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Abstract. In this work the approximation of the functions by means t, (f; ), Nﬁ (f;2)

and Rg(f, z) of the trigonometric Fourier series in weighted Orlicz spaces with
Muckenhoupt weights are studied.

1. Introduction, Some Auxiliary Results and Main Results

Let T denote the interval [—m, 7], C the complex plane, and L,(T), 1 < p < oo,
the Lebesgue space of measurable complex-valued functions on T. A convex and
continuous function M : [0, 00) — [0, 00) which satisfies the conditions

M(@©) = 0, M(z)>0 forz>0,
lim (M (z) /z) = 0; lim (M (2) /) = o0,

is called a Young function. We will say that M satisfies the Ay—condition if
M (2u) < ¢M(u) for any u > ug > 0 with some constant ¢ independent of u.
We can consider a right continuous, monotone increasing function p : [0, 00) —
[0, 00) with
p(0) =0; tlim p(t) =00 and p(t) >0 for t > 0,
—00

then the function defined by

||

N(z)= [ p(t)dt
0

is called an N —function. For a given Young function M, let Ly (T) denote the set
of all Lebesgue measurable functions f : T — C for which

/M(\f(x)|)dm < oo0.
T

The complementary N—function to M is defined by
N (y) = max (xy — M (z)), for y > 0.
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Let N be the complementary Young function of M. It is well-known [22, p. 69],
[39, p. 52-68] that the linear span of L (T) equipped with the Orlicz norm

111 gy 7= 00 /\f Dlde:geIn(), [N (gla)dr<1y,

or with the Luxemburg norm

T k>0:/M(|f§f)>dm§1 ,
T

becomes a Banach space. This space is denoted by Lp;(T) and is called an Orlicz
space [22, p. 26]. The Orlicz spaces are known as the generalizations of the
Lebesgue spaces L,(T),1 < p < oco. If M(z) = M(x,p) := 2P, 1 < p < oo, then
Orlicz spaces Ly (T) coindices with the usual Lebesgue spaces L,(T),1 < p < oo.
Note that the Orlicz spaces play an important role in many areas such as applied
mathematics, mechanics, regularity theory, fluid dynamics and statistical physics
(e.g., [1], [9], [31] and [41]). Therefore, of investigation the approximation of the
functions by means of Fourier trigonometric series in Orlicz spaces is also important
in these areas of research.
The Luxemburg norm is equivalent to the Orlicz norm. The inequalities

||f||zM(T) S HfHLM('JT) S 2 ||fH2M(T) ’ f € L]W(T)?

hold [22, p. 80].
If we choose M(u) = uP/p,1 < p < oo then the complementary function is
N(u) =u%/q with 1/p+ 1/q = 1 and we have the relation

-1/p

PP Nl ery = NullLyery < lullpy,eny < @'/ lull, on)

1/p
where ||lull, ) (f lu(x)|” dx) stands for the usual norm of the L,(T)space.

If N is complementary to M in Young’s sense and f € Ly, (T), g € Ly (T) then
the so-called strong Holder inequalities [22, p. 80]

/ F@)9@)dz < 1l 9l

/ F@g(@)] dz < 1715, Il cry

are satisfied.
The Orlicz space Ly (T) is reflexive if and only if the N—function M and its
complementary function N both satisfy the As—condition [39, p. 113].
Let M1 :[0,00) — [0,00) be the inverse function of the N—function M. The
lower and upper indices [4, p. 350]
_log log h(t)

3 logh(t)
ay = lim =
Mo e logt ’ M t_>o+ logt

3
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of the function

, o M~(y)
h:(0,00) = (0,00], h(t):= ylggo sup MT(ty)’
first considered by Matuszewska and Orlicz [29], are called the Boyd indices of the
Orlicz spaces Ly (T).

It is known that the indices aipr and 5, satisty 0 < apr < By < 1, an+8y =1,
apyr + B = 1 and the space Ly, (T) is reflexive if and only if 0 < aps < S, < 1.
The detailed information about the Boyd indices can be found in [5-8], [30].

A measurable function w : T — [0,00] is called a weight function if the set
w™1 ({0,00}) has Lebesgue measure zero. With any given weight w we associate
the w-weighted Orlicz space Ly (T, w) consisting of all measurable functions f on
T such that

t >0,

HfHLM('JI‘,w) = ”waLM(T) .
Let 1 <p<oo, 1/p+1/p’ =1 and let w be a weight function on T. w is said to
satisfy Muckenhoupt’s A,-condition on T if

1/p 1/p’
1

1 / ) .
sup [ — [ WP (t)dt —/wp t)dt < oo,
P\ e

J J

where J is any subinterval of T and |J| denotes its length [32].

Let us indicate by A, (T) the set of all weight functions satisfying Muckenhoupt’s
Ap-condition on T.

Let further ¢4, to, ..., t,, be distinct points on T and let Ay, ..., A, be real numbers.
Ifl1<p<oo, % + % =1 and —% <A< %,j =1,...,n then the weight function

w(r)=[[lr=t;I% . (€1
j=1

belongs to A, (T).

According to [27], [28, Lemma 3.3], and [28, Section 2.3] if Ly;(T) is reflexive
and the weighted function w satisfies the condition w € Ayq,, (T) N Ay /5, (T),
then the space Ly (T,w) is also reflexive.

Let Lps (T,w) be a weighted Orlicz space, let 0 < ap < B, < 1 and let
weAﬁ (T)ﬂAﬁ (T). For f € Ly (T, w) we set

h
(vrf) (x) ::%/f(m—i—t)dt, O0<h<m zeT.
~h

By reference [16, Lemma 1], the shift operator v}, is a bounded linear operator on
LM (T, w):

lvn (f)HLM(’]I‘, w = C||f||LM(T, w) "
The function

QM,w (67 f) = sup Hf_(yhf)HLM(T,w)a 6>07
0<h<é

is called the modulus of continuity of f € Ly (T,w).
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It can easily be shown that Qs ., (-, f) is a continuous, nonnegative and non-
decreasing function satisfying the conditions

%i_)r%QM,w (67 f) :Oa QM7w <6a f+g) S QM,UJ (67 f)+Q]\/[,w (579)

for f, g € Ly (T, w).
Let 0 < aw < 1. The set of functions f € Ly (T, w) such that

QM,w(f7 6) = O((Sa)a 5 > 0
is called the weighted Lipschitz class Lip(a, M,w). Let

% 3 (ax (f) coska + b (f) s ka) )
k=1

be the Fourier series of the function f € L!(T), where ax(f) are 3, (f) the Fourier
coefficients of the function f. The n-th partial sums, Cesaro means of the series
(1) are defined, respectively, as

sal@,f) = T+ (a(f)coska + by (f) sinka)
k=1
= %—‘V—ZA/C(-’I;’JC)’ Alg(xaf):(ak(f)COS/f.TI-i—b;,C(f)sin]q;x)7
k=1
1 n
ol f) = = D sml f).
m=0

o0
Let > a, be an infinite series and let {s,} its n*" partial sum. Let {t,} be a
m=0

sequence of (N, p,q) means of the sequence {s, } . We define transform (N, p, q) of
{sn(f;2)} by [42]

tn(z) ==t (f, ) := Ti Z Pr—mAmSm(f; ),
™ m=0

where

n
Tp i= Z PmGn—m #0,mn >0, and p_1 =q_1 =7r_1=0.

m=0

Let {p,} be a real sequence, where py > 0, p, >0 for n > 0. As in [2] we define
m n
pfn:ZAm—ypu; Pf:zp’lﬂn? Pfi:p—izo, ,LZ]_7
v=0 m=0

where

AP =1, AP — (B+ 1B+ 2)515' +3)...(8+n)

, B>-1, n=1,23, ...
In the proof of the main result we will use the notations

Aﬂn = ﬂn - ﬁn+17 Amﬂ(nvm) = ﬂ(na m) - ﬂ(nvm + 1)
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Considering [38] we can write the following equality

pm+1 ZAm vPv — Z Am+1 Py = Z Am+1 yApu—l-

We define the sequence {NB} of the {N,pn} means of the sequence {s, (f;z)} by

Nf(a, f) = P,g mesm (x, f)-

n m=0

Also,
Ry(x, f) = an mSm (2, ).

” m=0
defines the (N,p)) means of {s,(f;z)}.

In the present paper we study the approximation of the functions by trigono-
metric polynomials ¢, (f;z), R2(f,z) and N?(f;x) in weighted Orlicz spaces. The
results obtained in this work, are generalization of the results [13] and [42] to more
general summability and weighted Orlicz spaces. Similar problems about approxi-
mations of the functions by trigonometric polynomials in the different spaces have
been investigated by several authors (see, for example, [2], [3], [10-21], [23-26],
(33-38] , [40] and [42-45]).

Note that, in the proof of the main results we use the method as in the proof of
[42].

Our main results are the following.

Theorem 1. Let Ly (T) be a reflevive Orlicz space and w € Ajq,,(T) N Ay/p,,
and the conditions

(i) n’q, = O(rn), (2)
(1) Z m*=* |Am (Pr—m@m)| = O(ran™?), (3)
m=0

are satisfied, then if f € Lip(a, M,w), 0 < a <1 the estimate
||tn(7 f) - f”LM(T,w) = O(n_a))
holds.

Theorem 2. Let Ly(T) be a reflevive Orlicz space and w € Ayjq,, (T) N Ayp,,,
and let {pﬁ}be a monotonic sequence such that

(n+1)pj = O(PY). (4)
Then for every f € Lip(a, M,w), 0 < a <1 the estimate
B(. —a —
If = RGP, oy =007, n=1,2,..
holds.

Theorem 3. Let Ly(T) be a reflexive Orlicz space and w € Ayjq,,(T) N A1)z,
and let {p } be a sequence of positive real numbers such that

- PP PS
tm m+1 _ n
Z| m+ 2 O<n+1>' (5)
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Then for every f € Lip(a, M,w), 0 < a <1 the estimate
||f - Ng(’ f)HLM(']I‘,w) =0(n™%), n=1,2,...

holds.
In the proof of the main result we need the following lemmas.

Lemma 1 ([14]). Let Ly(T) be a reflexive Orlicz space and let w € Ay q,,(T) N
Ayys,,. Then for f € Ly (T,w), the estimate

1
IIf— Un('vf)HLM(T,w) = 0w (n’ f))7 n=12 ..

holds.

Lemma 2 ([42]). Let {pf}be a monotonic sequence of positive numbers. Then,

z": m *pp—m= O (n_("Pf)

m=1

for0<a<1.

2. Proofs of the Main Results
Proof of Theorem 1. By definition of ¢,(f;z) and o, (f; ) we have [42, p. 1581]

tn(za .f) - f(x) = Ti Z pn—QO(Sm(xv f) - f(CC))
™ m=0

m

= Ti {Z_: Am(pn—QO) Z(Sk(ZE, f) - f(x))}
n k

m=0 =0

+o- {pqu S skl £) — f(x))}

k=0

- Ti { i (m + 1) A (Pr—mm) (m (25 f) — f(x))}
n m=0

% {(n+ Dpota(on (e, f) - F(z))}- (6)
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By (6), conditions (2), (3) and Lemma 1

th(7f) f”LM(']l',w)

n—1
1
-9 () {Zw + 1) |8 (Po—mm) | llom (-, f) = f IILMw}
1
+0 () e Umlona =11,
1 n—1
- o(+) {Z<m+ D) A ()| (1) + (0 + 1>P0‘1"("1a)}
n m=0
1 n—1
- 0|~ 1) [ A (Pr—mm -
Orn7n22(m+ | A (Pr—mm) (m' =) + O(n™®)
1 n—1
= 0| 3 P A(pa )| + (1) | = O(n ™),
" =2
which completes the proof. O

Proof of Theorem 2. Case 1. We suppose that 0 < aw < 1. It is clear that

"mo

By [14, p. 8, relation (13)] the relation

I =Dl ey =0 (00 (2. 1)) ¢

holds. Using (7), Lemma 2 and condition (4) we find

An)
1
Loy (Tow) < Pﬂ an m ||f_ Sm(7 )HLM(T,w)

n m=o

- PB an m _a) ||f_8m(.’f)HLM(T«w)

nml

If = REC. )|

+?’é 1f = so(, O

Lps(T,w)

- 0 ﬁ)+0<n—1i—1) —0 ().

Case 2. Let o = 1. Since

R’B:cf  f)

nmo
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using Abel’s transformation, we have
sn(xv f) - Rg(it, f)

(Pf - Pf_m)Am(x, f)

hE

p—pt ~ PI-P

n—(m+1) -

> kAw(a, f). (8)

k=1

[~ =
3
Il

M=

1

=3
Il

+n+1

Then taking account of (8)
Hsn('7 f) - R£(7 f)HLM(']T,w)

n /8 m
1 PP _p’ P} =P
< Sy ST kARG f)
Pn — m m —
m=1 k=1 L g (Tow)
1 n
kAL (- 9
o ];1 k(5 ) (9)

L s (T,w)

It is clear that if the Fourier series of f is
F@) ~ > Axl, f),
k=0
then f’ has the Fourier series
. m
F' (@) ~ > kAg(, f),
k=0

where f is the conjugate function of f’ € Ly (T, w)[16, p.166]. Using boundedness
of the partial sums and the conjugation operator in the space Ly (T, w)[16, p.155],
we get

1 = ~
kA (- = n(y f! =0(n™h). 1
L — [, L 0w o)
k=1 L (T,w)
Thus, (9) and (10) yield
Hsn(vf) - Rg(.’f)HLM(T,w)
1 & |pp-pl PE-PI L
< n n—m n—(m+1) o(1 O(n~!
< Pf,,; - - (1) +0(n™)
n B
1 PT? - P’f—m P”? B Pn—(m-i-l) 1
— i — ). 11
o X [ T oY, (1)
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According to [42] the following relations holds :

n B J— ﬂ
pi-pl, PI-P_ .| 1 4
E — = O(P)).
m m n+1

m=1

The last inequality and (11) imply that
lsnC. ) = RACD, . =0, (12)
By (12) and (7)
Hf - Rﬁ("f)HLM(’H‘,w)
< f=snl fllnyme + Hsn(', - RI(, ||LM(TW) O(n™"),
which completes the proof. O

Proof of Theorem 3. Case 1. We suppose that 0 < o < 1. Since

NJ(f;) PB mesm fi),

n m=0

we can write

f(x) = NJ(f2) = 7 Z —sm(fi2)}. (13)
Use of (13) and (7) gives us
||f_N7?('vf)HLM<TM) < Pf? E:Opm ||f—8m( ) )'HLM(T,UJ)

B
—a Db

= O( 5)5 pfnm + %”f_so('vf)'HLM(’]l‘,w)
T — Py

1 n
= o) (14)
P” m=1
Considering [42, p. 1583]
n
Z pPlm™ = 0(n~*PP). (15)
m=1

Taking into account the relations (14) and (15) we have

lf = N2 O (n™%).

M (T,w)

Case 2. Let a = 1. Note that by Abel’s transformation

NB(fix) = - ZPﬂ{sm F) = $ma (@ f) + Plon(a, )}

’U
m

= Z P (—=Amia(@, ) + sn(z, ). (16)

’U
m
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Taking account of (16)

ij(x,f) sn(z, f) = _? Z P o Am1(z, f). (17)

" m=0

On the other hand by Abel’s transformation [42, p. 1584] the equality

n—1
> P An(, f)
m=0

n—1 8
= Z Pim(m+1)Am+1(xa f)

m:Oerl
n—1 m
PB
mZ:O m+ 1 m+2 ; + DAk (@, f)
n—1
k+1)A
+n+1§( + 1) Agr1(z, f),

holds. Using the last equality, condition (5) and (10) we reach

n—1
> P AL f)
m=0
n—1

>

m=0

L pg (T,w)
m

S (k4 D) A f)

k=0

P? pP?

m m—1

m+1 m+2

IN

Ly (T,w)
n—1

Z(k + 1)Ak+1(" f)

k=0

P53 pP?

m_ m—1

+n+1

= o))

p m+1 m+2

L (T,w)

o(B)-o(%).

Consideration of (17) and (18) gives us

HNE(a _Sn ) H

B Z PvézAm+1('7 f)
m=0

Taking the relation (19) and (7) into account we have

2 (1)

_ Plffo <Pg) —om™Y).  (19)

L (T,w)

||f - N5(7 f)”LIw(T,w)
< AF = sl D,y +INECH =5 P, L =07,
The theorem is proved. (]
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