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Abstract. Let f be a transcendental entire function and let I(f) be the points
which escape to infinity under iteration. Bergweiler and Hinkkanen introduced
the fast escaping sets A(f) and subsequently, Rippon and Stallard introduced
‘Levels’ of fast escaping sets Aé(f). These sets under some restriction have the
properties of “infinite spider’s web” structure. Here we give some topological
properties of the infinite spider’s web and show some of the transcendental
entire functions whose levels of the fast escaping sets have infinite spider’s web
structure.

1. Introduction

Let f : C — C be a transcendental entire function. For n € N, f™ denotes the n**
iteration of f. Thus f*(z) = f(f" 1)(2), where f°(z) =z and n = 1,2,...

A family of functions § is said to be a normal family, if every infinite sequence
in the family has a subsequence which converges locally uniformly. The Fatou set
F(f) is defined to be the set of points z € C, such that(f™),cn forms a normal
family in some neighbourhood of z. The complement of F(f) denoted by J(f) is
called the Julia set. Clearly the Fatou set is open while the Julia set is closed. Also
for a transcendental entire function it is known that the Julia set is unbounded.
Baker [I] proved that the Julia set coincides with the closure of repulsive periodic
points. For an introduction to the other properties of these sets one can refer, for
instance, [2], [7].

For a transcendental entire function f, Eremenko [4] defined the escaping set as:
I(f)={2€C: f*(z) — o0 as n — oo} (1.1)

and proved that
I(f)ynJ(f) #0,01(f) = J(f)

and

all the components of I(f) are unbounded.
He further conjectured that all the components of I(f) are unbounded. This led
to a rich development of the field. Some partial results in the confirmation of this
conjecture have been obtained, see for instance, [9], [10] and [11].

2010 Mathematics Subject Classification 30D05, 37F10.

Key words and phrases: Transcendental entire function, Escaping set, Spider’s web, Fatou com-
ponent.

First author is sponsored by SERB grant SR/S4/MS:802/12

Second author is sponsored by DST grant SR/WOS-A /PM-1000/2014.



2 ANAND P. SINGH AND GARIMA TOMAR

The rate at which the points of I(f) escape to infinity also plays an important role.
Bergweiler and Hinkkanen in [3] defined the fast escaping set, denoted by A(f) as,

A(f) ={z € I(f) : there exists L € N such that |f" "X (2)| > M™(R, f), for n € N},
(1.2)
where
M(r, f) = max | ()], > 0

|z|=r
and M"(r, f) is the n'” iterate of M (r, f) with respect to variable 7, R > 0 is such
that M(r, f) > r for r > R, so that M™(r, f) — oo as n — 0.
Clearly A(f) C I(f).It was shown in [3] that A(f) # () and also that, dA(f) = J(f).

An alternative to A(f), which has a geometric flavour was defined by Rippon and
Stallard [10]. They defined:

B(f) = {z: there exists L € N such that f"*£(2) ¢ T(f"(D)), for n € N}
(1.3)
where D is any open disc meeting J(f) and 7 (D) denotes the union of domain D
with all of it’s bounded complementary components.
They showed that B(f) is independent of D, completely invariant, B(f?) = B(f)
for p € N and finally B(f) = A(f). They further showed that all the components
of A(f) are unbounded and so I(f) has at least one unbounded component.

In [11], Rippon and Stallard defined subsets of A(f) called levels of A(f), defined
below. This lead to simplification of proofs of several earlier results and new insight
into the properties of A(f). See for instance [8], [11].

Definition 1.1. Let f be a transcendental entire function and R > 0 be such that
M(r, f) > forr > R. Let L € Z, then the L' level (with respect to variable R) is
defined to be

AL ={z:|f"(2)| > M"™E(R, f),n €N, n+ L>0}. (1.4)
Clearly
A(f) = UrenAR"(f) (1.5)

and thus AR"(f) C A;LH)(f) for L € N. They denote the 0" level A%(f) by
AR(f) thus

Ar(f) ={z:1f"(2)| =2 M"(R, )}
For such Ar(f) Rippon and Stallard [11] proved the following:

Theorem A. Let f be a transcendental entire function and n € N. If R > 0 is
sufficiently large then

Ag(f) C Ar(f") C AR/Q(f)'

Here we supplement the above result by proving the next theorem, which deals with
the levels of higher order. We observe that the above result cannot be generalized
to each Level, i.e., the set relation

AR(f) C AR(™) C Afpa(f)

need not hold true for all n € N. However we can prove the following:
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Theorem 1.1. Let f be a transcendental entire function. Let R > 0 be such that
M(r, f) > r forr > R and L,n € N then

ABE(F) € AB(FE) € AR (f)
and also

ARH(f) C AR(F") € ARp(f)-

An interesting observation of the above theorem is that, if p is composite number
having two different factorizations, say p = p1.q1 = p2.qs2, then

AR(f) C AR (f™) € AR (f)
and also

AB(F) C AT (1) C AT, o(f).
Note also that A% (f9') need not equal A%} (f9).

Rippon and Stallard [11] first observed that A(f), Ar(f) have interesting and in-
tricate structure and called it as infinite spider’s web, which is defined below.

Definition 1.2. A set E is an (infinite) spider’s web if E is connected and there ex-
ists a sequence of bounded simply connected domains (Gn)neN with G, C Gpy1 for
neN, 0G, C E, forn €N and U,enG,, = C.

Several examples of functions having Agr(f) as spider’s web have been given. Six-
smith [13] gave examples of transcendental entire functions for which spider’s web
formation is there. Some work on spider’s web has also been done by Helena
and Peter [5] and Osborne[8]. In their paper [11], Rippon and Stallard showed
that for sufficiently large R, if Ar(f)° has a bounded component then each of
Ar(f), A(f),I(f) is a spider’s web. Also if f is a multiply connected Fatou compo-
nent, then for sufficiently large R, Ar(f), A(f),I(f) are all spider’s web. It is thus
natural to look for relations between spider’s web and levels of fast escaping sets,
which we consider here. Also we study the topological properties of spider’s web
and show certain composite transcendental entire function h having the structure
of Ar(h) as spider’s web.

We begin with a small but important observation that a bounded set can not
be a spider’s web. For suppose S is a bounded set and it also forms a spider’s
web, then there exits a positive constant K such that |z| < K, forallz € S,
and there exits a sequence of bounded simply connected domain G, such that
G, C Gpy1 forn € N,0G,, C S and U,enG,, = C. Since UpenG,, = C and G,, are
bounded, there exists G¢, t € N whose boundary contains zy such that |zg| > K, thus
boundary of G; will not be a part of .S, which is contradiction to 0G,, C S for n € N.

Theorem 1.2. Let f be a transcendental entire function. Let R > 0 be such that
M(r,f) >r forr > R and L,n € N then A%E(f) is a spider’s web if and only if
AR (fE) is a spider’s web.

The next Theorem deals with the union of spider’s web.

Theorem 1.3. Let S;, i = 1,2,3,...,n be spider’s web, then U], S; is also a
spider’s web.



4 ANAND P. SINGH AND GARIMA TOMAR

Note that intersection of two spider’s web need not form spider’s web. Also con-
tinuous image of a spider’s web need not form spider’s web, for let f: C — C be a
non constant continuous map defined by

f(0)=0,
f(reie):Tew for0<r<1, 0<6<2m,
f(re?®y =€ forr>1, 0<6<2nm.

Then clearly f is a continuous map and if S be any spider’s web, then f(S5) is
not a spider’s web being bounded. However if we take f to be continuous open
surjective map which maps bounded domain to bounded domain, then we have
following theorem. In particular if f is a transcendental entire function without
any exceptional value Picard, and without any asymptotic values, then also the
image of a spider’s web will be a spider’s web.

Theorem 1.4. If f : C — C be open continuous and a surjective map. Further
let f map every bounded domain to bounded domain. If S be a spider’s web, then
f(S) is also a spider’s web.

Corollary 1.1. Let f be a transcendental entire function with no finite asymptotic
value and no exceptional value Picard. If S is a spider’s web then so is f(S).

2. Proofs of Theorems on Levels of Fast Escaping Sets and Spider’s
Web

For the proof of Theorem [I.I] we need following lemmas.
Lemma 2.1. For any L, K € N and sufficiently large R,

MEE(R, ) > ME(R, f5). (2.1)
The proof is an immediate consequence of Maximum modulus principle and the

following lemma of Rippon and Stallard [11].

Lemma 2.2. Let f be a transcendental entire function and let D = {z : |z| < R}.
If R > 0 be sufficiently large then for n € N

{12 < MMB/2, D)) € {22 o] < MR, F) C {=: | < MMB ). (22)
Proof of Theorem[I1. Let R > 0 be such that M (r, f) > r, for r > R,L,n € N.
If 2 € ARE(f), then

[f™(2)| = M™FE(R, f), for m € N.
o |(fF)y™(2)] = [f™E(z)| = M™EAL(R, f) = MTWE(R, ) > M™T(R, fF),
for m € N by Lemma Hence z € A%(fL), and so
ARF(f) € AR(FP). (2.3)
Next let z € A%(fL), then

I(FE)™(2)] > M™ (R, fE) > M™L(R/2, f), for m €N
by Lemma [2.2] So we must have
|f™(2)| = M™"E(R/2, ), for m € N.
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Hence z € A?{?Q(f). Thus
AR(fF) € ARG (1) (2.4)
From ([2.3) and (2.4) we have
AR (f) € AR(f") € AR, (6).
The second set relation follows on similar lines. O

For proving Theorem [T.2] we need following lemmas:

Lemma 2.3. [11] Let f be a transcendental entire function. Let R > 0 be such that

M(r,f) >r forr > R and L € Z.

(a) If G is a bounded component of Aﬁ(f)c then 0G g AL(f) and f™ is a proper
map of G on to a bounded component of A%JFL(f) for each n € N.

(b) If AL(f)" has a bounded component, then A%(f) is a spider’s web and hence
every component of ALR(f)C s bounded.

(c) AR(f)/ is a spider’s web if and only if AL(f) is a spider’s web.

(d) Let R > R then Agr(f) is a spider’s web if and only if Ap/(f) is a spider’s
web.

As a consequence of Lemma [2.3] we have the following Lemma:

Lemma 2.4. Let f be a transcendental entire function. Let R > 0 be such that

M(r,f) >r forr > R and L € Z.

(a) If AL(f)" has a bounded component then, A3 (f) is a spider’s web, for all m >
L+1.

(b) Lez; R > R then AL(f) is a spider’s web if and only if AIL%,(f) is a spider’s
web.

Proof. (a) If A%(f)" has a bounded component then so has AIL;rl(f)c7 by Lemma
a). So ALT(f) is spider’s web, by Lemma (2.3))(b). In a similiar way we can
prove that ALT2(f), AET3(f),... all will be spider’s web. In general A% (f), for all
m > L + 1 will be spider’s web.

(b) Proof is immediate from [2.3] (¢) and (d). O

Proof of Theorem [I.3 Firstly suppose that A%E(f) is a spider’s web. It follows
from Lemma b) that each component of A%(f)° is bounded.

We know by Theorem [1.1] that A%F(f) € A%(f%). So each component of A% (L)
is bounded. Thus by Lemma b), A% (fF) is a spider’s web. Conversely let us
suppose that A% (f%) is a spider’s web. If R >2Rfor R sufficiently large, then we
have by Theorem A (fb) c AZIf/z (f). Now from Lemma (b), A%, (fHisa
spider’s web. Hence by Lemma (b), it follows that every component of A”, ()

is bounded. So every component of A’gf /2( f)¢ is bounded. So by Lemma (b),

A’;jm (f) is a spider’s web. Hence by Lemma (b), AZE(f) is a spider’s web. [

C

Before we prove next theorem we shall introduce a new notation. If E' is a spider’s
web, then by Definition there exist sequence of bounded simply connected do-
mains G,, with G,, C G, 41, forn € N,0G,, C E, forn € N and U,enG,, = C.
It is quite possible that there might exist more than one sequence of such domains
say (Hy),,en satisfying the Definition In order to distinguish the spider’s web
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with corresponding domains we shall use the notation (E, G,,),y and (E, H,,)
respectively.

meN

Proof of Theorem[I.3 Using induction it is sufficient to prove the theorem for two
spider’s webs. Let (S,Gr),, oy and (T, Hp),, oy, be two spider’s webs.

Now consider Gi. Then there exits some H,, such that Gy (| H, # 0. This is
possible since Up,enH,, = C. Let k be the smallest positive integer such that
G1( Hy # 0.

Let 7(D) denotes the union of domain D with all it’s bounded complementary
components, and define K,, = T(G,, U Hyy(n—1)), n=1,2,...

Then clearly Up? K, D Up2 Gy, = C, and for n = 1,2,..., G, and Hpi(,—1)
are simply connected and G,, N Hyq.(n—1) O G1 N Hy # 0, so T(Gp U Hyy(n—1)) is
simply connected. Thus K, is simply connected as well as bounded domain being
union of two bounded domains. Further

K, = T(Gn+1 U Hk+n) D T(Gn U Hk+(n—1)) = K,, and

0Ky, = 0T ((Gn U Hyt (1)) C 9(Gn) UO(Hyy(n—1)) C SUT.

Thus (SUT, Ky),cy is also a spider’s web. O

For proving the Theorem we shall need the following lemma.

Lemma 2.5. (a) If A1 and Ay are domains such that Ay C Asg, then
T(A1) C T(Ag)
and hence
T(A)UT(A) =T (A1 U Ay).
(b) Let (An)nen be a family of domains, with Ay C Ay C A3 C ... then
UneNT(An) = T(UnENAn)~

Proof. For (a), Let z € T(A;), if z € Ay then z € Ay C T(Az). If z is in
the bounded complementary component of Ay, it is sufficient to show that z does
not belong to any unbounded complementary component of As. For suppose it
does. Then there exits an arc in A§ joining z to co. As Ay C Aj, so this arc lies
in A§. Consequently z lies in unbounded complementary component of A;. This

contradiction proves (a). The other results are simple set theoretic consequences of
(a). O

Note: The conditions imposed on A;, A5 in Lemma [2.5| are necessary, for instance,
let
Ay ={(z,y): —2<2<1, —2<y<—1}U{(z,y): —2<2<1, 1<y<2}U
{(z,y): —2<2< -1, -1 <y <1}
and
Ay ={(z,9): 0<2 <2, —2<y<—-1}U{(z,9):0<2 <2, 1<y<2}U
{(zy):1<a<2 —1<y<1}

Then
T(A;) = Ay and T (Ag) = Ao,
whereas
T(A1UA) ={(z,y): 2<2 <2, —2<y <2},
so that T (A1) UT(Az2) # T (A1 U Ag).
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Proof of Theorem[1.4) Let (S,Sy),cy be a spider’s web. Let H, = T(f(Sy))
and denote H = f(S5). Clearly H,, are bounded simply connected domains be-
ing open continuous image of bounded simply connected domains. Now 0H, =
AT (f(Sn)) C f(0S,) C f(S) = H. Further H,, = T(f(Sn)) C T(f(Sn+1)) =
H, 1 for n € N, by Lemma Hence in order to show that f(S) is a spider’s web
it only remains that US>, H,, = C.

For this consider any z € C, then there exists some ¢ € C such that z = f(¢), f
being surjective. Also as UpenS, = C, it follows that ( € S,, for some n € N and
consequently z = f(¢) € f(S,) C T(f(Sn)) = Hy. Thus U,enH, = C.

So (f(S), Hn),cy is a spider’s web. O

Proof of Corollary[1.1} Being analytic, the function f is open and continuous. Also
f would map bounded domain to a bounded domain, for suppose D is a bounded
domain with f(D) unbounded, then there exists a curve I' tending to co in f(D)
and consequently a curve 7 in D tending to some « in D such that f(y) =T, so that
« is an asymptotic value for f, contradicting f by hypothesis, has no asymptotic
value.

Next if z is not exceptional value Picard for f, then there exist (infinitely many)
¢ € C such that f(§) = z, and the proof now follows as in the previous theorem. O

3. Bounded Fatou Components and Spider’s Web

Regularity conditions and growth of transcendental entire function also play an
important role in transcendental dynamics. In this section we discuss a result
related to growth and regularity of transcendental entire function. We start with the
following well known definitions of order p; and lower order A¢ of entire functions
respectively given by:
—Tm loglog M(r, f)
pPf =1y 00 10g’f‘

and
loglog M (r, f)

log r '
Clearly we have 0 < Ay < py < oo and given any p, (0 < p < 00), there exists an
entire function of order p. We shall also need the following regularity condition:

)‘f =lim,

Definition 3.1. [11I] Let ¢ > 0. A transcendental entire function f is said to be
log-regular with constant c, if the function ¢(t) = M (e, f) satisfies
¢ (t) > Lte
¢(t) t
Further (see [13]) if a function f is log-regular then it satisfies Lemma (b)
(mentioned below) for all m > 1.
We shall also need few lemmas from [6], [11] and [13].

for large t.

Lemma 3.1. [11] Let f be a transcendental entire function. Let R > 0 be such that
M(r,f) > r forr > R and let Ar(f) be a spider’s web, then f has no unbounded
Fatou components

Lemma 3.2. [I3] Let f be a transcendental entire function. Let R > 0 be such that
M(r, f) > r forr > R. Then Agr(f) is a spider’s web if for some m > 1,
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(a) there exists Ry > 0 such that for allr > Ry there is a simply connected domain
G=G(r) with

B(0,r) c G C B(0,7™) and |f(z)] > M(r, f) for z € 0G. (3.1)
(b) f has a reqular growth in the sense that there exists a sequence (ry)n>0 with
rn > M"(R, f) and M(ry, f) > r;" forn > 0. (3.2)

Lemma 3.3. [13] Let f1, fo, ..., fx be non constant transcendental entire functions.
Suppose that for all j € {1,2,...,k}, f; satisfies Lemma (a) with m = m; > 1.
Let g= fi0 fao---0 fi, then g satisfies Lemma(3.9 (a) with m = myma ... my.

Lemma 3.4. [6] If f is a transcendental entire function with finite order and pos-
itive lower order then f is log regular.

Lemma 3.5. [13] If f is a transcendental entire function with order less than 1/2,
then f satisfies Lemma[3.9 (a) for some m > 1.

Lemma 3.6. [13] Let f1, fo,. .., frx be non constant transcendental entire functions.
Suppose that for some j € {1,2,...,k}, f; is log-reqular. Then g = fi0 fao---0 fi
is also log-reqular.

Theorem 3.1. Let h = fi o foo---0o f, where fi(i = 1,2,...,n) are transcen-
dental entire functions, each having order less than 1/2. If there is a number
j€41,2,3,...,n}, such that f; has positive lower order, then Ar(h) is a spider’s
web.

Remark 3.1. (i) If further 0 < py, < % for k # j above, then by a well known
theorem of Polya, h is of infinite order, and thus this gives an example of a
transcendental entire function A of infinite order for which Az (h) is a spider’s
web.

(ii) Theorem [3.1| with Lemma [3.1] immediately yields Theorem B of [12].

Proof. In order to prove the Theorem, it is sufficient to show that h satisfies the
two conditions of Lemma [3.:2] Now by Lemma [3.5 each f; will satisfy Lemma
[B-2(a) with m = m; > 1. Hence h satisfies Lemma a) by Lemma with

m =mimsa...Mpy.

Also for some j € {1,2,...,n} the lower order \; of f; is greater than zero and
so f; is log regular, by Lemma Hence h is log regular by Lemma and so
ARg(h) is a spider’s web by Lemma [3.2] O
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