal (ual muaz) — ‘Pag (Z’{Otl mz’{az)

is even for all aq,qq € A. The even structure is defined to be the maximal atlas
containing {(Ua, o)}, . 7 for which all transition maps are even.

Remark 2.3. Since {(Ua, ¢a)}, 1 is in particular an atlas for the smooth struc-
ture determined by {Un, o) taca, the even structure determines the smooth struc-
ture with respect to which it is subordinate. So there is really no need to begin with
the original smooth structure. Nevertheless, we will usually have the smooth struc-
ture to start with and this language is appropriately suggestive. There are many
different even structures subordinate to a given smooth structure.

A diffeomorphism for some £ > 0 between a collar neighborhood of M in M
and [0,e) x M induces an even structure on (M,9M). In fact, an atlas for M
induces an atlas for [0,¢) x M whose transition maps are the identity in the p
factor and independent of p in the M factor.

If (M,0M) is a manifold with boundary with subordinate even structure, it is
invariantly defined to say that a function f on M is even: f o _! is required

to be even on Rt for all charts (Ua,¢a) in the even structure. Likewise for
odd functions. Conversely, knowledge of the even and odd functions on (M,dM)
determines the subordinate even structure.

As an aside, we comment that if (M,0M) is a manifold with boundary, there
is a natural one-to-one correspondence between smooth doubles of (M,9M) and
subordinate even structures. Recall that a smooth double of (M, dM) is a choice of
smooth manifold structure on the topological double 2M = (M UM)/OM such that
the inclusions M — 2M are diffeomorphisms onto their range and such that the
natural reflection 2M — 2M is a diffeomorphism. The even (resp. odd) functions
on (M,OM) are determined by the double by the requirement that their reflection-
invariant (resp. anti-invariant) extension to 2M is smooth.

Denote by S : R’}rﬂ — Rffl the squaring map

S(pa S) = (an S)
Let (M,0M) be a manifold with boundary and let {(U,, Pa)},c 7 define an even

structure on (M, M) subordinate to its smooth structure. We construct another
manifold with boundary (M., 0M.) as follows. Set M. = M as topological spaces.
Define

Yo =50 pa, a € A
If ay, ag € .Z, then
(Paz 0 9o )(py8) = (palp, s), 8 (p, ),

where a and the components of s" are even. Now thq, 0931 = So(pa, 0@gl) oS~
Hence

(o 0 3 )(r,8) =(S © (Pay © 05;1)) (VT 8)
_S(VFalvF 5).8 (V. )
=(ra(v/r, 5)%, 8" (\/r, s)).



740 NIKOLAS EPTAMINITAKIS AND C. ROBIN GRAHAM

Since a and the components of s’ are even, it follows that 1, o w;ll is smooth.
Hence the charts {(Ua,va)} . 7 define a manifold with boundary structure on the

topological space M, which we denote (M,.,0M.). As topological spaces we have
M = M,. On the interior, the identity Z : M — M, is a diffeomorphism. Since
ooyt = S is smooth, it follows that Z : M — M, is smooth. But Z=! : M, — M
is not smooth since in the charts ¥, @, its first component is the function /r on
Rﬁ“. The process of passing from (M,dM) with its subordinate even structure
to (M.,0M,) could be called “introducing » = p? as a new boundary defining
function”.

Next consider the inverse process of “introducing p = /r as a new bound-
ary defining function”. Let (N,0N) be any manifold with boundary. We con-
struct another manifold with boundary (M, M) with subordinate even structure,
such that (N,0N) equals (M.,0M.) as manifolds with boundary. To do so, let
{(Us,Va) }aca be an atlas for (N,0N). Take M = N as topological spaces. Use
as charts on M the maps ¢, = S~! 0 1),. Now

(1/)042 o 1/1311)(7“7 S) = (Tb(r7 8)7 S/(T‘7 S))

where b and s’ are smooth. Calculating the compositions as above gives

(pas 0030 3) = (pV/0(%,9). 5/ (7.5))

Since b(0, s) # 0, this is an even diffeomorphism. The atlas {(Uy, ¢0) taca thus de-
fines the desired manifold with boundary (M, M) with subordinate even structure.
In this case the subatlas A equals A.

Suppose now that g is an AH metric on the interior M of a compact manifold
with boundary (M,dM) with a subordinate even structure. In the context of this
discussion it is natural to define g to be even relative to the chosen even structure
if in coordinates (p, s) in the even structure it has the form

9= p"(Goodp® + 2900 dpds™ + G zds™ds”) (2:3)
with goo, Gap even and gy, odd. The choice of a representative h for the conformal
infinity induces a diffeomorphism between [0,¢) x M and a collar neighborhood
of OM with respect to which g has the form with hg = h. By analyzing
the construction of the normal form in [GL91], it is not hard to see that this
diffeomorphism putting g into normal form is even relative to the coordinates (p, )
and the even structure determined by the product [0,) x OM (see the proof of
[Gui05 Lemma 2.1] for the special case when is already in normal form
relative to another representative). It follows that g is even as defined in the
introduction and that g uniquely determines the even structure with respect to
which it is even. In the other direction, an even AH metric in the sense of the
introduction is clearly even with respect to the even structure determined by any
of its normal forms. Thus an AH metric g is even in the sense of the introduction
if and only if it is even relative to some even structure subordinate to the smooth
structure on (M, M), and this even structure is uniquely determined by g.

If g is an even AH metric, we can consider the smooth manifold with boundary
(M, M) obtained from the even structure determined by g upon introducing r =
p? as a new boundary defining function. Since Z~! : M, — M is a diffeomorphism,
¢g:= (Z~1)*g is a metric on M,. We claim that ¢g is projectively compact relative
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to the smooth structure on (M., dM.). In fact, if g has the form (L.1]) on [0, &) x OM
with h, even in p, then
2
o=t (24)
r r

where k, = h_/; is a one-parameter family of metrics on OM . which is smooth in 7.
Thus €g is projectively compact. Conversely, a projectively compact metric relative
to (M.,0M,) is an even AH metric when viewed relative to (M,9M).

In summary, the class of even asymptotically hyperbolic metrics on the interior
of a manifold with boundary (M,dM) with subordinate even structure is exactly
the same as the class of projectively compact metrics in the interior of (M., dM.).
The distinction is just a matter of which smooth structure one chooses to use at
infinity. The smooth structures are related by introducing r = p? as a new defining
function.

€

3. Local Injectivity for Even Metrics

Let (M,0M) be a manifold with boundary and g an even AH metric on M. As
described in Section [2] l the associated metric ¢g obtained by introducing r = p?
as a new defining function is projectively compact. In particular, for any defining
function r for OM,, the connection V defined by (2.2)) is smooth up to M.. We
will reduce the analysis of the local X-ray transform of g to that for v.

Lemma 3.1. OM, is strictly convex with respect to V.

Proof. Recall that this means that if  is a defining function for 9M, with r > 0 in
M, and if 7 is a nonconstant geodesic of V such that r(3(0)) = 0 and dr(3'(0)) = 0,
then 92(r o J)|,—g < 0. Write g in normal form relative to a conformal
representative h on OM, so that ©g has the form on M,.. Letting ffj (resp.
eI‘fj) denote the Christoffel symbols of v (resp. the Christoffel symbols of the
Levi-Civita connection ¢V of ¢g) an easy calculation (see below) shows that
T4 = 2kap = 2hap on OM.. Since DY 5 = 0, we have at 7 = 0:

(972_(7“ ° ?) Fm,yz//\j/ _ 7f2¢6;}7a, aﬁ/ _ 7ergﬁao¢/ aﬁ/ — _9h B/\a/,yﬁl <0.
([

It will be convement to embed M. in a smooth compact manifold Wlthout bound-
ary M and to extend V to a smooth connection on M also denoted V. If 5 v is a geo-
desic of V with 5(0) € Me, set 7+ (3) := £ sup{r > 0:5(t) € M, for 0 < +t < 7}.
If U € M. (usually a small neighborhood of p € 9M or its closure), we define the
set QU of U-local geodesics of v by

vi={7: @) < oo, |r@)+IT—(F)| >0, F(t) €U for t € [r—(3), 7+ (F)]}-

Here the requirement |7 (7)[ + |7— ()| > 0 excludes geodesics tangent to OM..
If feC(U), set

R T+ () =
1) = / f@@ydn, Ay (3.1)

The U-local X-ray transform of f is the collection of all IAf(?), 5 e Qu.
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Recall that the parametrization of a geodesic of any connection on T'M, is de-
termined up to an affine change 7 — a7 + b, @ # 0. Such a reparametrization
changes I f(7) by multiplication by a~!. In particular, whether or not I f&) =0
is independent of the parametrization. It suffices to restrict attention to geodesics
whose parametrization satisfies a normalization condition. For instance, in the next
section we fix a background metric ¢° and require that [/(0)|,0 = 1.

Next we relate I and I. This involves relating objects on M with objects on M..
Since Z : M — M, is the identity map, this amounts to viewing the same object
in a different smooth structure, i.e. in different coordinates near the boundary.
We suppress writing explicitly the compositions with the charts v, ¢,. So the
expression of the identity in these coordinates is Z(p, s) = (p?,s). Likewise, g and
¢g are related in coordinates by setting r = p?, as in . If f is a function
defined on M, we can regard f as a function f. on M., related in coordinates by
f(p,s) = fe(p? s). U C M, set U, =Z(U).

If v(t) is a U-local geodesic for g, it is also a geodesic for ¢g. Since ¢V is
projectively equivalent to ¥, and imply that 7(7) := (¢t(7)) is a geodesic
for V, where dt/dr = c(ro ’7(t<T)))_1. Different choices of ¢ determine different
parametrizations; imposition of a normalization condition on the parametrization
as mentioned above provides one way to specify ¢ for each geodesic. The relation
between I and I follows easily:

oo +(v) ~
If(v) = / fy(t) dt = C/ (T O()) dr = el (rT ) (R). (3.2)
—o0 T (7)
Section 3.4 of [UV16] shows that if U, is a sufficiently small open neighborhood
of p € OM,, then the U.-local X-ray transform for a smooth metric extends to a
bounded operator on L?(U,) with target space L? of a parametrization of the space
of U,-local geodesics with respect to a suitable measure. The same argument holds
in our setting for a smooth connection such as V. We will not make explicit the
target L? space since we are only concerned here with injectivity.
Equation shows that it is important to understand when r~!f, € L?(U.,).
Making the change of variable r = p? in the integral gives

/(T’lfe)2 drds = 2/(p’2f)2pdpds =2 /(p’mf)2 dpds.

Thus r—'f, € L*(U.,drds) if and only if f € p*/2L*(U,dpds). In particular,
If(y) = cI(r~'f.)(7) provides a definition of If for f € p3/2L2(U,dvg) consis-
tent with its usual definition.

The main result of [UV16] is local injectivity of the geodesic X-ray transform
for a smooth metric on a manifold with strictly convex boundary. However, the
proof applies just as well for the X-ray transform for a smooth connection such
as V. In particular, the construction in the main text of the cutoff function y
for which the boundary principal symbol is elliptic is also valid for a connection
since the right-hand side of the geodesic equation v* " = —Ffjvi 43! is a quadratic
polynomial in 7. We do not need the extension of Zhou discussed in the appendix
of [UV16], although that more general result applies as well. The main result of
[UV16] transferred to our setting is as follows.
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Theorem 3.2 ([UV16]). Assume that dim M, > 3 and let p € OM.. Every
neighborhood O, ofg in M. contains a neighborhood U, of p so that the U.-local
X-ray transform of V is injective on L*(U,).

Proof of Theorem/[]] for g even. The relation (3.2) shows that f € p*/2L2(U, dvg)
is in the kernel of the U-local transform for g if and only if r~1f. € L?(U,) is in

the kernel of the Ug-local transform for V. Thus for g even, Theorem [1] follows
immediately from Theorem (]

4. Connections Associated to AH Metrics Even mod O(p")

If the AH metric g in is not even, then the even structure on (M,dM)
determined by a normal form for g depends on the choice of normal form. We fix
one such normal form and thus the even structure it determines. We then construct
(M.,0M.) as above by introducing r = p? as a new boundary defining function.
The metric ©g would be projectively compact except that the corresponding one-
parameter family k. = h s in is no longer smooth: it has an expansion in
powers of 1/7. The connection V defined by involves first derivatives of k,.. As
already discussed in the Introduction, assuming that g is even mod O(p®) suffices to
guarantee that Vv is Lipschitz continuous, and, in fact, that it extends to be C* up
to OM ., though not necessarily C2. Near OM., V can be viewed as a perturbation
of a smooth connection V.

Straightforward calculation from shows that the Christoffel symbols of the

connection V defined by (2.2]) are given in terms of coordinates near a point p €
OM,. by

<0 _ (0 0 oy 0 %k"ﬂsark'(sg
Fij - (0 2(kap — 10rkag) Fij - %kwa,,km; Flﬁ » (A1)

where Fgﬁ denotes the Chrlstoffel symbols of k, with r fixed. If g is even mod
O(r) with N odd, then k = kM) 4+ 7V/2£?) with kM) k) smooth. Tt follows that
all Ffj have the form

A

with I‘”, B smooth up to M. The expressions F”,
Christoffel symbols of a smooth connection V on M, and the coordinate expression
of a (1,2) tensor field B respectively. V and B are not uniquely determined by the
connection @; henceforth we fix one choice for them. Recall that we have chosen
a closed manifold M containing M,.. Choose some smooth extension of V to a

neighborhood of M,, also denoted V. Then extend r by
Tk _ 7~ N/2-1 k
rh =T, +r"/*"'H(r)Bf (4.2)

B can be interpreted as the

where H (r) is the Heaviside function. The extended connection V is then C(V=3)/2
and the two connections %, V agree outside of M,.

An important consequence of the special structure of the connection V¥ is that
its exponential map is more regular than one would expect. We consider the expo-
nential map in the form exp : TM — M x M, defined by exp(z,v) = (2,p(1, z,v)),
where t — §(t, z,v) is the geodesic with ¢(0, z,v) = z, »'(0,2,v) = v. Since v
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is C(N=3)/2 and N > 5, usual ODE theory implies that exp is a C(N—3)/2 diffeo-
morphism from a neighborhood of the zero section onto its image. In fact, it has
one more degree of differentiability. We formulate the result in terms of the inverse
exponential map since that is how we will use it.

Lemma 4.1. Let V be the CV=3/2 connection defined by ., where N > 5

is an odd integer. Tien exp s CIN=D/2 4 g neighborhood in M x M of the
diagonal in OM ¢ x OM ..

Proof. It suffices to show that TM (z,v) = @(1,2z,v) € M is CN=1/2 pear
(2,0) for z € M .. Work in coordinates (r,s) for z with respect to which ¢g is
in normal form ([2.4). Set z = (2, 2%) = (r,s*). For v use induced coordinates
v = (v, v?) with v = v°9, + v*050 = v'0,: and set w = (z,v). Write the flow as
o(t,w) = (Z(t,w),v(t,w)). The geodesic equations are:

Eh =3% @Y =-THEV. (4.3)

Observe from (4.1)) that all ffj are CV=1/2 except for Fga = szO' So the right-
hand sides of all equations in ([.3) are CN=1/2 except for the equation for (77)’.
By (4.1)), (4.2)), this equation has the form

(@) = AL ()5 57 — 27V L H (7) By ()75 ° (4.4)
with A;Yj of regularity CV—1/2 and Bgﬁ smooth. Using 7/ =79, write
4 !
2N H@) By (200 = (FVPHE) ) By() 0
i
=~ (PP B ))
4 ny2 ~k~f ~8
+ T EHE) (B k()57 + By (2) (57))
__ A v 8\ 4 Ly T ()i,
= 5 (PPHEBL(E) 7)) + L HEC R

where for the last equality we have used ([4.3) for (v7), so that
CLET = By u(3) 7457 — Bl ().

Note that TN/ZH(A)C'Y (Z)v W is CN-1/2,
Therefore can be rewritten in the form

(v + SPPHE B ()7 = (A4() + FVPHECE)T . (@45)

Now the linear transformation o — b = L(2)7, where b7 = 6“’+%FN/2H(?)BJB (2)v7,
is of class C(N=1/2 in (2,7) and is invertible for 7 small. Replacing ([@.4) by (4.5)
in ({4.3) and setting ¥ = L~%(2)b throughout, we obtain a system of ODE of the

form

(50° Z) = F(%5°.0),
where F is CV=1/2_ Tt follows that the map (¢, z,v) — 3(t, 2, v) is of class C(N—1)/2
upon setting b7 = Lz (Z)v 8. O
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Lemma (the strict convexity of M) holds for both V and V if g is even
mod O(p"™) with N > 5 odd, with the same proof as before. We define the sets Qu,
Qp of U-local geodesics for V and V the same way as before. It will be important
to have a common parametrization for the sets of geodesics of V and V. For this
purpose, we will fix a smooth background metric ¢° on M (this will be done in
Section . There is no canonical way of choosing ¢° and the choice made does not
affect the conclusions, but a convenient choice will simplify some computations.
Once a metric ¢ has been fixed, we let SOM denote its unit sphere bundle. For
v E SOM denote by ¥,, (resp. 7,) the geodesm for V (resp. V) Wlth initial vector
v. We define the U-local X-ray transforms for Vand V just as in , except now
we view them as functions on the subsets of SOM corresponding to QU, Qu:

N ™ (3)
i) = [ G dr
7—(7v)

and similarly for If(v). Sometimes we will use the notation If(v) generically for
ff(v) or If(v), or, for that matter, for the U-local X-ray transform for any C!
connection on a manifold with strictly convex boundary. No confusion will arise
with the notation I f(y) from Section [3[for the X-ray transform for the AH metric
g, since we will not be dealing with g again except implicitly in the isolated instance
where we deduce Theorem [

5. Stability and Perturbation Estimates

We continue to work with the connections ¥V and V obtained from an AH metric
even mod O(p") with N > 5. From now on it will always be assumed that the
dimension of M (and thus also of M) is at least 3. Since V is smooth and M, is
strictly convex with respect to it, Theorem (local injectivity) holds also for V. As
mentioned in the Introduction, in order to deduce local injectivity for V we will use
the stability estimate derived in [UV16] for the conjugated microlocalized normal
operator Zx,n,m formulated in terms of scattering Sobolev spaces. In this section
we review those spaces, the construction of the microlocalized normal operator, and
the stability estimate proved in [UV16]. Then we formulate our main perturbation
estimate (Proposition and show how Theoremfollows from it. Proposition
will be proved in Section @ In this section we work almost entirely on M, and its
extension M (with the exception of the very last proof), so we will not be using the
subscript e for its various subsets to avoid cluttering the notation.

We now define polynomially weighted scattering Sobolev spaces on a compact
manifold with boundary (Ynﬂ, 0X). Let x be a boundary defining function for
X. The space of scattering vector fields, denoted by Vs.(X), consists of the smooth
vector fields on X which are a product of x and a smooth vector field tangent to
0X. Thus if (z,y',...,y") are coordinates near p € 90X, elements of Vy.(X) can be
written near p as linear combinations over C*°(X) of the vector fields 229,, 20y,
a=1,....n. f ke Ny and 8 € R let

HEP(X)
={ue2’L*(X): 27 PVi.. . Viyu € L3(X) for V; € Veo(X) and 0 < m < k};
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here L? is defined using a smooth measure on Y Note that H%A(X) = 2P L*(X).
For s > 0, H2?(X) can be defined by interpolation and for s < 0 by duality, though
we will not need this. The norms || - || ks () can be defined by fixing scattering
vector fields in coordinate patches on X that locally span Vi.(X) over C*(X);
any different choice of vector fields would result in an equivalent norm. If U is a
neighborhood of p € 9X (or the closure of one) then HEP(U) consists of functions
of the form u‘U, where u € HEFP (X).

We next review the arguments and results we will need from [UV16], starting
with the construction of the artificial boundary mentioned in the introduction.

Lemma 5.1 ([UV16], Sec. 3.1). Let p € M, and V be a C! connection with

respect to which OM, is strictly convex. There exists a smooth function & in a

neighborhood U of p in M with the properties:

(1) &(p) =0 _

(2) di(p) = —dr(p) (recall that v is a boundary defining function for M.)

(3) Setting x,, := & +n, for any neighborhood 9] of p in M there exists an 1o such
that U, = {r > 0} N {z, > 0} c O forn<mno

(4) For n near 0 (positive or negative) the set X, :={% > —n} = {z, >0} C M
has strictly concave boundary with respect to V locally near p.

The level sets of & can be seen in Figure[1]

Write Y, = {# = 0}; by shrinking &/ we can assume that Y, N is a smooth

hypersurface of M. We can then identify a neighborhood of p in M with (—e,8)axY,
for some small € > 0 via a diffeomorphism ¢q (which can be constructed e.g. using

the flow of a vector field transversal to Y,). Fixing coordinates y',...,y" for Y,
centered at p, choose the metric ¢° so that in a neighborhood of p it is Euclidean
in terms of coordinates (2,9, ...,y").

For U’ a small neighborhood of p contained in ¢/ and n € R small, denote by ¥, :
U' — M the map which in terms of the above identification maps (z, y) — (247, 1).
For a fixed small 0 < g < g and 0 < 1 < Jp, we can identify a neighborhood of
0X, in M with (=00,00)x, X Y) via the diffeomorphism ¢, = ¢ o 1;,. Note that
¢° is also Euclidean in terms of coordinates (z,,y',...,y"). Moreover, X, is given
locally near its boundary by [0,d0)z, X Y, in terms of this identification and ¢,
maps diffeomorphically a neighborhood of X in X onto one of dX,, in X, with
inverse ,. Vectors in SSM, z € X,, can be written as v = Ay, + w, where
w € T, (of course not necessarily of unit length, so our setup slightly differs from
the one in [UV16], see Remark 5.4 below). Henceforth, the notation |v| for a vector
v will refer to norm with respect to ¢ (which is Euclidean in our coordinates in
the region of interest).

In order to show local injectivity of the X-ray transform, one needs a description
of geodesics staying within a given neighborhood:

LOur notation slightly differs from that of [UV16] in that we use a smooth measure rather the
scattering measure z = (4m X+1) gz dy to define our base L2 space. The spaces here and in [OV1ie]
are the same up to shifting the weight by (dim X + 1)/2.

2Recall that this means that for any V-geodesic () with 2y (7(0)) = 0 and dz,(7/(0)) = 0 one

has xn oy(t) > 0.

42
dt? |t=0
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Lemma 5.2 ([UV16], Section 3.2). Let V be a C* connection with respect to which
M. has strictly convex boundary. There exist constants C> 0,0<d1 <dg,c0>0
and n9 > 0, and neighborhood Z, of p in'Y,, such that if 0 < n < ny and if v(¢)
is a V-geodesic with initial position z = (x,y) € [0,¢ola, X Zp C X,y and velocity

v=(\w) € SSM satisfying
||w|| <Cvz (5.1)
then one has x, o y(t) > 0 for |t| < b2 and x, o y(t) > co for [t| > 61. See Fig. @

By taking 19 < ¢p in Lemma and by Lemma one can always assume that
a neighborhood of U,, in X, is contained in [0, cols, X Z,, and we will henceforth
assume that this is the case. Now let 6; and V be as in Lemma (.2 and let
exp : TM — M be the exponential map of V. If v € SYM satisfies the assumptions
of the lemma and f is continuous and supported in [0, co)., X Z), we have I f(v) =

f_ (exp(tv))dt, so for all such v and f one can define the X-ray transform by
mtegratmg only over a fixed finite interval. The authors of [UV16] consider If
only on vectors v = (A\,w) € SSM satisfying a stronger condition, namely that for
some positive constant Cy one has | ﬁ < Gy with 2 = (2,y) € [0,¢0)s, X Z, for n

sufficiently small, and construct a microlocalized normal operator for I. Specifically,
with f as before and x € C2°(R) with x > 0 and x(0) =1, let

A
il = [ 3 ) HOVp, 2= @ e, <2 (52

where dpgo is the measure induced on SOM by g \ 77+ Note that for any Cs, co
can be chosen sufficiently small that (5.1)) is automatlcally satisfied in [0, co)e, X Zp.
The constant Cy is fixed when y € C’OO( ) is chosen (see Proposition [5.3] below
and then c¢g, 19 can be chosen so that the integrand in is only supported on
vectors corresponding to geodesics staying in X,. Finally for ¢ > 0 define the
conjugated microlocalized normal operator:

e 2 _—0/x o/,
Ay o = T, e /"Ame /Tn

We denote this operator in case V =V (resp. V) by Ay o (vesp. Ex,n,g). In the
case of the smooth connection V on M., for which M, is strictly convex, and in
dimension > 3, it was proved in [UV16, Proposition 3.3] that Zx,n,o are scattering
pseudodifferential operators (in the notation there, A, ,, € ¥;1°(X,)). This
implies that they also act on scattering Sobolev spaces. The following Proposition
contains the stability estimate we will need in terms of such spaces.

Proposition 5.3 ([UV16], Sections 2.5 and 3.7). Suppose as before that dim(M.) >
3 and let o > 0. There exists xo € C(R), xo > 0, x0(0) = 1, such that for any
sufficiently small neighborhood O of p € M. in X there exist ng > 0 and Cy > 0
with the property that for 0 < n < ng one has U, C O, :=¢_,(0) C X, and the
estimate

HUHzﬂL?(U,,) < COHZXO,WUUHHsléﬁ(on)a BER, (5.3)

where u € zPL%(U,) is extended by 0 outside U,. Here the Sobolev spaces on subsets
of X, are defined by pulling back by 1, the corresponding spaces on subsets of Xg.
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B ) )
AN = {wy=n}
{z, =0}
r=0

FIGURE 2. The level sets of z,

Remark 5.4. The estimate stated in [UV16, Section 3.7] amounts to
HuHH:CjB(Y,,,) < CO||ZXO,77,UU||H§§W(§,,)a 5> 0, suppu C Uy, (5.4)

upon taking into account that the analog of Ay, constructed there has a factor
of x71 incorporated and the polynomial factor appearing in the definition of the
operator analogous to Ay po is xgl, whereas we used a factor of x;2 in Ay o
directly. For s = 0 the space on the left hand side of is exactly xﬁLQ(Un). On
the other hand, the upper bound in can be replaced by the one in provided
suppu C U, since the Schwartz kernel of the operators Ay, , o has been localized
in both factors near Uy, see for instance [UV16) Remark 3.2].

The way we construct the operators Ay, also differs from the setup of [UV16]
in that we parametrize geodesics by their initial velocities normalized so that they
have unit length with respect to the (Euclidean near p) metric ¢°, and average the
transform over them using the measure induced by g° on the fibers of SOM (i.e. the
standard measure on the unit sphere S™). In [UV16] the geodesics are parametrized
by writing their initial velocities as (A\,w) € R x S~ using coordinates, and the
measure used for averaging is d\dw, where dw is the standard measure on S,
However this difference doesn’t affect the analysis, as already remarked there (see
Remark 3.1 and the proof of Proposition 3.3).

Remark 5.5. As remarked in [UV16, Lemma 3.6], Proposition holds for any
Xo sufficiently close to a specific Gaussian in the topology of Schwartz space. In
particular, xo can be taken to be even, and from now on we assume that this is the
case, since this simplifies the notation.

Let xo be as in Proposition [5.3] chosen to be even. Let o > 0 be fixed. Define

~

E =A - AXOJ?;‘T

n.o : X0,M,0

Note that by construction the operator A, ,, (resp. EXOJ,,U) depends on the

behavior of the connection V (resp. V) only in the set xy > 0, provided 7o, co
above are sufficiently small. Therefore Ey, = 0, since the two connections agree
outside of M,.

In Section we will prove the following key proposition:

Proposition 5.6. Let 0 > 0. Provided O is a sufficiently small neighborhood of
p € OM, in X, for each § > 0 there exits ng > 0 with the property that if 0 < n < ng
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one has U, C O,y = _,(0) and
| En,oul

koo, < dllullczw,)
for all w € L*(U,)) extended by 0 outside of U,.

Remark 5.7. In Pmposz’tion one does not need to assume that dim(M,) > 3,
however if dim(M.) = 2 Proposition does not hold and the proof of Corollary
28 below breaks.

An immediate consequence of Proposition [5.6]is the following:

Corollary 5.8. With notations as before and assuming that dim(M.) > 3, there
exists mg > 0 such that for 0 < n < ng the transform f — If|§U is injective on
"

L2(U,).

Proof. Fix o > 0and let x( be as in Proposition[5.3] even. Then take O sufficiently
small, as in Propositions and and let Cy and 19 be according to the former,
corresponding to O. By Proposition upon shrinking 7y if necessary, for 0 <
n < 1o we have

1 En,oull g1000,) < 1/(2C0)[ull2(w,)

for u € L?(U,) extended by 0 elsewhere. Since Ay, ,, = gxww +E, ., ifue
L?(U,) one has, for 0 < n < g

lullr2(w,) < COHZXO:”LUUHHSIC’O(OT,) < COHAXOJI,UUHHSIC’O(OW) + COHEW,UUHHSIC)O(OW)

< CollAxo ol g2o0,) + 1/20ull2w,) = llullzw,) < 2CollAxonoullmioo,)-

This implies injectivity of EXO,W, on L?(U,). Using the definition of A\XO,n,m the
local X-ray transform f — If|§U is injective on e?/*L2(U,) D L*(U,) for 0 <
n < no- g

Proof of Theorem[1. The proof presented in Section [3]for the even case applies here

verbatim, with the only difference that injectivity of the U,-local transform for V
on L?(U.) now follows from Corollary O

6. Analysis of Kernels

The goal of this section is to prove Proposition[5.6] In essence, the proof proceeds
as for the classical Schur criterion stating that an operator is bounded on L? if
its Schwartz kernel is uniformly L' in each variable separately (see e.g. [SR91]
Lemma 3.7]). Hence it is necessary to understand well the properties of the kernels
of ZXO’W, and A\Xoﬂ%g. The fine behavior of these kernels is perhaps best analyzed
on a modified version of Melrose’s scattering blown-up space ([Mel94]), which we

describe in Section [6.1] We then analyze the kernels on it in Section [6.2}
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6.1. The Scattering Product. We start by briefly describing blow-ups in general
(for a detailed exposition see [Mel]). Let Y'¢ be compact manifold with corners and
Z a p-submanifold; this means that Z is a submanifold of Y with the property that
for each p € Z there exist coordinates for Y of the form (z1,..., 2k, y1,...,Yd—k) €
Ri x R?=F centered at p, with x; defining functions for boundary hypersurfaces
of Y, such that in terms of them Z is locally expressed as the zero set of a subset
of the x;, y;. If Z is an interior p-submanifold of codimension at least 2, meaning
that it is locally given as v’ = (yj,,...,y;,) =0, 2 < s < d — k in terms of such
coordinates, blowing up Z essentially amounts to introducing polar coordinates in
terms of y'. Formally, let SN(Z) = Z be the spherical normal bundle of Z with
fiber at p € Z given by SN, (Z) := ((I,Y/T,Z)\{0}) /R*. It can be shown that the
blown up space [Y; Z] := SN(Z) 11 (Y\Z) admits a smooth structure as a manifold
with corners such the blow down map 5 : [Y;Z] — Y, given by ﬁ’Y\Z = Ildy\z

and B| sn(z) = becomes smooth. The front face of the blown up space is given
by SN(Z) C [Y;Z]. If Z is a boundary p-submanifold, i.e. it is contained in a
boundary hypersurface of Y, the spherical normal bundle is replaced by its inward
pointing part, with the rest of the discussion unchanged. If P is a p-submanifold
of Y that intersects Z with the property (P\Z) = P, and $ is a blow down map,
then the lift of P is defined as g*(P) = f~1(P\Z). If 8 = B10---0 B with 3; blow
down maps we will write 8*(P) := 5(B;_1(- - B (P))).

Now let (X, 0X) be a smooth compact manifold with boundary; this implies that
X7 is a smooth manifold with corners. First define the b-space Yﬁ = [YQ; (0X)?]
with blow down map ;. We denote by ffy, the front face of this blow-up. If
Ay, := B (A°) (the diagonal A C X% isnot a p-submanifold), we let the scattering
product be YSC = [YE;@(AI))] with blow down map [ : ch — Yi Set Bsc =
b1 0 B2 and let ffg. C Y:C be the front face associated with 2. We finally introduce
a third blown up space obtained from Yi by blowing up the scattering diagonal

Age := B5(Ap). We denote the new space by Yi and the corresponding blow down
map by [3; let B4 := Bsc © B3. This space is pictured in Fig. By a result
on commutativity of blow-ups (see [Mel, Section 5.8]), X is diffeomorphic to
[[Yi; Ap), B3 (0Ay)], where B : [Yi; Ayp] — Xzb is the blow down map. We name
the various faces of Yfi as in Fig. Gio = B3 (0X x X), Go1 == B; (X x 0X),
Gi1 = 55 (B3 (ffp)) and Gy := B5(ffs); finally let G3 be the front face associated
with 83. We will occasionally write Gy, for the collection of boundary hypersurfaces
{G10,G11,G01} and G for their union. Moreover, if p € X and O is a neighborhood
of pin X we let O3 := 5;(0?).

We next describe the coordinate systems we will use on Yi. Let dim (X) =n+1
and (z,y) and (Z,y) be two copies of the same coordinate system in a neighborhood
O of a point p € X, so that (z,y,7,7) is a coordinate system for O? C X°. Here
and for the rest of this section (and thus also T) is a boundary defining function
for 9X. The projective coordinate systems (s1 = Z/xz,z,y,y) and (s2 = 2/Z,Z,y, )
are valid in a neighborhood of Gy, and Gy respectively and the coordinate functions
are smooth away from G19 and Go1 respectively (though they do not form coordinate

—2
systems near Go and Gz in Xj). In terms of the former coordinate system, s; is
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F1GURE 3. The modified scattering product space Yi

a defining function for Gp; and x a defining function for G;;, whereas in terms of
the latter s is a defining function for G and 7 is one for Gy1. On the other hand,
either by checking directly or by using the commutativity of the blow-up mentioned
before, one sees that a valid coordinate system in a neighborhood of any point near
G11 N Gs can be obtained by appropriately choosing n of the 67 below,

— s1— 1,y — T
(r= Vo= oo ) o)
where | - | denotes the Euclidean norm. For instance, letting

Ur ={(0°....0") eS": £0” >1/\/2(n+ 1)}, J=0,....n (6.2
we can cover S" by the Uf and use 7, j # J as smooth coordinates on U{ for each
choice of £. Now note that (X = (s; —1)/2,Y = (y — y)/z,z,y) are valid smooth
coordinates globally on (O3%)°, and the coordinate functions are smooth up to Gs
and G5. Thus one obtains a diffeomorphism 7 from (O%)° onto an open subset of
Riﬂ x [0,00) x S™, extending to a smooth diffeomorphism up to Gs and G, by
setting

A A XY —
(w,y,R = V/X2L[YP,0=(X, V)= <R)) R x [0,00) xS™.  (6.3)

Again we can choose coordinates on S™ to obtain smooth valid coordinate systems
on (0%)°, up to Gz and G5. Note that 6 = (y, ..., 0,) stands for the same functions
in both (6.1) and (6.3) and that R is a defining function for Gs3. Moreover,

. _1+aRX (2 + zRX)?
"ot arX 1+R
are smooth defining functions for Gy1, G19 and Gy; respectively, each smooth up to
all other boundary hypersurfaces and non-vanishing there.
Via the diffeomorphism 7, the expression |dz dy dR dw| (where dw is the volume
form on S™ induced by the round metric) pulls back to a smooth global section
of the smooth density bundle on (O3)°, which is smooth and non-vanishing up to

0= (2+zRX)"Y, oz = (6.4)
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Gs and G3, but not up to the other boundary faces. The following can be shown
via a straightforward computation in local coordinates smooth up to the various
boundary faces in different parts of O3.

Lemma 6.1. Via the diffeomorphism T defined by the coordinates (6.3), the ex-

pression
(R+1)"*(2 + 2RX)"|dx dy dR dw|

pulls back to a smooth non-vanishing section of the smooth density bundle on Oﬁ,
up to all boundary faces.

We now record the form that the lift 6§W takes in terms of (6.3) whenever
W € Vee(X) is identified with a vector field on X’ acting on the left factor. (The lift
B5W is well defined since fq : (Yi)" — (YQ \ A)° is a diffeomorphism.) As before,
we work in a neighborhood O? of a point (p,p) € A where we have coordinates
(z,y,7,7). Then W is spanned over C*° by z20,, x0ya. Those lift via 31 to the
vector fields —xs10s, + 229;, £y respectively, in coordinates (z,s1 = T/x,y, 7).
Now we lift those using 35 and find that in terms of coordinates (z,y, X,Y) they are
given respectively by (—1 — 22X)dx — 2Y - 0y + 220, and —0y« + 20y«. Blowing
up A, corresponds to using polar coordinates about (X,Y) = 0. Consider the
sets UJi, J=0,...,n,in (6.2): on th the functions ¢/, j # J, form a smooth
coordinate system. Then for each J, choice of +, and o = 1,...,n, there exist
smooth functions a’j ,, %, . , € C*°(U7) such that

(ﬁS)*(XaR + R_l Z af},i(G)@g.f) = Ox
J#J
and (53)* (Y/aaR + R_l Z bﬂ’i’a(ﬂ)ae_j) = aya,
7

Thus if W € {220, 20,} then in the set {(z,y, R,0) € O x [0,00) x U} we have
BiW = Zj cii(:z:, y, R,0) W;, where W; belong to either of the two sets

Wy = {220,,20,,0r} or Wiy ={R '04;,j#J}, J=0,...,n (6.5)

and cf] 4 are smooth and grow at most polynomially fast as & — co. Note also that

ﬁéw is smooth on Yz \ G3 and tangent to its boundary faces other than Gs.

6.2. Analysis on blow-ups. In this section we describe the Schwartz kernels of
the operators A, , , defined in Section 5| (in Lemma and prove two technical
lemmas regarding their regularity and dependence on the parameter 7 when lifted
to the scattering stretched product space (Lemmas and . ‘We then use those
to analyze the kernel of the difference F), ; in Lemma and finally its properties
to prove Proposition [5.6}

Recall that the operators A, , » act on functions supported in sets varying with
the parameter 7. As in [UV16], it will be convenient to create an auxiliary family
of operators acting on functions defined on the same space for all values of the
parameters. We use the smooth one-parameter family of maps ¢, (-), defined after
Lemma to map diffeomorphically X, onto X (locally near the boundaries).
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For ¢ > 0, 7 > 0 and x as in Section [5| define a one-parameter family of operators
by

Ayno = (Y—y)" 0 Ay no 0 ()", (6.6)
all acting on functions supported in X near p € 9M.. We use the notation A4, , ,

and A\X»W»U for the operators corresponding to V = V and v. Similarly, for xo
determined by Proposition let

~ =

EW,U = ZXoﬂ]»U - Axoﬂba'
Proposition [5.6] immediately reduces to showing the following:

Proposition ’. Let ¢ > 0. Provided O is a sufficiently small neighborhood
of p € OM. in Xo, for every § > 0 there exits no > 0 with the property that if
0<n<no one has Uy, := ¢, (U,) C O and

1By oullsoco) < dlluloz,

for allu € Lz(ﬁn) extended by 0 outside (77,.

We now identify the Schwartz kernel x+ of EX,W,. It will be convenient to

X,M,0

view it as a section of the full smooth density bundle on Y(Q), which entails the
choice of a smooth positive density on the left X factor. This choice will not affect
our analysis of the regularity properties of the kernel. We will use the the product
decomposition [0, dp)s, X Y, of a collar neighborhood of Y, in X, introduced in
Section |5 and the coordinates y® on Y, such that the metric ¢° is Euclidean in
terms of (zo,y',...y"). Henceforth we will write g for ¢g° and SM for its unit
sphere bundle. No confusion will arise with the AH metric g, as it will not appear
again.

Lemma 6.2. Suppose V is a connection on TM whose exponential map exp :
TM — M is of class C? and for which M. is strictly convez. Also let x € C°(R)
be even with x(0) =1, x > 0, and let ¢ > 0. Then for n sufficiently small and for
z = (z,y), 2= (7,9) € Xo in a sufficiently small neighborhood of p, we have

B | det(d~exp, ') (Z — 7)|
wq. = e M gy (Pl 3 ) o
\expz_lﬁ(z ="

Ax,n,a
dzo (exp 5 (2 — 7))

z|dy (exp 15 (z — 7))

|dzd Z|,
(6.7)

where P(z,%z,n) == | and 7 = (n,0).

of Ay ;0 o0 Yi, for fixed n > 0 small. Let

f be smooth and supported in a small neighborhood in X, of a point in U,. We
write 2’ = (2',y), 2’ = (z',y) in terms of the product decomposition [0, dp)z, *x Y}
on X, with y, ¥ the coordinates on Y,, as before, and also v/ = N0y, +w' for vectors

Proof. First examine the kernel s Ay

i1, 0

in T, X,,. We assume throughout that z’, |y| and 7 are sufficiently small that the
conclusions of Lemma are true for all geodesics entering the computation of
Ay nof(Z') (see the discussion following Lemma [5.2]). Writing dA, for the measure
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induced by g on the fibers of TM , compute
-2 —o/x’ N >~ o/x
Ay mof(Z)=2"""e / / X<x’|w’> / (e / " f) ;,:expz/(w,)dt dpg

SZ/YW — 00
’ 00
2 7a/w'/ ( A >/ o/x,
=z’ “e 2x| —— e’/ f
S, X, z'|w' ) Jo ( )
’
20/ o [~ (/e Y| dAg
€z € /Tz/Xn X(a:’|w’> (6 f)}z/:expz/(v') |/U/|n

:x/_Qe_”/zl/— 2X< dmn(exp;l(g/)) ) ea/m/f(?) (exp,r)«(dAg).

%, \@ldy(exp;'(Z) [ ) lexpL )"

~ dt dpg

z'=exp,s (tv’)

By Lemma [5.2] the two integrals with respect to ¢ above are in fact over finite
intervals (—d1,d1) and [0, 01), respectively. Moreover, dAy(v') = +/det g(2’)|dv'| =
|dv’| in terms of fiber coordinates, since g is Euclidean near p. Thus we can take

_ o o —1/>~
KA =z,%(2)e (””(M IW’))?X dr (exp, EZ; )~)
e K xn(z’)’dy(expz, (z’)) ’
| det(dy, exp,')(Z")]|
X

Jexp2t (Z1)|

|dz'dZ’|.

Conjugation by 1, in corresponds to replacing (2/,Z’) by (z —7,Z — 7)) in
the Schwartz kernel of A, , », where 2z, Z are expressed in terms of the product
decomposition [0, dp) ., X ¥, on Xg. Noting that dx,, = dxo completes the proof. [

In the next two lemmas we use to analyze the Schwartz kernel of EX%U
on (Yo)z near ,Bd_l(p,p). Since the proof of Proposition has been reduced to
showing Proposition from now on the entire analysis will be on X,. We will
thus drop the subscript and write X to mean Xo. We write z = (20, 2%) = (z,y%)
and z = (29,2%) = (7,7%) for points in the left and right factor of X respectively
with respect to the product decomposition [0,d¢)s, X Y,. Denote by v a fixed
smooth non-vanishing section of Q(YE), the smooth density bundle on Yfi; also
recall the notations G, introduced in Section for the various boundary faces of
Yi, In what follows, whenever we say that a function f vanishes to infinite order
at a collection {F; }3]:1 of boundary hypersurfaces of a manifold with corners, we
mean that if z; is a defining function of F; then for any (Ni,...,N;) € NJ one
has H;-Izl xj_Nj f € L (thus this is purely a statement regarding the growth of f
without any mention of the behavior of its derivatives near F;).

Lemma 6.3. Let the hypotheses of Lemmal6.3 hold. For a sufficiently small neigh-
borhood O of p in X there exists ng > 0 depending on O, V and x such that
ﬁg(mgx , ,,) = Kvy(-,n) - v, where Kyv(-,-) € CO(Oﬁ X [0,770)).

Moreover, Ky is C' away from Ga x [0,m0) and G x [0,m0), it vanishes to infinite
order on Gy, X [O,no)ﬂ and its restriction to Gz x [0,m9) is independent of V.

3With some abuse of notation, this means on G x [0,7n9) for G € Gy,
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Proof. Throughout this proof we always assume that we are working in a small
enough neighborhood O? and with small enough 79 that the coordinates (x,y,7,7)
are valid, g is Euclidean on O, expz__lﬁ(Z—ﬁ) is a C? diffeomorphism onto its image
for (2,2) € O% and 0 < 1) < 19, and the conclusion of Lemmaholds for geodesics
entering the computation of A, , for such 7.

—2
Before we lift (6.7]) to X to study its regularity, we analyze its various factors on

X°. The main difficulty in proving Lemmas and M is that whenever Taylor’s
Theorem is used to identify the leading order behavior of a C* function at a point,
the remainder term is generally not C*. To circumvent this issue in our case, we
use Taylor’s Theorem for the function ¢ +— expz__lﬁ(z — T+ t(Z — 2)) to write two

different expressions for eXp;_lﬁ(Z — 1), each one of which will be used in different
parts of the argument:

d2*(exp 15 (2 = 7)) =pf(2,Z,7) (2 - 2)/ (6.8)
=z -2)k +pfj(z Zn)(Z—2)(Z—z)?, where (6.9)

pj 2,2,m) / dz exp, )‘Z_E+T(;_Z)d7 et (02 x [0,1m0)),

ng 2,2,m) / (1—-1) dz exp, - 77)|z—ﬁ+7'(;—z)d7_ S 00(02 X [0,770)),

with
P(z,2,m) =65 and  pi(z,2,m) = 5T5(z = 7).

Here T%. denote the connection coefficients of V in coordinates (z,y). Now
and can be used to show regularity of the factors of (6.7]). By ,

|eXp (z — 77)| =Gij(z,2z,n)(Z - 2)" "(Z — z)7, where Gij € c! (02 [0,770)),
Gij(z,2,m) = 0;j, Gi; positive definite in O x [0,70).

(6.10)
To analyze P from (6.7) write, using and ,

0 ~ N\~ .

-~ pj(z,2,n)(Z — z)
P(a 7y =— 2 WE (6.11)

Llc(qij(za 2777)(2 - Z)l(z - Z)j)
T — + 0 7~a zZ— iz - J

_ FatdEnE-E-2) 612)

~ ~ = S . /2’

2| = v + a2 5 ) (E = 2) (E = 2)i (- 2)F)

where ¢;; = 6a5p?pf € CHO%* x [0,1m0)), qiji € C°(O* x [0,10)). We finally have
|det(d;exp:ﬁ)(5— n)| € C*(O? x [0,10)), |det(d~exp Hz=m]=1. (6.13)
We now lift the various factors of the kernel. As explained in Section [6.1] near

any point in (O3)° we obtain a smooth coordinate system with a suitable choice of
n of the 67 in ([6.3). Moreover, the functions (z,y, R, ) are smooth up to G and
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Gs, and x, R are defining functions for Go and G3 respectively. Since 4 is smooth,

(6.13) implies that
83 (| det(d=exps ) (5~ M) € €' (03 x [0,1m0))

and it is identically 1 at Go and G3. Now write Z = (xf(, }A’), so that 2 — z = 2 RZ;

by (6.10),

Bilexp, - (Z—=m)| " =2 "R"(Gij(2, 2 + xRZ,n) 2 27)

=2 "R (GapY Y "? + 220G XY + 22Goo X ?)
Next pull back x(P), writing it in two ways using and :
P (2,2 +aRZ,n) 27
x(qij(z, z+ asRZ, n)ZiZj)1/2>
. (X +R Poaﬁf/affﬁ + zR( 2108/35(}751—# xpgoXQ) )  (615)
(V]2 + 2R qu2i 21 2%)'

—n/2

—n/2

Ba(x(P)) =X< (6.14)

where in the pfj and g¢; ;5 are all evaluated at (z, z—i—mRZ 7). Some caution is
required when the denominator of P approaches 0. Near any point in (O%)° x [0,70)
the expression 5(x(P)) is C?. This is because any such point projects via 34 to a
pair of points away from the diagonal, which implies that if the denominator of P in
vanishes the numerator does not. Thus x(P) = 0 there, since x is compactly
supported. Now suppose we are given ¢’ = (z/,y', R',60',n') € (G5 U G3) x [0,m0),
so either ' = 0 or R’ = 0. Since || = |(X,Y)| = 1, either X or |Y| are bounded
away from 0. If |Y| < ¢ for some ¢ > 0, the numerator of P is bounded below in
absolute value by V1 — €2 — CR(e + x), therefore if € is small enough the numerator
is bounded below by a positive constant in a sufficiently small neighborhood of ¢’.
This again implies that x(P) is continuous at ¢’ in this case. On the other hand,
if [Y| > ¢ then in a neighborhood of ¢’ the denominator is bounded away from 0.
We conclude that 35 (x(P)) extends continuously to (O3 \ G;’) x [0,70) and, in fact,
it is C! away from Gy x [0,70) and Gy’ x [0,79) due to (6.14). A similar analysis
applies to show that R"x"ﬁ(’jﬂexpz__lﬁ(?— 7|™") € CH((03\ G) x [0,1m0)) in the
support of 3% (x(P)).
Next we have

Bz(xdefg/””/g) — 272 "Ten%  and B5ldx dy dF dy| = x"T*R"|dx dy dR dwl,

so upon combining the lifts of the factors in (6.7)) and using Lemma we find that
ﬁ;(mgv ) = Ky - v, where, up to a smooth non-vanishing multiple depending on
X,n,0
v,
] det(df;expz__lﬁ)(z -+ xRZ)’ (R+1)
(Gij(z,2 + wRZ,m)2i23)"* (2+zRX)"
(6.16)

By our analysis of the various factors we conclude that Ky is C!' on O3 away
from Gs x [0,m0) and G x [0,79), and continuous up to G3 x [0,79). Thus Taylor’s

__oRX _ 5
KV = % 1+wa(X(P(Z,Z + J,‘RZ, 77))
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theorem in terms of R applies for x > 0; we find that for R > 0 small and = > 0

~

X\ .
Ky :2‘"+1x< A ) |Z|7" 4+ RAv(z,y, R, 0,n), (6.17)

Y]
where Ay is continuous in all of its arguments, up to = 0: observe that by (6.14))

Bi(x(P)) = X(a: (azl((;’fszz,:’zz)))m) with a; both C' in their arguments, so upon
taking an R-derivative the chain rule generates a factor of x which cancels the one
in the denominator of the argument of y. From we conclude Ky | Gs is indeed
independent of V.

Finally the vanishing of Ky to infinite order on Gy, x [0,79) follows as in the

proof of [UV16, Proposition 3.3] (also see [Ept20, p.45]), where it is shown that

_ _oRX
e 1+eRX X(P) decays exponentially (or vanishes identically) as R — oo, and upon

taking into account that all other factors of the kernel grow at most polynomially
fast as R — oo, uniformly in 7. a

Lemma 6.4. Let the hypotheses and notations of Lemma[6.3 be in effect. Also let
W be the lift to Yj of a vector field in Vs.(X) acting on the left factor of X and

z3 be a defining function for Gz, smooth and non-vanishing on Yi \ Gs. Then for
any sufficiently small neighborhood O of p in X there exists ng > 0 such that

z3W(Ky) = Kyw(-,-) € C°(03 x [0,10)),

vanishing to infinite order on Gy, x [0,10). Moreover, in terms of a product decom-

position Gg x [0,€)z, x [0,10)y for Y(Qi x [0,1m0)y near Gg x [0,10), one has
v3W(Kv) = kw(q,n) + x3sv,w(q, x3,m), q€Gs (6.18)
where kyy € C° (ggx[O,no)) is independent of V and kv w € C° (ng [O,E)X[O,no)).

Remark 6.5. The kernel Ky is well defined only up to a non-vanishing smooth
multiple, since there isn’t a canonical non-vanishing smooth density on Yj. How-
ever, by the comments at the end of Section z3sW is smooth on Yi, hence by

Lemma and (6.17)) it follows that multiplying K+ by a function smooth on Yi
does not affect the result.

Remark 6.6. The fact that the leading order term of xsW (Kv) at Gs x [0,19) in
(6.18) is independent of V is expected, since that was the case for Kv, and xsW is
tangent to Gs.

Proof. Recall the diffeomorphism 7 from Section defined on 0(21 \ Qt) for a
small neighborhood O of p, and let UF := T‘l(RiH x [0, 00) X Uj[) x [0,m) for
1o > 0 ,with UJi as in (6.2). Then UJdEZ/lJi covers (O3 \ GY) x [0,7m0), and in each
of the L{jE we have valid coordinates (z,y, R,67,7), j # J. By the remarks at the
end of Section it suffices to show the claim on ZﬁE for J =0,...,n assuming
that W = Wy, Wa, where Wy € Wy, Wa € Wy (see (6.5))), and use a partition of

unity subordinate to the cover {U}} J,+ to obtain the statement for general W.

We will use the expression (6.16) we computed for Kv in Lemma Suppose
first that W7 € Wy: then Wi is smooth for x > 0 and we will show continuity of
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W1 Ky up to = 0 (so in this case the leading order term at Gz in (6.18)) vanishes).
Recall the notation Z = (zX,Y") and observe that

_(R+D)
(24 zRX)"
with Ag(z, R,v,n) € C* (O x [0,00) x R+ x [O,no)) for some small neighborhood

O of p and small 7y > 0. Therefore, W1 Aq is continuous on the same space. Note
that Ag(z,0,0,7) is independent of V. Using (6.14), we see that Wy (x (P(z,z +

a:RZ, 77))) is continuous up to G5 and Gz and, similarly to the proof of Lemma
Wi (Gij(z,z + zRZ, 77)2"234)4”2 is continuous in the support of x(P) and
X' (P). Since Ky = Agx(P)(Gy;2?Z7)~"/2, the product rule implies the continuity
of Wi Ky away from G7). Again by the proof of [UV16], Proposition 3.3], W1 Ky
vanishes to infinite order at Gy, uniformly in 1, and thus W; Ky € C° (03 x [0, 770)).
Upon multiplying by z3 throughout, we obtain the claim for W, € W, with sy, =
0 in (6.18).

Now fix a J and suppose Wy € W | so that Wy = R™19;; for some j # J. We
will analyze Wy Ky, again looking away from Gy first. By and the chain rule
we have that

¢~ 0 TTeRx ’ det(df;exp;_lﬁ)(z -7+ sz)’ =Ao(z,R,RO,n), (6.19)

Ogsho =R Dym Ao s 0™ (6.20)
m=0
is continuous up to x = 0 on Llf.
For 9y; (B5(x(P))), as noted in the proof of Lemma [6.3]

al(Z,QURZ,UaZ) )

Bi(x(P)) = x (x(ag(z,xRZ,n,Z))lp

where a;(z,u,n,v) is C* in (z,u,n) and C* in v. Thus in L{Ji, for z, R > 0 and
J#J,
0o (B (x(P)) =X (P) (RO (a1 /ay'*) (2, wRZ, 0, 2) - 001 2

+ 2720y (a1/a?) (2, 2R 2,0, Z) - Os Z)

A~

Now use Taylor’s Theorem for the function R + 9, (al/aé/z)(z,xRZ,n7 Z) -0pi Z
(which is C! in the support of x/(P)) for z > 0, and the fact that 0, (al/aém) o =
69(60pv0?) — 000 00"

(60pv0P)3/2 to find that

9 (B (x(P))) = X'(P) <Rﬁu (a1/a3"*) (2,2 RZ,m, Z) - 0ps Z

—1 6971 (6Q5UQ’UB) B ’Uoémoﬂja

o (5o 0P)2

2891' Zm + Rbkg(z, xRZ, 7, Z)Zkagj Zé> ;

(6.21)
here bre(z,u,n,v) is CY in (z,u,n) and C* in v. Note that on L{}—L and for j #£ J

R Som §m J
Ops 4™ = * s 7 m 7 ,
—x%m@I /0™ m =]

V=
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so in particular 9p; Z™ is smooth on L[}‘L. Therefore, evaluating at v = Z in (6.21))

we obtain
6apY Y )39s X — X 6,0 2%0g; Z
O9s (B (v (P _ v (pyOas 952 — 2 Omas Ops
bi (Ba(x (P))) = X'(P) (agY OV 5)3/2

where A; € CO(UF) in the support of y/(P) (as in the proof of Lemma and
bounded as R — oo.
We similarly compute that

Ops (Gra(z, 2 + xRZ,m) 2+ 21) % = fg\Zr"*?(QaMZkaw Z%) + RA, (6.23)

+ RY(P)Ar, (6.22)

with Ay € CO(UTE) and bounded as R — oo in the support of x(P).
Novv apply Dps to Ky = Aox(P)(Gi; TZj) /2 and use the product rule. Using

, and - ), together with and the remarks followmg (6.17) to

deal Wlth the non-differentiated factors, we obtaln in YT T for xsW = 0ys.
Again by the proof of Proposition 3.3 in [UV16], WQK v decays exponentially fast
or vanishes identically as R — co on Z/{Ji, uniformly in 7, and we are done. (]

We have shown the regularity results we need for the kernel of Zx n,o, under
hypotheses which apply for both V = V V. We now analyze the lift of the kernel

ky o of E77 o (viewed as a section of the smooth density bundle on X’ , as usual):
n,o

Lemma 6.7. Let W and x3 be as in the statements of Lemmas[6.3 and[6.4} Then

for any sufficiently small neighborhood O of p in X there exists ng > 0 such that

upon writing B3(kz ) = Kg - v one has v 'Kp, WKg € C°(03 x [0,1m0)) and
o

they both vanish to infinite order on Gy, x [0,19). Moreover, both W Kg and zglKE

vanish identically for n = 0.

Proof. First observe that Lemmas [3.1| and [4.1] imply that for o > 0 and yo fixed
in Proposition ﬂ Lemmas . ng ply to both V and V provided ng
and O are sufficiently small: note that one needs O to be small enough that if
supp(xo) C [-M, M] then Mz < mln{OA V}\/E in O, where C’A C are the
constants of Lemma corresponding to the two connections. Novv we observe
that WKg and x;lKE e CY (Og1 X [O,no)) and both vanish to infinite order on
G, x [0,7m0). To see this note that in both and the leading order
coefficient at Gs x [0, 70) does not depend on the connection and hence cancels upon
taking the difference KA — K< (as long as KA Kz are computed using the same
density v). Finally, if n = 0 we have Eo o = Eo -, acting on functions supported
in a subset of X = Xq C M¢. Since V = ¥V on M¢ and by the construction of
Axo,O o (resp. Ay 0.0), K5(+,0) (resp. Kg(+,0)) only depends on the connection
V (resp. V) on X C M¢, we have Axo,O,a = Ay, .00 and thus Ey , = Eoo =0 and
WKE(, ), $3 KE(,O)_O. O

We finally have:

Proof of Proposition , Recall that we now write X for Xo. Let O’ C X be a
small open neighborhood of p € M, in X where the results of this section hold
and O a neighborhood of p in Y with O ¢ K c O/, where K is compact. For
sufficiently small 1 > 0 we have U, = =9, (U,) C O. Fix § > 0. We will show that
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there exists an 7o such that if 0 < 1 < ng then for u,v € L?(0) with suppv C 1777,
and W; € {220,,20,1,...,20yn} C Vso(X) one has

|(u, Wf E, ,v)| < 6||u||L2(O)||U||L2(ﬁn)’ j=0,...,n, k=01 (6.24)
This will imply the claim since Wj span Vs(X) on O'. Let mr.q = 71 o Ba,

TRid = TR © B4, where 7r, mr denote projection onto the left and right factor

of X respectively. By the Cauchy-Schwartz inequality and using the notations of

Lemma [6.7]

2
[ ooz | <(/O§

< 7 P Kl / IR )02

(70 K () () )

Recall that the “coordinates” (6.3) and the analogous ones given by

(5,;7,& = /X2 4 |V]2,0 = (f(,f/)/fz), where X = %,f/ =Y (6.26)

T

identify O%\ G; with a subset of Rﬁ“ x [0,00) x S™. By interchanging the roles of
(z,y) and (,y), Lemma yields the existence of a non-vanishing o € C“(Yi)
such that in terms of ([6.26]) one has v = a(R + 1)~ (2 + 2R0y)"|dx dy dR dw| (dw
is the volume form with respect to the round metric). Thus

. 2+ xzROy)"

[ s awPissl = [ s )2 K g sy B 0,m) | 20" 4y aR o,
O?{ 1+ R

(6.27)
and similarly

* e eyEER -

| Kl wiao)r = [ 1Ken(.5 R 8 @, )2 2RO 1 i aR ),
oz ’ 1+ R

(6.28)

where Kg.1,, Kg.g express Kg in terms of (6.3) and (6.26) respectively. The in-
tegrations on the right hand sides of (6.27) and (6.28)) are over the appropriate
subsets of R’} x [0,00) x S™ corresponding to O3 (the function @ and the corre-
sponding function « have been absorbed into Kg, g, Kg.1,). Extend Kg,1, and Kg, g
to R x [0,00) x S" x [0,7) by multiplication by a cutoff function in C2°(0%?)
which is 1 in a neighborhood of O3.

For large Ry we have

1+R

o (2 + JJRHQ)"
< ||UH2 sup / / |KE,L(177?J,R79777)|7‘deW|
LQ(O) (x,y)EO n JQ ]. + R

/ u(ay) 2| K ez (2, 3, R, 6,7) \dz dy dR dw|
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R
0 (2+£CR60)
= Jlull 720 S;Iéo(/n/ |Kg;L(z,y, R, 0, 77)|1_|_7R|de wl

/ / (1+R)~ 1 + R)|Kp.p(z,y, R,0,n)|(2 + xRHO)"}|dR dw)
n J Ro

= [lullF20) sup  (I(z,y,n) + (2, y,n)).
(z,y)€0

By (6.4), (24 2R6)™ and (1 + R) are of the form z]* and ;] x]; respectively.
Since by Lemma K g vanishes to infinite order at Gy, x [0,79), there exists a
constant C such that for all (z,y) € O and all 0 <5 <1y

(1 + R)‘KE;L(J’J,Q, R,H,n)|(2 + Z’Reo)n <(C.

Therefore, for given § > 0, Ry can be chosen sufficiently large that 1I(z,y,n) < §/2
for 0 < n < 1. On the other hand, I(z,y,n) is continuous (it is an integral over
a compact set of a function continuous jointly in (z,y, R,6,n)) and it vanishes
identically for (z,y,n) € O x {0} C K x {0} by Lemma Thus there exists g
such that for 0 <7 < 7o we have sup, ,yco I(z,y,1) < §/2 and is bounded
above by d|ul72 o)

Now can be analyzed in exactly the same way as the only difference
is that now (2 + ZR)™ and (1 + R) are of the form z5," and xn z5;2. This however
does not change the arguments since K vanishes to infinite order at Gy,, uniformly
for small . We conclude that holds for k£ = 0.

To show for k = 1, we observe that (3(|dzdZ|) = hv, where h = @1 25?28
(as before, x, stands for a boundary defining function of G, that is smooth and non-
vanishing up to the other faces). By the analysis at the end of Section it follows
that for j = 0,...,n the vector field x3W;, where W; is the lift of Wj, is smooth on

Yi and tangent to all of its boundary hypersurfaces. Thus (W;h)/h € 3 'C> (Yi)

Writing k= = Kg(2,2,n)|dzdz| so that Bj(kp)h = K we have, for u, v € L?*(0)
n,o

as before,

|0 Rl oo @ldedz] = | (000 BT ) (mhgo) o
02 032

d

— [ ) (W83(R)) g0 v

Od
= / (T7.aw) (Wj Kg— KE#> (TR.qv) V.
o3

Then for k = 1 follows exactly the same steps as for £ = 0 from
onwards, with K replaced by W; Kg — ((Wj h)/h)Kg: by Lemma W; Kg —
((W; h)/h)Kg € C°(O3 x [0,10)), it vanishes to infinite order at Gy, x [0,70) and is
identically O for » = 0. This finishes the proof of the proposition. (I
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