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Abstract. By considering the number of all choices of signs 4+ and — such that
+a1 a2 £ a3 £ an =0 and the number of sign — appeared therein, this
paper can give the exact value of fo% ITi_; sin(agz)dz. In addition, without
using the Fourier transformation technique, we can also find the exact value
of fooo maﬁ%dz. These two integrals are motivated by the work of
Andrican and Bragdasar in 2021, Andria and Tomescu in 2002, and Borwein

and Borwein in 2001, respectively.

1. Introduction

Our work is inspired by the integrals

/ ! H cos(agx)dx (1.1)

0 k=1
and .
o sin(agx
[ 12
0 k1 (69 )
where a1, as, as, ..., q, are positive numbers.
By considering the coefficient of a certain polynomial expansion [1] and [2]
gave a relation between (1.1) and an integer sequence S(aq, e, as,. .., a,) where
S(ay,az,as3,...,ay) is the number of ways of choosing + and — signs such that

ta; tag +ag--+a, =0. For (1.2), Borwein and Borwein [3] used the Fourier
transform techniques to find its value. Surprisingly, the calculation involved the
summation of aq, ag, ag, ..., a, with either 4+ or — sign.

In this paper, by manipulating the idea of [1] and [2], we can calculate the value
of

2T n

/ H sin(agz)dz. (1.3)
0 k=1

However, our calculation also depends on the number of — sign appeared in +a; £+

ag +ag+---+ap =0 where ag, ag, as, ..., af are positive integers. Without using

the knowledge of Fourier transformation, we also find the value of an infinite integral

involving the product of a difference of cosine, namely

/OO (cos ar — cos )P
0

x4q

dz, (1.4)
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where «, 8 are real numbers and p, g are positive integers. Note that (1.4) in the
case that p = ¢ = 2 was appeared in [5].

The presentation of our manuscript is as follows. In Section 2, we give some
preliminaries needed in this work. Then, (1.3) is calculated in Section 3. In Section
4, we consider the case that p > ¢ and ¢ is even and give the exact value of (1.4).
Finally, conclusion and discussion about some open problems are given in Section
5.

2. Preliminaries

Definition 2.1. Let n € N, aq, as, a3, ...,ay, > 0and (a7 : ) = (a1, 00,3, ..., ).
Define the set of sum expressions as follows.

o R(ag:ay):= {ZZ:1 Ykt (V15725735 -+ V) € {=1,1}"},

o Rf(oq :an) = {01+ > p_ovkk : (Y2,73, Y45 s ) € {—1,1}"7'} and

o R (o :ay)i={—a1+ > p_oVk0k : (V2,73, V4 -y Yn) € {—1,1}"71}.
That is, R consists of all the expressions in R with v; = 1, while R~ consists of
all the expressions in R with y; = —1. Let o and s be functions from R(a; : o)
to the set of real numbers given by

o(r) := the number of — sign(s) appear in r.

and
s(r) := the sum of r or the exact value of r,

for all r € R(aq : o). For example, R(1,2) ={1+2,1—-2,-1+2,—1—2}. Then,
c(14+2)=0,0(-1-2)=2,6(1-2) =c(-1+2) =1, s(1+2) = 3,s(—1 — 2) =
—3,5(1 —2) = —1, and s(—1 4 2) = 1. It is easy to see that

Rf(oq :an) UR (a1 :ay) = R(ag : @) and R (aq : a) NR™ (a1 1 ) = 0.

In addition, if r € R™(a; : ay,), then we use notation —r := —ay — >}, Y-
Thus, r € Rt (a1 : a,) if and only if —r € R~ (a1 : a).
From Definition 2.1, we can have the following remarks.

Remark 2.2. Let ay,a9,a3,...,a,,ap4+1 > 0 and » € R(a; : «p). Then, r +
ont1 € R(ag t apg1), o(r + apg1) = o(r) and o(r — apg1) = o(r) + 1.

Remark 2.3. o(—r) =n —o(r) and s(—r) = —s(r) for all € R (a1 : ay,).

Next, we prove important identities that will be used in this work.

Lemma 2.4. Letn € N and ay, a2, a3,...,a, > 0. Then,
H(xak — ) = Z (_1)U(T)xS(T).
k=1 reR(a1:am)

Proof. We use the induction on n. For n = 1, it is easy to see that
Y T — (_1)0(a1)xs(a1) + (—1)0(7(”)%8(76“).
Next, let m € N such that

m

H(wak _ x—ak) _ Z (_1)a(r)xs(r).

k=1 reR(a1:am)
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Then,
m+1
TG -2
k=1
= Z (_1)‘7(T)x5(7“)m04m+1 _ Z (_l)a(r)xs(r)x—am,+1
reR(ar:0um) reR(ar:0m)
— Z (_1)0(7")x8(7")+0lm+1 + Z (_1)1+0(T)x3(r)—&m—1
reR(ar:aum) reR(ar:am)
— Z (_1)‘7(7'+am+1)x3(7+arvl+1) + Z (_1)U(T—Oém+1)x8(T—0¢m+1)
reR(ar:am) reR(ar:am)

= Z (_1)U(r’)$s(r’)'

r’"€R(01:m41)

By mathematical induction, this statement holds for n € N. (]

We can easily rewrite Lemma 2.4 in the following form.

Corollary 2.5. Letn € N and ay,as,as,...,a, > 0. Then,

H(xak _ x—ak) — Z (_1)a(r)(xs(r) + (_1)nx—s(r)).
k=1

reRt(ar:ay)

Proof. By Remarks 2.2, 2.3, Lemma 2.4 and (1)) = (=1)°(" for r € R*(a :
o), we have

n

(z™ — g~%) = Z (=1)7(M ) 4 Z (=1)7 () g5
k=1 reRt (ar:ay) reR— (ar1:an)
= [(—1)7 Mg 4 (—1)7 (= gs=r)]
7'ER+((X1:(¥71)
= Z (=1)7) (250 4 (=)o (M) g=s()

re€RT (a1:0)

— Z (_1)0(7')(1.8(7') + (_1)nx—s('r))'

7'ER+((X1:(X71)

3. Product of Sine Formula and Its Definite Integral

In this section, before finding the exact value of (1.3), we first give the formula
for the product of sine.
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Lemma 3.1. (Generalized Product of Sine Formula) Let ai,as,as,...,an > 0.
Then,

1
Z (=1)°M cos(s(r)z)  :n =0 (mod 4),
réRt(ar:ay)

L Z (=1)°™) sin(s(r)z) ;n =1 (mod 4),

n n—1
H sin(agx) = 1 reRT (a1:an)
k=1 _anl Z (—1)0(r) cos(S(T)x) n = 2 (mod 4)7

reRt(ay:ay)

Z (-1)°Msin(s(r)z) ;n =3 (mod 4).

T€R+(a1:an)

2n71

Proof. We show the cases when n = 0 (mod 4) and n = 1 (mod 4). For the
remaining cases, we left for the reader. By using the Euler’s identity, De Moivre’s
Formula and Corollary 2.5, we have

- 1 o _
sin(akx) = - (ewzkm o 6*1041@1)
kl;[l (2@)" H

k=1

_ : Z (_1)o(r)<eis(r)x + (_1)ne—z‘s(r)ac>.

(QZ) reR* (ar:ap)

If n = 4m for m € NU {0}, then

4m

1 . )
H sin(agz) = 5w Z (_1)a(r)(ezs(r)x + e—ls(T)x)
k=1

reRT(ar:0am)
1 or
= T > ()7 cos(s(r)x).
reRt (a1:aam)
If n =4m+ 1 for m € NU {0}, then

Am+1 1 ) )
H sin(agx) = Jimt; Z (=1)7M) () — gmis(r)
k=1

reRT (a1:aam41)

= Sim Z (=)™ sin(s(r)x).

reRt (a1:aam+1)

O

From Lemma 3.1, we obtain a well-known identity for the power of sine and the
product of cosine as follows.

Corollary 3.2. Let n € N. Then,

n(ntl) n—1
1) s+ 1
()2717_21 Z(_l)k (n . ) sin((n — 2k)z) ;nis odd,
sin™ r = (—1)"(";1) nil;:o o

Ton—1 Z(_l)k( 1 ) cos((n — 2k)x) :n is even

k=0
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and
n—1

1

N —
cos"z = ooy
k

-1
(” ) cos((n — 2k)z).

k
Proof. By applying Lemma 3.1 with a; = 1 for i € {1,2,3,...,n}, it is easy to see
that for r € R (1: 1), if o(r) = k, then s(r) = n — 2k and it repeats ("gl) times
for k € {0,1,2,...,n — 1}. Hence,

=0

2n—1 k

1 = n—1
—— ) (—1)F ((n — 2k)x) ;n =0 (mod 4),
2 < )cos )

o S0 (" s =20 =1 (mod ),

sin x =

1 n—1 n—1 B
T ’;)(1)16( R ) cos((n — 2k)z) ;n =2 (mod 4),

n—1
1 n—1\ .
o1 Z(—l)k( k ) sin((n — 2k)z) ;n =3 (mod 4)
k=0
and we are done. Next, we substitutes x by  — 2 in (3.1). Note that
sin (p27r - J;) = (—1)]%1 cosxz, and cos(gm —x)=(—1)9cosz

for p,q € Z and p is odd. Hence,

! "*1_ 1) 2 ("1 cos((n — 2k)a ;n =0 (mo
g1 LD (M a2 =0 mod ),
n—1

27%1 (—1)k(_1)% (n; 1) cos((n—2k)x) ;n=1(mod 4),

cos" ¢ = k=0,
—2:71 Z(—l)k(—l)% (n ; 1) cos((n — 2k)x) ;m =2 (mod 4),

k=0
—27}71 (—l)k(—l)% (n ; 1) cos((n —2k)x) ;n =3 (mod 4)

k=0

and we are done. O

Remark 3.3. Actually, we can obtain cos™ z in an easier way. By the Euler’s
identity and the binomial theorem, we have

1T —dx\ " 1 n ‘
cos" r = (€—|—2€> =_— kZ_O (Z) ez(n—Qk)ga
and
1 < /n )
o= n(_p) — —i(n—2k)z
cos™ x = cos"(—x) an (k)e .

Hence, we obtain

n 1 I /n eiln—2k)z + e—i(n—k)x 1 I /n
cos" z = = Z <k) ( 5 ) = 5 Z (k) cos((n—2k)x). (3.2)

k=0
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Note that
kzn:_o (Z) cos((n — 2k)z) = :_0 (" . 1) cos((n — 2k)z) + g:l ( ) cos((n — 2k)z)
_ : (” N 1) cos((n — 2k)z)
4 n_; (n " ;i 1) cos((n — 2(n — k))z)
::Z_:_l(n;1>cos(n—2k i( )cos(n—Zm)x)
L5 (” . 1) cos((n — 2k)z).
That is -

cos" x = % z_: (n ; 1) cos((n — 2k)x). (3.3)
k=0

For sin™ &, we can obtain the same formula as shown in Corollary 3.2 by substituting

% — x into x in (3.3).

According to [2], Andrica and Tomescu showed that if o, € Nfor k € {1,2,3,...,n},
then

n—1 2r N
S(ay :ap) = 2 / H cos(ayz)dz,

T Joo o
where S(aq : ;) is the number of all choices of + and — such that +a;+---+ay =
0. Thus, this formula motivated our definition, indeed, we define two numbers as
follows. Sg(a1 : @) is the number of all choices of + and — such that +aq + ag £
ag -t a, =0 and o(r) is even. On the other hand, Sp(ay : ;) is the number
of all choices of + and — such that a3 £ as £ a3+ a, = 0 and o(r) is odd.
Hence, we obtain the following result.

Theorem 3.4. Let aq,as,as,...,a, € N. Then,
T
or 1 (Se(ag :an) — So(ag : ay)) ;n =0 (mod 4),
. T
/0 I}l&n(akx)dx = 3ot (So(ay : an) — Sg(aq : ) ;n =2 (mod 4),
- 0 ; otherwise.

Proof. This follows from integrating Lemma 3.1 on [0, 27]. Note that s(r) € Z for
r € RT (a1 : o). We have

/O27r cos(s(r)x)dr = {iﬂ :zgg ; and /27r sin(s(r)z) = 0.

For the cases n = 1 (mod 4) and n = 3 (mod 4), we have

2
</0

=

sin(agz)dx = 0.
k

Il
—
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For the cases n =0 (mod 4) and n = 2 (mod 4), we obtain

2w n
. s(r)=0
sin(agx)dx = T o
/0 kl;[l “on2 Z (=1)°™) in =2 (mod 4).
T‘ER+(O¢1 Oln)
s(r)=0
Since
S ovte Y Y
rER*(oq:ozn) reR*(alza”) rERJr(al:an)
s(r)=0 o(r) is even and s(r)=0 o(r) is odd and s(r)=0
1
= i(SE(al tom) — Sol(ag tay)),

the proof is completed. O

4. Power of Difference of Cosine Integral

First of all, it is well known that
/ cos axr — cos fx — || —Inja| and / cosya: _ ng
0 x

where a, 8 # 0 and v € R as shown in [4]. In this section, we find the exact value
of

x4 ’

/°° (cos ax — cos fx)P
0

where o, 8 € R and p,q € N such that p > ¢ and ¢ is even by using the technique
shown in [3] regardless of the Fourier transformation. First, we need the following
identity to help us tackle a problem.

Lemma 4.1. Let ., 3 € R and m,n € NU{0}. Then,

cos™ acos™ 3 = 2m+n . mzl Z ( ) (7) cos((m — 2k)a + (n — 20)B).

k=0 I=

Proof. By the cosine part of Corollary 3.2 and (3.2) we have

o acost g = L5 Z (" 1) () costim = 2190) costn - 2079

k=0 I=

27n+n Z <mk )

k=0
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where
:g(TDCOS m —2k)a+ (n—20)3 +§<)COS m — 2k)a — (n — 21)5)
_ g (7) cos((m — 2k)a + (n — 21)8)
n ni—o <n’i z) cos((m — 2k)a — (n — 2(n — 1))
- Zn: (7; cos((m — 2k)a + (n — 21)B)
=0
+2n:< )COS ((m = 2k)a+ (n — 21)B)
_ 2; < )COS (m —2k)a + (n— 20)8).
Thus, the lemma is proved. -

Next, we clarify an important lemma that was used without proof in [3].

Lemma 4.2. Let f be a smooth function on R with x = 0 is its zero of order k for

= D) ()
0 X

) s bounded on R for 0 < m < 1 —2 where ™ is the n'* derivative of f. Then

f 1 > [ ()
/ =1 - dx.

Proof. For 2 < [ < k, by using the integration by part with indefinite integral
i@,
—dx, we get
x

some k > 2 and there exists an integer | < k such that dx exists, and

(1-2) (1-1)
LEL PRSI T B SS  L[C JAS Wy  C
xt (I—1) 21 (-1 = (-1 x
Since f has a zero order k at x = 0 and [ < k, we have
f (CL’) a z—0+ i1
(m)
for 0 < m <[ —1. By using the L'Hopital’s rule, we obtain hI(I)l il m( 1) =0 for
z—

0 <m <1 — 2. Moreover, since f(m) is bounded on R for 0 < m <[ — 2, by using

(m)
the squeeze theorem, we get that lim / (irl) =0for0<m<11—2.

T—r00 le_

RAC) AR C)
/0 g dr = (lfl)!/o - dx.

Hence,
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Before we prove our result, we introduce a well-known improper integral as shown

in [4]
T
/‘X’sinracdx: SgH(T‘)§ ;1 # 0,
0 z 0 ;7":0,7

for r € R, where sgn is a signum function defined by :

1 ;6 >0
sgn(t) =40 ;t=0,
-1 ;t<0

for t € R. Now, we give and prove our result.

Theorem 4.3. Let o, € R and p,q € N such that p > q and q is even. Then,

> (cos ax — cos fx)P
dz
/0 -
p— 1

D k-1 k& p—k—1 k
k+q -
eI M (Ll v [¢AE
k=0 1=0 m=0
[(p—k—-2Da+ (k— 2m)ﬂ|q_1>.
Proof. By the binomial theorem and Lemma 4.1, we obtain

(cos ax — cos fx)? (4.1)

zk: (—1)k (i) (p - ’; - 1) (Z) cos((p — k — 20)aw + (k — 2m)Bz).

Hence
* (cosaw —cos )P 1 > G(x)
/0 4 T oop-1 /0 24 dz,
where G(z) = S0 _ S0 i S DEE) PR (F) cos((p — k — 2oz + (k —

p— 1

2m)pz). Note that G( ) is a smooth function on R with a zero of order 2p at z = 0.
p k—
cr =3y

Since ¢ is even, we have
( k+g<p><p k—l)(lﬂ)x
k=0 1=0 0 & !

(p—k—2D)a+ (k—2m)B)T  sin((p — k — 2)ax + (k — 2m)6w)).

ﬁM»

—~
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By Lemma 4.2, we have

oo _ P
/ (cos ax — cos fx) i
0

x4

= mz (o () (5

X<k)((p_k_2l)a+( _ o)) 1/°°bm p— k—2l)ax+(k—2m)6x)dm>

0 X

“weok 2 5 (0
k
k

—2)a+ (k — Qm)ﬂ)q>
—2l)a+ (k—2m)pP)|

s & 2 () ()

(p—k—2D)a+ (k- 2m)ﬁ|q_1).

a
If we consider (a, 8,p,q) = (0, 3,p,q), then we have the following result.
Corollary 4.4. Let € R and p,q € N such that p > q and q is even. Then,
> (1 — cos )P 7T|5‘q ' ¢ —k=1( a(p\(k a1
/0 —a dx = Y 22 i) Ui |k —2m|77 .
k=0m=0
Proof. By plug in @ = 0 in theorem 4.3, we have
(1 — cos Bx)P
- d
f,
p p—k—1 k
T afp\[(p—k—1\ [k
- )0 Gz
2p(q_1)'k§::o 1=0 mzz:o( : k ! I( Al
T Pk o\ [k P! p—k—1
= —1)ktE k —2m)B|7! T
o 2 2 (0 () (o2 2 (717))
T Pk p\ [k
— 2p—k—1 1 k+2 k—2 q—1
QP(Q*l)!kzzom:o =7 k) \m I m)Bl
g7t S k-1 ke (P\ (K 1
27T 1 2 k q
i X ) (e
a

5. Conclusion and Discussion

We present the exact values of (1.3) and (1.4). However, the exact value of (1.4)
is not found in the case that ¢ is odd. Thus, our future study is try to solve this
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remaining case. In addition, we may consider (1.4) with arbitrary arguments of
o0 p
_q(cos(agz) — cos(Brx
cosine, namely/ [Tz (c08(042) (B ))dx
0

x4
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