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Abstract. Let ¢(n) be the Euler function, 6(n) = Y, din d the sum of divisors function and
y = 0.577 ... the Euler constant. In 1982, Robin proved that, under the Riemann hypoth-
esis, o(n)/n < e’ loglogn holds for n > 5040 and that this inequality is equivalent to the
Riemann hypothesis. The aim of this paper is to give a similar equivalence for n/@(n).

1. Introduction

Let n be a positive integer, @(n) the Euler function (i.e. the number of integers m sat-
isfying 1 < m < n and coprime with n), o(n) = Z din d the sum of divisors of n and
y = 0.577 ... the Euler constant.

When n — o0, Landau proved that

n/en) < (1+o(1))e’ loglogn (1.1)

(cf. [6],[7,216-219] and [5, Theorem 328]), while in 1913, Gronwall proved that o(n)/n <

(1 + o(l))ey loglogn, (cf. [4] and [5, Theorem 323]). There are infinitely many »’s such

that n/@(n) > e’ loglog n (cf. [9, 10]) but there are infinitely many »’s such that o(n)/n >

e’ loglog n only if the Riemann hypothesis fails (cf. [16, 15, 12]).

In 1982, Robin proved that

? < e’loglogn for n > 5040, (1.2)

is equivalent to the Riemann hypothesis (cf. [16, 15]). The inequality (1.2) is called Robin

inequality.

Let f(n) be an arithmetical function, i.e. a function defined on the positive integers
with positive real values. The integer » is said to be an f-champion if 1 < m < n implies
S(m) < f(n).

The champions for the number d(n) of divisors of # are called highly composite numbers.
They have been defined and studied by Ramanujan (cf. [13], [1, Sect. 4] and [11]). The
champions for o(n)/n are said to be superabundant (cf. [14, Sect. 59], [1, Sect. 4] and [12,
Sect. 3.4)).

An integer M is called a super f-champion if there exists € > 0 such that

f _ fM
gl
n¢é Me
Let p; denote the jth prime and

for neN. (1.3)

M, =pp;...p,
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the jth primorial, i.e. the product of the first j primes Itis easy to see that, if f(n) = n/@(n)
then the f-champions are the numbers M, for j > 1. Indeed, if n < M _then the standard

factorization of n can be written n = qllqu . qy withq, < g < ... < g, r < jand
q; = p; for 1 < i < r. Therefore,
J M
D; Di pj
< = : (1.4)
R TE R T P

It follows from (1.3) that a super champion is a champion. In Sect. 2, in the case of f(n) =
n/@(n), it is proved that all the f-champions are super f-champions, i.e. that the set of
super f-champions coincide with the set of primorials.
Let us set
5 =e"(4+y—log4n)) = 3.6444150964 ... (1.5)

and, if » is an integer > 2,

c(n) = <? — e’ loglog n)\/log n. (1.6)

In [10, Theorem 1.1], it is proved that, under the Riemann hypothesis,

lim sup ¢(n) =
n—o0
Theorem 1.1. Let
k =120568, p, = 1591873, logM, =1590171.635973... (1.7)
and
Pi+1Pk+2 1591883 x 1591901
A=M =M ,log A =1590171.636107 ... 1.8
% pepecte  P1591873 x 1591697 ¢ (18
Then,
c(A) = 3.6444151157 ... > 6 = 3.6444150964 ... (1.9)
and, under the Riemann hypothesis, for n > A,
c(n) < 6=e"@d+y—log(dr)) = 3.6444150964 ... (1.10)

In other words, A is the largest number n such that (1.10) holds.
Moreover,

e’ (4+y —log(4rn)
L<e710glogn+ ( ) for n>A (1.11)

() Jlogn

is equivalent to the Riemann hypothesis.

In [10, cf. Theorem 1.1 and p. 320], it is proved that (1.10) holds for n > Mpk+1 , but not
forn = M, . So, to prove 1.10, it suffices to show that A is the largest number satisfying
Mpk <A< Mpk+1 and c(A) > 6. This will be done in Sect. 3 by using the method of
benefits, cf. below, Sect. 2.1.

If the Riemann hypothesis does not hold, then (cf. [9, Theorem 3 (c)] and [10, p. 312])

lim sup ¢(n) = +o0 (1.12)

n—oo

which contradicts (1.10) and proves the equivalence of (1.11) with the Riemann hypothesis.
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1.1. Notation
* p1 =2, pp =3,...,p; is the jth prime.
« P ={2,3,5,...} is the set of primes.
e O(x) = Z log p is the Chebyshev function.
<X
. ij = ;1172 ... pj is the jth primorial. If p is the jth prime then M, = ij.
 k and p,, are defined in (1.7).
o We use the following constants: y is Euler constant, A is defined in (1.8), 6 in (1.5)
and A in (3.2).
« All the computations have been carried out in Maple, cf. [17].

2. The Super Champions for n/p(n)

M is said to be a super champion (cf. (1.3)) for the function n — n/@(n) if there exists
an € > 0 such that
n1-9 MU~
p(n) — e(M)
for all positive integers n. The number ¢ is said to be a parameter of M. From (1.1),
it follows that, for e > 0, lim,_,, n!= /@(n) = 0 so that n'!=%) /@(n) has a maximum
attained in one or several numbers, and all these numbers are super champions.
The study of these super champions is similar to the one of superior hignly composite
numbers (cf. [13], [1], [2, Sect. 6.3] and [11, Sect. 4]) or of CA numbers (cf. [14, Sect.
59], [1], [3] or [12]), but much simpler. We consider the set of decreasing numbers

@2.1)

A

log(3/2 log (p;/(p; — 1)
6‘:{:9\0:00>§1:1>:§ZZM>. A:M>

L&
log p;

i s

log3
2.2)
where p; denotes the ith prime.

Proposition 2.1. Let M be a super champion for the function n — n/@(n) with parameter
€. One definesi > 1 by €; < e <&,_; (cf. (2.2)).

If e satisfies €; < € < €;_, then there is one and only one super champion for the function
n — n/q@(n) with parameter €. This super champion number M is equal to the primorial

defined by
Mm=m, =] » (2.3)

(By convention, py = 1 and the empty product M| = 1).
If € = €,, then there exist two super champions with parameter €, namely

M, = H p and M, = H p. (2.4)

DPSPi-| PSp;

Proof. Let n = sz 1 pjj (with only finitely many a;’s positive). We have to find the
maximum of
a j(l—e)
nl—e i

o) Lt o(p))

)
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i.e. for each j > 1, to find the maximum on a; of
a;(l1-¢) . _
pjf 1 A A if a; = 0 03

— = pj . fj—ajs 3 .
(/’(pj/) (p=1p,”" Py

So, this maximum is attained for a; = 0 or a; = 1.

Ifj < i—l,thené\j =&, Ej—

maximum on a; ofpj/((pj - l)pjjg) is attained for a; = 1.

€ is positive and pjj ~ > 1 holds so that from (2.5) the

~

Ifj > i+ 1, then Ej <E, € ; — € is negative and p;j ~° < 1 holds so that the maximum

ona;of p;/((p; — I)ijg) is attained for a; = 0.
If j = iand € # &, then Ej =g, é‘j — ¢ is negative and pj’_e < 1 holds so that the
maximum on a; of p;/((p; — l)pj’ 6) is still attained for a; = 0. Therefore, if £ # £, the

maximum on n of n'~¢ /¢(n) is attained on n = M, .
1

If j = i and € = &, then the maximum of p; / ((p,— l)pjjé) is equal to 1 and is attained on
two points, namely a; = 0 and a; = 1 which implies that the maximum on n of n'=¢ /p(n)
isattainedonn=M, andn=M,. O

From now on, we shall replace the expression “super champion for the function n +—
n/@(n) with parameter €” by “primorial with parameter £” . The first primorial numbers
are given in Figure 1.

i|p £ M=M, | M/p(M) | parameter
01 s 1 1 [2,.20)
12 1 2 2 [, .21
213 | log(3/2)/log(3) = 0.369 6 3 [5.5,]
305 | log(5/4)/log(5) = 0.138 30 15/4 [, .65]
417 | log(7/6)/log(7) = 0.079 210 35/8 A
5111 | log(11/10)/log(11) = 0.039 | 2310 77/16 [ . 55]
6 | 13 | log(13/12)/1log(13) = 0.031 30030 1001/192 [£7,86]
7117 | log(17/16)/log(17) = 0.021 | 510510 | 17017/3072 [£g.€7]

FIGURE 1. The first primorial numbers

2.1. Benefit.

Definition 2.2. Let ¢ be a positive real number and M a primorial of parameter €. For a
positive integer n, we introduce the benefit of n

ben, (n) = log (iﬁ;) —log (Z(:)) = log <<Z§\’Z)>) +(1-¢)log (%) 2.6)

Note that that, if M is another primorial of parameter €, then (2.1) yields M- / qo(ﬂ ) <
M'=¢/p(M)and M'~¢ /(M) < M'~¢ /p(M), which implies M '~¢ /(M) = M '€ /(M)
so that (2.6) returns the same value for ben, (n) if M is replaced by M.
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This notion of benefit has been used in [8, 3] for theoretical results and, for computation,

in [11, Sect. 3.5] and [12, Sect. 4.6].
From (2.1), it follows that, for any n,

ben,(n) > 0

holds. Let M be a primorial of parameter €. Let us write

M=Hp”1’ and n=HpbP,

pPEP pPEP
(with only finitely many b,’s positive). For p € P, (2.6) yields
o(p)
@ (p™)
As @(n) is multiplicative, (2.6) and (2.9) give

ben, (n) = Z ben, (M p"~4)

ben, (M p?~%) = log ( ) +(1=¢&)(a,—b,)logp >0,

peP
and, from (2.9),
0 if a, = bp,
b M) =y esos i =y
(bp—l)elogp if a,=1b,21

Note that, if a,= 1 and bp =0, then

ben, (M /p) = log (p/(p - 1)) —elogp
while, if a, = 0 and bp = 1 then, from (2.11),

is decreasing on p

ben,(Mp) =log ((p—1)/p) + €logp is increasing on p.

3. Proof of Theorem 1.1

Q2.7)

(2.8)

2.9)

(2.10)

@2.11)

2.12)

(2.13)

In this section, k and p; are defined by (1.7). The benefit (cf. Sect. 2.1) is defined

relatively to the primorial M e with the parameter (cf. (2.2))

log (pk+1/(Pk+l - 1))
log pyy1
which is the common parameter of the primorials M, and M, sy Note that

=4.39893721125 ... x 1078,

E=¢Ept1 =

log M, =6(p;) = 1590171.6359.... M, /¢(M,, ) = 254354509 ...

and

3.1)

logM,, = =0(piy1) =1590185.9164.... M, /o(M,  )=2543546694 ...

From (1.5), we also introduce the notation

A=6e7 =4+y—log(drn) =2.046191417932 ...

(3.2)
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Lemma 3.1. The function

g(t) = e1 —log (logt + A/ /1), (3.3)
with € defined by (3.1) and A by (3.2), is convex fort > 2.36. Moreover, g is decreasing on
tforlogMpk <t< logMp

k+1°

Proof. We have
1/t =4/ (263/?)

log? + 2/\/; ’
2 5/2 3/2y)2
0= 1/12 =34/ (43/2) . (1/t = 4/283/%)) ‘ 55)
log? + A/+\/t (logt + A/1/1)?
The second fraction of (3.5) is clearly non-negative while the first one is positive for ¢ >
942/16 = 2.35513 ..., which proves the convexity of g. Therefore, g’(¢) is increasing on ¢
for t > 2.36. As

¢ (logM,,, ) = -9.49208 .. x 1072 <0 and lim g'()=¢>0,

g=¢- (3.4)

g(?) is decreasing for 2.36 < t < log Mpk+1 and since log M, > 2.36 holds, g(?) is
decreasing for log M e <t < logM et In fact, the minimum of g(z) is attained for

t = 1590506.7305 ... (cf. [17]). O
Lemma 3.2. Let n satisfy M o <n<M, and
c(n) = 6 = Ae?, (3.6)
where c(n) is defined by (1.6), 6 by (1.5) and A by (3.2). If € is defined by (3.1), then
ben,(n) < f=9.1x1071, (3.7)

Proof. As ¢ is a parameter of the primorial M . from (2.6) and (1.6),

Pr

P(M,)

ben, (n) = —logL + elogn + log —elogM,
n) k

o(

Y M
=—log<e7<loglogn+c(n)/e )>+elogn+log L —¢elogM,, ,

logn »(M,,)

which, from (3.6) and Lemma 3.1, implies

Pk

ben,(n) < g(logn) —y + log —elogM
‘ o(M,,) P
D ~11

<gllogM, )—y+1 —elog M, =9.0974000017...x 107", 3.8
\g( og Pk) 14 0og (O(Mpk) glog Pk ( )
which proves (3.7). [l
Lemma 3.3. Let n be an integer satisfying M, <n<M, andben,(n) < f =9.1X

107!, Then there there exist primes q1,qy, ... , Gy q; s qé, ey q; such that
= D%y with 1<r<4, (3.9)

9,4, ---4q;

Prr1 S 41 <Gy < ... < g, < pryyg = 1592081
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and

P = q; > qé > . > q; 2 Pr_10 = 1591697.
Proof. Let us write n = Hpep pbr and M, = Hpep p witha, =1if p< pyanda, =0
if p > p;. From (2.10),

ben, (n) = Y. ben, (M, p’r~%). (3.10)
pEP
From (2.7), each term of the above sum is non-negative and our hypothesis, ben,(n) < f,
implies
0 <ben, (M, p"~%) < p forpeP. (3.11)
eIfa,=1and b, =0, then p < p; and from (2.11) and (2.12),

ben, (M, /p) =1log (p/(p—1)) —€logp
is decreasing on p. From (2.11)

ben, (M, /p;_y;) = ben, (M, /1591663) =9.29...x 107" > B,

so that
P € {Pk_10>Pk—9> -+ » Px }- (3.12)
o If a,= 1 and bp > 2, then, from (2.11),
bene(Mpk phr%) = (b, — lelogp > elogp
> elog2=3.049...x107% > p. (3.13)

Consequently, from (3.11), such a p does not divide n.
eIfa,=0and b, > 2, then p > p; holds and from (2.11),

ben, (M, p") log ((p—1)/p) + b, log p
log ((Pry1 — D/pry1) +2elogpyyy

628...x107 > p (3.14)

\%

so that such a p does not divide n.
eIfa,=0and b, = 1 then p > p;, holds and, from (2.11) and (2.13),

ben, (Mpkpbﬂ_ap) = ben, (pMpk) = log ((p — l)/p) +elogp
is increasing on p. From (2.11),

ben, (pir1sMy, ) =108 ((Prg1s = D/ Prsis) + €108 prpis = 9.119...x 10711 > p,
so that

P € {Prs1sPrs2s -+ Pry14)- (3.15)
From (3.12) — (3.15), it follows that n should be equal to
= D%y, (3.16)
4,9, --- 4,

withr > 0,5 2 0,py g1 <@y < ... <G S Pgpaandpe 2 ¢, > g5 > ... > g > p_yo.
Let us prove that r = s. Ad absurdum, if » > s, then, from (3.16), we would have

Py

+1 r—s _

nz Mpk P Z Mpkpk+l Z MPkpk+1 - MPk+1’
k
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which contradicts our hypothesis n < M. st Similarly, if s > r, then we would have

n_ Pras (Peray 1 Prria\4 1 1.00183
- =< ) <( ) L

M 2 Pio 1591697

AN S < 19
e Prco

DPk-10 Dk-10

which contradicts n > M, .
It remains to show that 1 <r < 4. If r =0,n = M, and we have supposed n > M, .
Ifr > 5, (2.10), (2.12), (2.13) and (2.11) imply

r

M
09 -4,
ben, (n) = bene<—q:qf MPk) = E (beng(qiMpk) + beng( qfk ))
i

!
19 -+ 4y i=1

5

M
>y <ben5(pk+iMpk) +beng< P >> =121...107% > p,
i=1 Pr-i+1

which completes the proof of Lemma 3.3. (]

After the statement of Theorem 1.1, we have seen that, to prove it, it suffices to show that
A is the largest number satisfying M, < A < M Pest and c(A) > 6. Let n be an integer
satisfying M p < n< M Pl and c¢(n) > 6. Lemma 3.2 implies ben,(n) < f defined
by (3.7). From Lemma 3.3, we compute the numbers n described in (3.9) and satisfying
ben,(n) < p, cf. [17]. There are 882 such numbers and all of them satisfy c(n) > &
and M p, <N <M, . Moreover, if we order these 882 numbers in a decreasing sequence
ny > n, > ... > ngg, then the sequence ben, (r;) is decreasing while the sequences n; / p(n;)
and c(n;) are increasing. The largest number is n; = A (defined in (1.8)), which completes

the proof of Theorem 1.1.

References

[1] L. Alaoglu and P. Erd8s, On highly composite and similar numbers, Trans. Am. Math.
Soc. 56 (1944), 448-469. Doi: 10.2307/1990319

[2] K. Broughan, Equivalents of the Riemann Hypothesis. Volume 1: Arithmetic Equiva-
lents, Encyclopedia of Mathematics and its Applications 164, Cambridge University
Press, Cambridge, 2017. Doi: 10.1017/9781108178228

[3] P.Erd6s and J.-L. Nicolas, Répartition des nombres superabondants, Bull. Soc. Math.
Fr. 103 (1975), 65-90.

[4] T. H. Gronwall, Some asymptotic expressions in the theory of numbers, Trans. Am.
Math. Soc. 14 (1913), 113-122. Doi: 10.2307/1988773

[5]1 G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers, fourth ed.,
Clarendon Press, Oxford, 1960.

[6] E.Landau, Uber den Verlauf der zahlentheoretischen Funktion ¢(x), Arch. der Math.
u. Phys. (3) 5 (1903), 86-91.

[7] E. Landau, Handbuch der Lehre von der Verteilung der Primzahlen, second ed.,
Chelsea, New York 1953.

[8] J.-L. Nicolas, Ordre maximal d’un élément du groupe S, des permutations et ‘highly
composite numbers’, Bull. Soc. Math. Fr. 97 (1969), 129-191. Doi: 10.24033/b-
smf.1676

[9] J.-L. Nicolas, Petites valeurs de la fonction d’Euler, J. Number Theory 17 (1983),
375-388. Doi: 10.1016/0022-314X(83)90055-0



A ROBIN INEQUALITY FOR n/¢(n) 9

[10] J.-L. Nicolas, Small values of the Euler function and the Riemann hypothesis, Acta
Arith. 155 (2012), 311-321. Doi: 10.4064/aal55-3-7

[11] J.-L. Nicolas, Highly composite numbers and the Riemann hypothesis, Ramanujan J.
57 (2022), 507-550. Doi: 10.1007/s11139-021-00392-0

[12] J.-L. Nicolas, The sum of divisors function and the Riemann hypothesis, Ramanujan
J. 58 (2022), 1113-1157. Doi: 10.1007/s11139-021-00491-y

[13] S.Ramanujan, Highly composite numbers, Proc. Lond. Math. Soc. (2) 14 (1915), 347-
409. Doi: 10.1112/plms/s2_14.1.347 . In Collected Papers of Srinivasa Ramanujan,
78-128, Cambridge University Press, Cambridge, 1927.

[14] S. Ramanujan, Highly composite numbers, annotated and with a foreword
by J.-L. Nicolas and G. Robin, Ramanujan J. 1 (1997), 119-153. Doi:
10.1023/A:1009764017495

[15] G. Robin, Sur l'ordre maximum de la fonction somme des diviseurs, Seminar on
number theory, Paris (1981-82), 233-244, Progress in Mathematics 38, Birkhéuser,
Boston, 1983.

[16] G. Robin, Grandes valeurs de la fonction somme des diviseurs et hypothése de Rie-
mann, J. Math. Pures Appl. (9) 63 (1984), 187-213.

[17] J.-L. Nicolas, Computation about the paper: A Robin inequality for n/phi(n),
available onlineathttp://math.univ-1lyonl.fr/homes-www/nicolas/
calculphisig2.html

Jean-Louis Nicolas

Université de Lyon,

Université Claude Bernard Lyon 1,
CNRS UMR 5208

Institut Camille Jordan, Mathématiques,
Bat. Doyen Jean Braconnier,

43 Bd du 11 Novembre 1918,

F-69622 Villeurbanne cedex,

France

nicolas @math.univ-lyon1.fr



