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Abstract. We define the projective symmetry group of a finite sequence of
vectors (a frame) in a natural way as a group of permutations on the vectors
(or their indices). This definition ensures that the projective symmetry group is
the same for a frame and its complement. We give an algorithm for computing
the projective symmetry group from a small set of projective invariants when
the underlying field is a subfield of C which is closed under conjugation. This
algorithm is applied in a number of examples including equiangular lines (in
particular SICs), MUBs, and harmonic frames.

1. Introduction

1.1. Motivation. Finite frames provide redundant and stable expansions, which
have numerous applications [6]. The 1-dimensional projections in the frame ex-
pansion are unchanged if the vectors are multiplied by scalars of unit modulus. In
many applications of finite frames, e.g., robustness to erasures, the cross correlation
between the vectors (the modulus of their inner products) is is vitally important.
This is unchanged if the vectors are multiplied by a unitary matrix, or by scalars
of unit modulus, i.e., the frame is considered up to projective unitary equivalence.
Many frames which are optimal for applications are projectively unitary equivalent
to one from a special class of frames, e.g., harmonic frames, SICs (equiangular tight
frames with a maximal number of vectors) and MUBs (used in quantum informa-
tion theory). Understanding such a frame, which usually comes as a group orbit, is
often helped by knowing its projective symmetry group. For example, the standard
method for finding an analytic form of a SIC is to find a generating vector which is
an eigenvector of a projective symmetry. This allows one to simplify the system of
equations which determine such a vector. It may not be clear that a given frame is
a group frame, e.g., the original constructions of harmonic frames and MUBs were
not as group orbits. There is a growing body of evidence that complex (projective)
spherical t—designs with the minimal number of vectors are group frames, or the
orbit a small number of vectors. This can be determined (for any frame) by calcu-
lating the projective symmetry group. Moreover, knowing the full symmetry group
simplifies the counting of frames up to projective unitary equivalence. In this paper,
we give an explicit parallelisable algorithm for computing the projective symmetry
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group of any finite frame. We then apply this to SICs, MUBs, and harmonic frames
(including calcuating their number of erasures).

1.2. Key definitions. Let ® = (v;);es be a finite sequence of vectors. A “pro-
jective symmetry” of (v;) is given by an invertible linear map L for which (Lv;)
equals (v;) up to reordering and multiplication by unit scalars, i.e.,

Lvj = ¢jvgj, lej| =1, o€S,. (1.1)

The example ® = (eq, —e1, e2, —e2) shows that the choice for L and (c¢;) is far from
unique, and the example ® = (eq,eq,e2,e2) that L and (¢;) are not sufficient to
determine the permutation o. For these reasons, we define the projective symmetry
group as a group of permutations on the index set J (or the vectors themselves).
Throughout, we assume all vector spaces X are over a subfield of C. If the span
of a finite sequence (v;) is X, then we will refer to (v;) as a frame for X, as is
commonly done when X is an inner product space.

Definition 1.1. Let ® = (vj);es be a finite sequence of vectors with span X. Then
(1) The projective symmetry group of ® is

Symp(®) :={c € S;:3L € GL(X), |¢j| =1 with Lv; = ¢jv,4,Yj € J}.
(2) The symmetry group of @ is
Sym(®) :={o € Sy :3L € GL(X) with Lv; =v,;, Vj € J}.

These are clearly subgroups of S (the symmetric group on J), and the symmetry
group is a subgroup of the projective symmetry group, i.e.,

Sym(®) C Symp(P) C Sy.

One can also consider projective symmetries induced by antilinear maps (see Section
5). We say that (v;);es and (w;) e which span X and Y are projectively similar
if

wj = ¢;jQuj, Y, (1.2)
and similar if

wj = ij’ Vj, (13)

where @ : X — Y is invertible, and |¢;| = 1. We observe,

e Projectively similar sequences of vectors have the same projective symmetry

group.

e Similar sequences of vectors have the same symmetry group.
The symmetry group and its calculation from the Gram matrix of the canonical
tight frame was studied in [20], [21]. At that time (cf. §5 of [21]), it was believed
that the projective symmetry group could not be calculated in general (except over
R) because of the nonuniqueness of the L and (¢;) in (1.1). A recent characterisation
of projective similarity in terms of a small number of projective invariants (m-—
products) [4], [9] now makes this possible.
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1.3. Outline. The paper is set out as follows. In Section 2, we recall some basic
frame theory [6], [24], and then extend it to vector spaces without inner products.
In particular, a sequence of vectors is similar to a (canonical) tight frame. This
allows the complement of a sequence of vectors (v;) to be defined (up to projective
similarity). We show that a frame and is complement have the same projective
symmetry group. In Section 3, we give a set of projective invariants which determine
a sequence of vectors up to projective similarity. This requires that the underlying
field be closed under complex conjugation. In Section 4, we give an algorithm
for calculating the projective symmetry group from a small set of the projective
invariants. The only known algorithm [16] is for the special case of d? equiangular
vectors in C% which are given as a group orbit. In Section 5, we consider “antilinear
symmetries”, and the corresponding extended projective symmetry group and its
calculation. In Section 6, we consider simplifications in our algorithm that occur for
group frames, and apply the algorithm to find the extended projective symmetry
group of certain SICs and MUBs. In Section 7, we give the results of our extensive
calculations of the projective symmetry group, and extended projective symmetry
group of harmonic frames.

2. Tight Frames and the Complement of a Frame

We now give the basic theory of tight frames we require (see [25] for further
detail). A sequence of vectors ® = (v;) e in a real or complex Hilbert space H is
said to be a frame for H with frame bounds A, B > 0 if

AlIFIP <D 1 F o) P < BIFIP,  VFeH. (24)
jeJ
For J finite this is equivalent to the (v;) having span H. When A = B, ® is said
to be a tight frame, and when A = B =1 it is a normalised tight frame. For
tight frames the polarisation identity implies (2.4) is equivalent to

1
F=3> (fvv, Ve (2:5)
jeJ
A tight frame is said to be equiangular if its vectors have equal norms, and there
is some C' > 0 with

[(vj,ve)| =C,  Vj#k.
The synthesis operator for a finite sequence (v;);cs in H is the linear map
V= [wjljes 1 lo(J) > H:a— Zajvj,
jeJ
and its frame operator is the linear map S = Sy = VV* : H — H given by

Sf = Z(f,vj>vj, VfeH.

jeJ

—

f & = (vj)jes is a frame, then S is invertible, and the canonical dual frame
® = (9;) is defined by

vy =Sty Vi€, (2.6)
and the canonical tight frame ®“" = (v;*") by

Ve = Sy, Ve (2.7)
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A frame and its canonical dual satisfy the expansion

F=Afv)o = (fity)v5, Y EH,
JjeJ JjeJ

and the canonical tight frame is a normalised tight frame, i.e.,

F=Afumes™, Ve
jeJ
In view of definitions (2.6) and (2.7), a frame, its canonical dual and canonical tight
frame are all similar. A simple calculation shows that normalised tight frames are
similar if and only if they are unitarily equivalent, i.e., the @ in (1.3) can be taken
to be unitary. The Gramian of a sequence of n vectors ® = (v;);ecs in H is the
n X n matrix
Gram(®) := V'V = [(vg, v;)]j ke-
The injective linear map
Ry =V*Sy,t =V (V)
takes the vectors of a frame ® to the columns of
_1 1

Gram(®“") = (S, V)*S, 2V =V (VV*) "'V = V*S‘;lV, (2.8)

ie.,
Rov; = V*(VV*) " ly; = Gram(®“" e,

where e; is the j-th standard basis vector. A sequence of vectors is a normalised
tight frame (for its span) if and only if its Gramian matrix P is an orthogonal
projection matrix, i.e., P2 = P and P = P*. Hence for the purpose of determining
similarity, ® can be replaced by the normalised tight frame given by the columns of
the orthogonal projection matrix Gram(®"). In view of (2.8), Gram(®*") can be
calculated without taking the square root of the frame operator Sy, a preprocessing
step which is usually not numerically stable. Using the theory of frames for vector
spaces [22], this association can be extended to vector spaces (without an inner
product), where Gram(®°") is replaced by the orthogonal projection matrix Py
(cf. [9]). This requires that the underlying field IF of the vector space X be a subfield

of C which is closed under conjugation, e.g., F = Q,R,C. We assume this from
now on.

Definition 2.1. Let ® = (v;);es be a finite sequence of vectors in X, with synthesis
operator V- = [vj]cs. The subspace of all linear dependencies between the vectors
of ® is

dep(®) := ker(V) = {a € F/ : >_jajv; =0},

and we denote the orthogonal projection onto dep(®)* (orthogonal complement) by
Ps.

If X =span(®) and A : X — F™ is an injective linear map, then
Py = (AV)TAV,
where At is the pseudoinverse of A. For ® a frame, taking A = V*, gives

Py = Gram(9").
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The sequence @ is similar to the normalised tight frame (for a subspace of F”)
given by (Pe;), the columns of P = Py, via the well defined injective linear map
Rs : X — F/ with
R@’Uj = P¢ej, Vj (29)
The Euclidean inner product between these vectors is
<P6j, P€k> = ij,
i.e., P is the Gram matrix of (Pe;).

Proposition 2.2. Let ® = (v;) and U = (w;) be finite frames for X andY . Then
(1) @ and ¥ are similar if and only if

Py = Ps.
(2) ® and ¥ are projectively similar, i.e., w; = ¢;Qu;, if and only if
Py = C*PsC,
where C' is the diagonal matriz with diagonal entries c; of unit modulus.

Proof. It suffices to show that ® and ¥ are projectively similar, i.e., w; = ¢;Quj,
equivalently W = QVC, if and only if Py = C*P3C. (=) Suppose that ¢ and
U are projectively similar. Let A : X — F™ be an injective linear map. Then
AQ~':Y — F™ is an injective linear map, and so

Py = (AQ™'W)TAQ™'W = (AQ™'QVO)TAQ™'QVC
= (AVC)TAVC = C*(AV)TAVC = C* P3C.
(«<=) Suppose that Py = C*PsC. By the implication just proved,
Py = CPyC" = Piry,)-
Thus @ := R(_Ciwj)ch maps v; to Gwy, i.e., w; = ¢;Quj. O

We say that two frames ® and ¥ are complementary (or complements of each
other) if Py and Py are complementary projection matrices, i.e.,

Py + Py = 1. (2.10)

The complement of a frame is well defined up to similarity. In view of Proposition
2.2, the complement of a tight frame in the class of normalised tight frames is
well defined up to unitary equivalence, and complement of a frame in the class
of projectively similar frames is defined up to projective similarity. There is a
bijection between permutations o € S; and the J x J permutation matrices, given
by o +— P,, where

Psej = eqj.

We can express a symmetry o in terms of P, as follows.

Lemma 2.3. Let ® = (vj);cs be a finite frame for X. Then

(1) o € Sym(®) <= P:PyP, = Py.

(2) 0 € Symp(P®) <= PrPsP, = C*PgsC, for some unitary diagonal matrix
C.
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Proof. We observe that o € Sym(®) if and only if & = (v;) is similar to ¥ = (v,;),
and o € Symp(®) if and only if ® is projectively similar to ¥ = (v,;). Let V = [v;],
and A : X — F™ be an injective linear map. Then
[vos] = [Veos] = Vleq;] = VP,
so that
Py = (AVP,)TAVP, = P*(AV)'AVP, = PPy P,,
and so we obtain the result by applying Proposition 2.2. (I

In [21] (Theorem 3.7) it was shown that if ¥ is a complement of ® up to similarity,
i.e., Po + Py = I, then

Sym(¥) = Sym(P).
We now prove the corresponding result for the projective symmetry group.
Theorem 2.4. Suppose that ® = (v;)jes is a finite frame for X. If U is a comple-

ment of ® up to projective similarity, i.e., Po + CPyC* = I, where C is a unitary
diagonal matriz, then

Symp(¥) = Symp(®).

Proof. Since the definition of frames being complementary is symmetric, it suffices
to show that Symp(®) C Symp(¥). Suppose o € Symp(P). Then, by Lemma 2.3,

P; Py Py = CyPsCy,
for some unitary diagonal matrix C,. Now
P:PyP, = P:(I — C*PyC)P, = I — P*C*PyCP,.
Let ¢; be the diagonal entries of the matrix C. Since (¢;jv;) is projectively similar
to ® = (vj), Pc;v;) = C*PsC, and o € Symp((cjv;)) = Symp(®), we have
P*C*P3CP, = C:C* Py CC,,

for some unitary diagonal matrix C,. Thus

P*PyP, =1 —C'C*PpCC, =1 — C*(I — Py)C, = C*PyC,,
and so, by Lemma 2.3, we have o € Symp (). O

Example 2.5. Let & = (vj);cs be an equal-norm tight frame of d + 1 vectors for
C?, e.g., the vertices of the reqular simplex. Since Pp has a constant diagonal, the
complement U of ® consists of d+ 1 equal-norm vectors (w;) in C'. Let w; = [a;].
For any o € Sy,

-1

W; = CjWegyj, Cj = ajagj 5

so that o € Symp(®), and we obtain
Symp(®) = Symp(¥) = 5.

Thus all equal-norm tight frames ® = (v;)jcs of d+1 vectors in C¢ are projectively
similar, with projective symmetry group Symp(®) = 5.
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3. Projective Invariants

For the purpose of determining projective similarity between ® = (v;) and ¥ =
(w;), and hence calculating Symp(®), it suffices to assume that ® and U are the
normalised tight frames given by the columns of P and Py. Under this assumption,
if ® and V¥ are projectively similar, i.e., w; = ¢;Quj, equivalently W = QV C, then
@ is unitary, since

I=WW*=QVCCV*Q" =QVV*Q* = QQ".
Further, the conditions of Proposition 2.2 become
(wj7wk) = (P\p)kj = (P@)jk = <7}j, Uk (similarity).

(wj, wi) = (Py)r; = (C*PoC) i = cjcr(vy, vi) (projective similarity).
The second of these shows that the inner product between vectors is not a projective
invariant (preserved by a projective similarity), indeed

(wj, wi) = (c;Quj, ckQui) = ¢;Cr(Quj, Qui) = ¢;Ck (v, V).
There do exist projective invariants, e.g.,
(wyy s Wiy YWy, Wiy ) (W, iy ) = (€5, QUiy 5 €5y Q3 ) (12 QU 5 €3 Q3 ) (€3 QU3 5 €5, QUi )
= €51 Gy (Vjas Vi) €3 gz (Vi Vs ) C1a Gy (Vs Ui )
= <Uj1 ) Uj2><vj2 ) Uj3><vj3 » Vg1 >
Generalising this example gives the following projective invariants.
Definition 3.1. Let ® = (vj);es be a sequence of n vectors (in a vector space over

a subfield of C which is closed under complex conjugation), and P = Py = [pji].
Then the (canonical) m—products of ® are

Ac(vjy, .. ,v5,) = (Pej,, Pej,)(Pej,, Pej,) - -+ (Pej,._,, Pej,.)

= Pj2j1Pjsja " Pirim JiseosJm €4, 1 <m<n.

(3.11)

Clearly, Ac(vj,, ..., vj,, ) is invariant under cyclic shifts of jq,. .., jm, and so it is
often convenient to think of it being defined on the m—cycle (j1,...,75m). A subset

of the m—products is called a determining set for ® if it characterise ® up to
projective similarity. In [9] certain determining sets were studied.

Theorem 3.2. ([9]) Let ® = (vj) and ¥ = (w;) be finite sequences of vectors

in vector spaces over a subfield F of C which is closed under complex conjugation.

Then

(1) ® and ¥ are similar if and only if Pp = Py.

(2) @ and U are projectively similar if and only if their canonical m—products (for
a determining set) are equal.

Here the first equivalence is included for the purpose of comparison (see Proposition
2.2). The subsets of the m—products which are determining sets depend on the zeros
of Py. The frame graph of ® is the graph with vertices the vectors of ® = (v;)
and

an edge between v; and vg, j £k <= (vj,v5) #0.
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One choice for a determining set is the m—products which correspond to a basis
for the cycle space of the frame graph. In particular, when Pg has no zero entries,
i.e., the frame graph is complete, a determining set is given by the 3-products.
From Theorem 3.2, we obtain the following computable condition for a permutation
o € Sy to be in the projective symmetry group of ® = (v;);e..

Proposition 3.3. Let & = (v;);es be a finite frame for X. Then o € Symp(®) if
and only if

Ac(’l)j“. .. ,’Ujm) = AC(’UUJ'I, e ,’Ugjm),

for all cycles (ji,...,j5m) from a determining set for ®.

Proof. Since o € Symp(®P) if and only if ® is projectively similar to ¥ = (v,;),
this follows from Theorem 3.2.

4. The Algorithm

For frames ® = (v;)jes and ¥ = (w;);es of n vectors, we now give an algorithm
which determines the set of o for which ® and (we;) are projectively similar, i.e.,

AC(Uj1v"~vvjm):AC(wajm"-vwcrjm)v (4.12)

for all cycles (ji,...,jm) from a determining set for ®. In particular, for ¥ = &
it calculates Symp(®), and if there exists some o then ® and ¥ are projectively
equivalent. A priori, the calculation of (4.12) requires one to consider all n! per-
mutations o € S;. To make this feasible (for large n), we seek an algorithm which
checks the m—product condition efficiently, i.e, for many permutations at a time.
There are two cases:

(1) Symp(®) is large, i.e., the m—products take few different values.

(2) Symp(®) is small, i.e., the m-products take many different values.

An extreme example of the first is the vertices of a regular d—simplex (cf. Example
2.5), where

_ﬁv j#ka

Here the m—products are all equal (for fixed m), and so it is easy to check each
o € Sy is a projective symmetry. In such cases, where Symp(®) is large, one
could try to build it using generators: starting with the identity subgroup, check
whether a random permutation not in the subgroup of Symp(®) known so far is in
Symp(P), and if so use it to generate a larger subgroup. If the index of Symp(®)
in Sy is small, then this process has a high probability of quickly finding generators
for Symp(®). Henceforth, we will concern ourselves only with the second case:
when Symp(®) is small, and the m-products take many different values. This is
the generic situation. Indeed, if the diagonal entries of Py are distinct, then so are
the 1-products, and hence | Symp(®)| = 1. For an index set J of size n, we define
a k—flag f to be an ordering of k distinct elements of J

_d_ j=k;
(Po)jr =4 41 ' Symp(®) =S.

f = (j17j27‘ .. 7.7]6)
For a given fixed n—flag
fo= (-5 0n),
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we can represent the permutation o : jp — oj, (giving a projective similarity or
symmetry) by the n-flag

Jo = (Ujl, ce agjn)~
Thus determining whether ® = (v;) and ¥ = (w,;) are projectively similar is
equivalent to determining which of the n! permutations o, i.e., n—flags f,, satisfy
(4.12). We think of each possible n-flag f, = (0j1,...,07,) as being built up from
the O—flag () by successively adding entries

=0, fr=(0j), f3=(ojr,042), ... fI=(0j,002, .. 00n)
We will call the operation of going from a set Fr_; of (k — 1)-flags to a set F
of k—flags as growing. At the k-th stage there are n — k + 1 choices for the next
entry, so that

| Fi| < (n—k+1)|Fr—1].

If | Sym(®)| < n!, then, at some stage, not all f¥ € F; will be extendable to an
n—flag satisfying (4.12). A necessary condition for such an extension to exist is
that (4.12) hold for all cycles (of length < k) on the first k indices of the fixed flag
fo=(1,...,jn) from a determining set for (vj,,...,v;, ). Removing elements from
Fi. because they fail this condition (either in full or in part) will be called pruning.
When the condition is imposed for all eligible cycles then we have a full pruning,
otherwise a partial pruning. In these terms, our algorithm for finding the set F,
of n-flags f, giving the permutations o that ® and (w,;) are projectively similar
is: Algorithm! (to determine the n-flags F, giving a projective similarity).

Let Fp:={()} consist of the empty flag
for k from 1 to n do
Grow Fi_1 to Fi
Prune Fj
end for
Fully prune JF,, if necessary.
The art is in balancing the cost of pruning, with that of growing the set of possible
k—flags overly large. One can do this on a case by case basis, or program an adaptive

algorithm. For our calculations, detailed in the next sections, we used full pruning,
which is easily programmed. We stored each k—flag (j1,...,Jk) as an n—vector

s del TN s k),

(U deliesns - dn)y ke et = I\ G-k
so that the (k 4 1)—flags could easily be constructed. The algorithm can easily be
parallelised: simply partition Fj in any way, at any stage k, and apply the algorithm
to each subset. We now illustrate our algorithm with a couple of examples, where
¥ = ®. As a pruning rule we ask that a k—flag (j1,...,Jx) match

Ac(vjl,. .. ,’Ujk) = Ac(ngl, . ,U)Ujk).

Thus at each stage we check only one new m—product, which is easily calculated.

IThe code (in magma and maple) used in our implementation of this algorithm can be found on
the second author’s homepage under a link to this paper.
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Example 4.1. The simplest example of a SIC (see Section 6) is the equiangular
tight frame ® := (v, Sv, Qu, SQU) of four vectors for C2, where

(T () ()

We have

1 L L i
AN
FRER N v R R
=l L 2 7 L
iy o,
VRV v B

Take the base flag to be (1,2,3,4). The empty flag (0—flag)
]:0:{)}7 ():(|172’354)

grows to the set of 1-flags

F1={(1),(2),(3), 4}

The pruning rule is that (vi,v1) = (We1,We, ), i.€., the norm is preserved, and so
there is no pruning. Growing gives

Fo={(1,2),(1,3),(1,4),(2,1),(2,3),(2,4),(3,1),(3,2), (3,4), (4,1), (4,2), (4,3)},

and pruning gives no reduction since ® is equiangular. We now consider growing
the 2—flag (3,2), the others being similar. This grows to the 3—flags (3,2,1), (3,2,4).
Since

S )= —m A )=
S /a0 w3, Wz, W =T = w3, W2, W = =
243 c(ws, w2, Wy 243 032424\/5
the 3—flag (3,2,1) is pruned. Continuing in this way gives

F3=1(1,2,3),(1,3,4),(1,4,2),(2,1,4),(2,3,1),(2,4, 3),
(3,1,2),(3,2,4), (3,4,1),(4,1,3), (4,2,1), (4,3,2)}.

Ac(vi,v2,v3) =

The final stage k = n, growing does not increase the size of F,_1, and in this case
nothing gets pruned, by the rule used, or a full prune. Thus we have

Symp(®) = Fy = {(1,2,3,4),(1,3,4,2),(1,4,2,3),(2,1,4,3),(2,3,1,4), (2,4,3,1),
(3,1,2,4),(3,2,4,1),(3,4,1,2), (4,1,3,2),(4,2,1,3), (4,3,2,1)}.

This is the alternating group As. Generators for Symp(®) (written in cycle nota-
tion), and matrices L which induce them are

(12)(34) S, (13)(24) @,  (132) B;:1(1 1.).

V2 \—t i
Example 4.2. Let ® = (v;) be the following two MUBs (see Section 6) in C?
(e1 +e2) e —e2)
vy =e€1, vy=e3, v3=——=(e1+e2), vg=-—(e1—e2).
1=e1 2 = €2 3= plerte 1= plae
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Here . .
L0 7 -5
1 0 1 1 1
Pe=21 1 1 \f v2
2 7 0
-1 1 9 1
V2 V2

We arrive at the same Fy as in Example 4.1, without pruning. The pruning rule
says that the modulus of the inner product between vy and vy must be preserved.
Since this is zero, the index pairs in Fo must correspond to pairs of orthogonal
vectors, which leads to the pruning

Fo=A{(1,2),(2,1),(3,4),(4,3)}.
Growing this gives
F3={(1,2,3),(1,2,4),(2,1,3),(2,1,4),(3,4,1),(3,4,2),(4,3,1),(4,3,2) }.
All 3—products for distinct vectors are zero, and so there is no pruning at this stage.
Growing, then full pruning leads to
Symp(®) = F4, =1{(1,2,3,4),(1,2,4,3),(2,1,3,4),(2,1,4,3),
(3,4,1,2),(3,4,2,1),(4,3,1,2),(4,3,2,1)}.
This group is the dihedral group of order 8 (the only subgroup of Sy of order 8),

which is generated by the following permutations

(1324)  (rotation through 90 degrees), (34)  (reflection in the x—axis).

5. The Extended Projective Symmetry Group

Let K : C* — C? be the complex conjugate operator
Kz:=z= (7).

A product of a linear/unitary map with complex conjugation is called an anti-
linear/antiunitary map (these are not linear maps). Antiunitary maps preserve
the modulus of the inner product, and so take SICs to SICs, and MUBs to MUBs.
For this reason it is useful to extend to projective symmetry group (see [2] for
SICs). Since the product of two antilinear/antiunitary maps is linear/unitary, we
can extend the groups of linear maps and unitary maps
EGL(CY :={LK*:LeGL(CY,s=0,1}, EU(CY :={UK*:Lecy(Ch,s=0,1},
and the projective symmetry group as follows.

Definition 5.1. Let ® = (vj) e be a finite sequence of vectors with span Ce. Then
the extended projective symmetry group of ® is
Symgp(®) :={0o € Sy : A € EGL(CY), |¢;| = 1 with Av; = cjvs4, Vj € J},
and we will refer to o as an anti projective symmetry if the A above is antilinear.
A permutation o is an anti projective symmetry of & = (v;) if and only if for some
linear L
LW = CjVsj, Vj € J,

i.e., ® = (v;) and (v,;) are projectively similar. Since Py = Ps,

Ac(Wj, - 05,) = Ac (Vs -5 05,,) = Ac (), 05)-
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Thus (by Theorem 3.2), ¢ is an anti projective symmetry of ® = (v;) if and only if

Ac(’l)jm,...,?)jl) = Ac(’l)a-jl,...,’l)gjm), (513)
for all cycles (j1,...,Jjm) from a determining set for ®. Since condition (5.13) is just
(4.12) with the ordering of (vj,,...,v;,, ) reversed, our algorithm can be modified

to calculate the anti projective symmetries by simply replacing Pg by its transpose
PT.

Example 5.2. Applying the full pruning algorithm to Fxample 4.1, with the m—
products Ac (v, ..., v;,, ) replaced by their conjugates, and base flag (1,2,3,4) gives
the following anti projective symmetries

Fy=1(1,2,4,3),(1,3,2,4),(1,4,3,2),(2,1,3,4),(2,3,4,1),(2,4,1, 3),
(3,1,4,2),(3,2,1,4),(3,4,2,1),(4,1,2,3), (4,2,3,1),(4,3,1,2) }.

Hence, we have
Symp(®) = Ay C Sympp(P) = S,.

Since the product of two anti projective symmetries is a projective symmetry, if
there exist antiprojective symmetries of ®, then

| Sympgp(®)| = 2| Symp(P)],

and Sympgp(®P) is generated by the anti projective symmetries, or by Symp(®)
together with any anti projective symmetry. In all cases

Symp(®) < Sympgp(®), [Symgp(®) : Symp(®)] =1 or 2.

6. Group Frames, Nice Error Bases, SICs and MUBs

Many tight frames of interest come as the orbit of a unitary group action on
H = R4, C? (cf. [23], [24]). For these, the calculation of Sym »(®) can be simplified.
Let G be a finite group. A group frame or G—frame for H is a frame ® = (v,)gecq
for which there exists a unitary representation p : G — U(H) with

gup, = p(g)vn = vgn, Vg,h € G.

When p(G) contains scalar matrices other than the identity, then the vectors in & =
(gv)geq are repeated (up to unit scalar multiples). In this case it is often convenient
to consider the frame (gv)4e,(c)/z Where Z is the group of scalar matrices in p(G).
This setup can also be described in the language of projective representations, and in
some special cases nice error bases (cf. [14], [17], [10]). Without loss of generality,
we now assume Z is a subgroup of p(G) consisting of scalar matrices, so that if
(gv)geq is a group frame, then ® = (gv)yzecp(@)/z is “group frame”, where the
vectors gv are defined up to multiplication by a unit scalar (and so the m—products
are well defined). For simplicity, we will write g € G for ¢Z € p(G)/Z. Recent
work of [7], [25] extends the theory of group frames to this situation, with the
corresponding frames being called twisted group frames or projective group frames
for the (abstract) group p(G)/Z. Let ® = (gv)g4ec be a group frame. Since the
index set is G, the projective symmetries are permutations of G. We observe that
each h € GG induces a projective symmetry

T G — G: g~ hg,
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and the subgroup 7¢ = {7 }req of Symp(P) acts transitively on G. Moreover, if
o € Symp(P) and h € G, then

O = To(h)h=10h; Oh ‘= Tho(h)-10,

i.e., o is a product of an element of 7¢ and a o}, € Symp(P) which fixes h (the
vector hv). Thus we obtain the following.

Proposition 6.1. Let ® = (gv)4ec be a group frame, then Symp(®) is generated
by the “translations” 17, and the stabiliser of any vector hv, i.e.,

Stab(h) := {0 € Symp(®P) : o(h) = h}.
In particular, to calculate Symp(®) it suffices to find the stabiliser of some vector.

For |G| = n, the calculation of Stab(h) as above, requires the examination of the
(n — 1)! permutations which fix h, and checking (4.12) for only those cycles from a
determining set for ® = (gv)g4ee which do not involve h. Thus our algorithm can
be applied (with a reduced set of permutations to examine, and a simpler pruning
rule).

Example 6.2. Consider Example 4.1. This is a group frame with p(G) = (S, Q)
having order 8, and centre Z = {I,—I}. The group p(G)/Z is Za x Za (since
QS = —5Q), and we will write it elements in the order (Z,SZ,07,5QZ). The
corresponding translations are

Tz = I, TSZ — (12)(34), TQZ = (13)(24), TSOQZ — (14)(23)

If we fiz the first vector, i.e., consider only possible projective symmetries with
ol =1, then applying our algorithm as before gives

F=1(1,2),(1,3),(1,4)}.
Growing and pruning gives
]:3 = {(1a2a3)7 (173a4)7 (174a2)}a ]:4 = {(172a374)7 (1a3a4a 2)7 (1a47273)}

Thus the stabliser of the first vector is generated by the cycle (234), and Symp(®)
is generated by generators for T,y z, say (12)(34) and (13)(24) and the generator
(234) for Stab(1).

We now present the results of our calculation of the symmetry group for SICs
and MUBs. These were done in the computer algebra packages Maple and Magma.
We use the notation <n,k> to denote the k—th group of order n, as used in Magma.
For values of n for which the Magma command IdentifyGroup(G) is unable to
identify the group, which simply give its order n. Example 6.2 can be generalised
as follows.

Definition 6.3. A symmetric informationally complete positive operator
valued measure, or SIC for short, is an equiangular tight frame of d* vectors for
ce.

SICs are usually considered up to projective equivalence, i.e., as sequences of
equiangular lines. There is a growing body of work (cf. [18], [2], [19], [4]) indicating
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that these exist in every dimension, as group frames, where the p(G) is the Weyl-
Heisenberg group which is generated by the cyclic shift and modulation operators

00 --- 01 1
10 --- 00 w

g.—=101 - 00 7 Q= w? L W= e2mi/d.
0 0 1 0 w1

(6.14)
and has centre Z = {w-jl}?;é. Here the index group is p(G)/Z ~ Zq X Zg4, which
we denote by G. Such a “Weyl-Heisenberg” SIC ® is determined (up to projective
unitary equivalence) by its 3-products (cf. [4], [9])

A = )P Ac(Gv, gu, hv) = (ju, gv){(gv, hv)(hv, jv),  j,g,h € G.
In particular, a permutation ¢ : G — G is a projective symmetry if and only if

A =N Vi, g, h.

0g,0 g,h?

By Proposition 6.1, it suffices to find the stabiliser of some fixed j € G, i.e., the
subgroup of ¢ satisfying

=N

J
A g,h?

og,och

Vg, h.

This observation is made in [16] (Chapter 10), where the Hermitian G' x G' matrix
[A 1] is replaced by the real antisymmetric matrix AY) | with entries

Aéjgl = arg(i,’h).
’ |Ag 1l
For Example 6.2 (with the same ordering), we have
11 1 1
1 3 3 3, 0 0 0 0
RN I B A NI N CO N U T
S B e 0 5 0 3
3 3/3  3v3 3 2 2

The stabiliser of some j, i.e., the set of permutations satisfying

A(j) — A(j)

g'g7o'h g,h’ Vg7h’a

is called an automorphism of the angle matrix AU). An algorithm, akin to ours,
for computing the automorphism group of a symmetric or antisymmetric matrix is
given in [16]. It is observed that such a matrix can be thought of as a weighted
(directed) graph with vertices G, and the calculation of the automophism group
is equivalent to the (well studied) weighted graph isomorphism problem. Using
our algorithm, we obtained the same extended projective symmetry groups for the
numerically known SICs in dimensions d # 3 as in [16], namely the subgroup of
it that lies in the extended Clifford group (the normaliser of the Weyl-Heisenberg
group in the unitary and antiunitary matrices), as given in [19]. As a consequence
of Proposition 6.1, we obtain a necessary condition for a frame to be a group frame.
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Corollary 6.4. Let ® be a finite frame. Then a necessary condition for ® to be a
group frame for G/Z (up to scalar multiples of its vectors) is that Symp(®) has a
transitive subgroup which is isomorphic to G/Z.

This is a sufficient condition in the following situation.

Lemma 6.5. Let ® = (v;) be a finite frame. If the frame graph of (Pgej) is
connected, and o € Symp(®), i.e.,

ij = CjVsj, VJ,

then the linear map L = L, is unique up to multiplication by a unit scalar, i.e.,the
map o — L, gives a projective representation of Symp(P).

Proof. First, we assume that (v;) is a normalised tight frame, so that L = U is
unitary, and (v, v;) = (Pser, Poej) = (Pp)r;. Suppose that

UU]' = CjVsj, Uvj = Ej’UUj, V], (615)
with U and U unitary, and c; and ¢; unit scalars. Then
(&GUv;, exUv) = (vo5,v0k) = (&Uv;, &Uv), Vi, k,

which gives
Ck ¢

% .
- )y - = Iy B V ,k.
” (v, k) Z, (v, k) j
In particular,
(Poej, Pyer) = (vj, o) #0 = 2 =% (6.16)
Cj Ck

Since the frame graph of ® is connected, for any j and k, there exists a sequence
of vectors v;, v, ,ve,, ..., Vs,,, Uk With

(jrve,) 70, (e, 00) #0, oo (ve,_yyve,) # 0, (ve,,, ve) #0,
and so by (6.16), we have
Cj  Coyy  Cpy G, Ck
&G by, &

Thus ¢ = ac for some unit scalar «, and (6.15) gives
Uvj = &jv0j = acjve; = allv;,  Vj,

i.e., U = aU. Finally, we consider the general case. Using (2.9), Lv; = ¢;v,; can
be written as

(RoLRg')Pyej = cj(Pyeq;), Vi,
where the inverse of the injective linear map Rg is defined on its image (the range
of Pg). Since (Ppe;) is a normalised tight frame, U = R LRy !'is unitary, and we
may apply the result just proved. (I

Theorem 6.6. Let & = (v;) be a frame of n vectors for H, for which

(1) No vector in ® is repeated (up to a unit scalar multiple).

(2) The frame graph of (Psej) is connected.

Then ® is a group frame for G/Z (up to scalar multiples of its vectors) if and only
if Symp(®) has a transitive subgroup which is isomorphic to G/Z.
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Proof. In view of Corollary 6.4, it suffices to prove that given a transitive subgroup
of H of Symp(®), there is a group G of linear maps for which the orbit of any vector
27

v € @ is @ (with possible repeats). Let d be the dimension of H, and w := e"d .
For each o € H, choose some L, as in Lemma 6.5, with

det(L,) = 1.

There are d scalar multiples of L, with determinant 1, namely Ly, wL,, ... ,w% 1 L,.
Let

G:={wL,:j=0,...,d—1,0 € H}, Z::{wjl};-l;é.
Since the vectors in ® are not repeated, G has d|H| elements. Moreover, G is a
group with G/Z ~ H, since
Lorvj = c}”ij, LoLyv; = Lac;v”- = c;cijij,
and the uniqueness of L., gives

LoL, =aLy., |aj=1 = 1=det(L,L,)=det(aLy,)=a’
— ac{lw,..., 0¥}, L,L,eq.
Since H is transitive, ® is the G—orbit of any one of its vectors (up to repeats). O
As an example, we consider the generalisation of Example 4.2.

Definition 6.7. A family Bi,... B, of orthonormal bases for C¢ is mutually
unbiased if

1
|<U’w>|:ﬁ7 vija ’LUEBIW ]#k

We call By, ...B, a sequence of m mutually unbiased bases, or MUBs for
short.

The frame graph of two or more MUBs is connected. There is considerable
interest in finding M (d) the maximal number of MUBs in C? (cf. [26], [11], [5]). For
d a prime power, M(d) = d+1, and for d = 6, it is only known that 3 < M(6) < 7.

Example 6.8. One can add a third orthonormal basis to those of Example 4.2, to
obtain a mazimal set of MUBs for C?

v=0=((0)-() 5 0) vz ()5 () (B

The projective symmetry group Symp(®) has order 24, and is generated by the
permutations
(13)(24)(56), (3645).

It has three transitive subgroups

Hy = ((12)(36)(45), (164)(253)) ~ 53, [Hi| = 6,
Hy = ((164)(253), (34)(56), (12)(56)),  [Ha| = 12,
H3 :Symp(‘l)), |H3| = 24.

Thus the three MUBs are a group frame for G/Z ~ H;. For G/Z ~ Ss, it is even
possible to choose G so that Z = {1}, e.g., take

G ={4,B), A::\%G —11> B::\2<—10+z’ 10i)'
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For d a prime power, there is a standard construction for ® a maximal set of
d+1 MUBs in C? [1], [26], as the eigenvectors of elements of a Weyl-Heisenberg
group. This ® can be interpreted as a group frame [27], [3], [5], where the group
is a subgroup of the Clifford group (the normaliser of the Weyl-Heisenberg group
in the unitary matrices). For d a prime, the appropriate Weyl-Heisenberg group is

dlm|n C(Zq)]Z Symp(®) | Sympgp(P) | transitive subgroups of Sym p(P)

21 3| 6 <24,12> <24,12> <48,48> | <6,1>, <12,3>

31412 <216,153> <216,153> | <432,734> | <72,41>

41 5 |20 |<768,1088659> 1920 3840 <20,3>,<60,5>, <80,49>,
<120,34>, <160,234>,
<320,1635>, <960,11357>,

) 30 3000 3000 6000 <600, 150>

71 8 |56 16464

TABLE 1. The symmetry groups Symp(®) and Sympgp(®P) for @
the tight frame of n vectors given by m MUBs in C%, including the
proper transitive subgroups of Symp(®).

that generated by S and Q of (6.14), and the Clifford group is generated by these,
the unitary scalar matrices, the Fourier matrix F' and the diagonal matrix R, where

1 . o i

Fjp = ﬁw ik Rjj, = MJ(]-&-d)(Sjk’ [ = o5

We denote this Clifford group, factored by its centre (the unit scalar matrices) by
C(Zq)/Z. Here we have

® = (9€j)gecza) /25
where e; is any standard basis vector. Our calculations for d < 5 suggest (see Table

1), the Clifford group accounts for all the projective symmetries, and the extended
Clifford group [2] for all extended projective symmetries.

Conjecture 6.9. Let d be a prime. The standard construction of d +1 MUBs in
C? has no projective symmetries other than those given by the (generating) Clifford

group.

For d a prime power p™, m > 1, the appropriate Clifford group is the Galoisian
Clifford group of [3], [15]. We consider the first such example.

Example 6.10. Let ® be the five MUBs in C* (these are unique up to projective
similarity). We calculated that the projective symmetry group Symp(®). It is
transitive, with order
1920 =27 -3 5.

The Galoisian Clifford group has order 11520 = 28 - 32 .5 (see [15]). Since ® is
known to be a group frame for a subgroup of the Galoisian Clifford group (see [27]),
we conclude that ® is not a group frame for the full Galoisian Clifford group. It is
a group frame for groups with orders 20, 60, 80, 120, 160, 320, 960, 1920 (see Table
1). It is not known whether all these groups appear as subgroups of the Galoisian
Clifford group.
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7. Harmonic Frames

Tight group frames for abelian groups are called harmonic frames. Of partic-
ular interest (cf. [13], [12]) are those for the cyclic group G = Z,,, which are said
to be cyclic. All of these can be given explicitly (up to unitary equivalence) by
subsets J of Z, (cf. [20], [8]), as follows. Let w := e*n. For J = {j1,...,ja} a
subset of Z,,, a group frame for C? is given by

Wi ko ki
Q5 = (vk)kez,,» Vg 1= = :
wid 1 wkid
Let Aut(G) be the automorphisms of G. For cyclic harmonic frames ®; and P,
it was shown in [8], [9] that

e &; and P are similar (up to a reordering) if K = o(J), for some o € Aut(G).

e &; and Pk are projectively similar (up to a reordering) if K = o(J) — b, for

some o € Aut(G), b € G.
We say that frame is projectively real if all its m—products are real, and hence
it is projectively similar to a frame in R%. Otherwise it is said to be projectively
complex. We say that ® = (v;) has projectively distinct vectors if no v; is a
unit scalar multiple of another, i.e., none of the lines corresponding to vectors of
equal length are equal. For example, the harmonic frame

¢ = g1y = {vo,v1,v2} = {G),(i),(;z)}, w=es3,

for C? is not similar to real frame, but is projectively similar to a real frame, since
2 l+w 14w?
Gram(®) = | 1+ w? 2 1+w |, (vg, v1)(v1, v2) V2, v0) = (14w?)3 = —1.
4w 14w? 2

oy

The classes of projectively equivalent cyclic harmonic frames (up to reordering) were
calculated in [9]. For those with projectively distinct vectors, we used our algorithm
to calculate the projective symmetry group and the extended projective symmetry
group (in the case it was projectively complex). The results for d = 2,...,7 are
summarised in the tables of the Appendix. We observe that for projectively complex
cyclic harmonic frames the conjugation map gives an anti projective symmetry
o:k— —k, since

T = (whir, ... whia) = (k1 wMa) = y_y, k € Zy,.

Here Symp(®) is an index 2 subgroup of Symgp(®) (and so is normal), but in all
the examples considered (including Example 5.2), Sympp(®) is not isomorphic to
the direct product Symp(®) x Zs. We conclude with some examples of interest.

Example 7.1. (Four vectors in C?). There are two projective equivalence classes,
given by {0,1} and {1,3}. The first has projectively distinct vectors, is projectively
real, and requires the 4—products to calculate its projective symmetry group <8,3>.
The second does not have vectors which are projectively distinct.

Example 7.2. (Siz vectors in C?). There are three projective equivalence classes.
The first {1,3,5} does not have projectively distinct vectors, and the second {1,2,3}
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has projectively distinct vectors, is projectively real, and requires the 4—products to
calculate its projective symmetry group <12,4>, The third {0,1,4} is projectively
complex, with projectively distinct vectors, none of which are orthogonal. Its pro-
jective and extended projective symmetry groups are symmetry groups <18,3> and
<36,10>. This is the first example of a projectively complex cyclic harmonic frame.
For d = 3, they also exist for n =7,8,9,10,11,12.

Example 7.3. (Eight vectors in C3). The harmonic frame ® = ®; of eight vectors
for C3 given by J = {0,1,4} is projectively complex, with

Symp(®) =<32,11>,  Sympp(P) = <64,134>.

The projective symmetry group has transitive subgroups of order eight isomorphic
to Zg, Z4 X Lo, Dy (dihedral group), Qs (quaternian group), and so ® is a group
frame for each of these groups. The only other group of order eight is Zo X Zg X Zs,
which occurs as a transitive subgroup of Sympgp(P).

Example 7.4. (Projectively real frames) In 2 dimensions all cyclic harmonic
frames of n wvectors are projectively real. This follows by showing for all n > 4,
they are determined by their m—products, m < 3, and then showing the 3—products
are all real by direct computation. For d > 3, it appears there always exist pro-
jectively complex cyclic harmonic frames of n projectively distinct vectors, with the
smallest n being n = d + 3.

Example 7.5. (Erasures) The erasures of a frame ® of n vectors for C? is the
number of vectors that can be removed from ® so that those remaining still span C?.
Frames with a large number of erasures are useful for robust data transmission [13],
[12]. For the cyclic harmonic frame given by J = {0,1,2,...,d — 1} the number
of erasures is n — d. Our calculations show this is not true in general, e.g., for siz
vectors in C? the erasures of a cyclic harmonic frame can be 2,3,4. It does seem
however, that for n a prime the erasures are always n — d.

8. Appendix

The tables here summarise our calculation of the projective symmetry groups of
the cyclic harmonic frames ® = ®; of n vectors for C?, d = 2,...,7. The columns
are as follows:

) d — the dimension C9,
(2) n — the number of vectors in P.
(3) real — whether ® is projectively real.
(4) orth — whether any vectors in ® are orthogonal.
(5) reps — whether the vectors in ® projectively repeated, i.e., are not projectively
distinct.
(6) Symp(®) — the projective symmetry group of ®, when the vectors of ® are
projectively distinct.
(7) Sympgp(®) — the extended projective symmetry group of ®, when ® is projec-
tively complex with projectively distinct vectors.
(8) J — a subset of Z,, giving ®; (up to projective equivalence and reordering).
(9) 4-cycle — whether 4-cycles were needed to define the projective equivalence
class.
(10) erasures — the number of vectors that can be removed from & so that those
remaining still span C?.
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d | n |real | orth | reps | Symp(®) | Sympyp(P) J 4-cycle | erasures
21 2 | yes y <2,1> {0,1} 0
213 y <6,1> {0,1} 1
21 4 y y <8,3> {0,1} y 2
y | vy | ¥ {1,3} 1
215 y <10,1> {0,1} 3
216 y y {1,3} 3
y y <12,4> {172} 4
y |y | ¥ {1,4} 2
2|1 7| vy <14,1> {1,4} 5
21 8 y y <16,7> {1,6} 6
y | v |y {1,3} 5
y | vy | ¥ {1,5} 3
219 y <18,1> {1,3} 7
y y {1,4} 5
2110 y y {1,5} 7
y y <20,4> {1,4} 8
y |y | ¥ {1,6} 4
2111 vy <22,1> {1,10} 9
2112 y y y {1,10} 8
y y <24,6> {1,8} 10
y y {1,9} 7
y |y | v {1,7} 5
y |y | ¥ {1,3} 9
2113 y <26,1> {1,4} 11
2114 y y <28,3> {1,2} 12
y y {1,5} 11
y | vy | ¥ {1,8} 6
2|15 y <30,3> {071} 13
y y {1,10} 11
y y {1,6} 9




THE PROJECTIVE SYMMETRY GROUP OF A FINITE FRAME

(0]

d | n |real | orth | reps | Symp(®) | Symgp(P) J 4-cycle | erasures
3(3 v | v <6,1> {0,1,2} 0
34| vy <24,12> {1,2,3} 1
35 v <10,1> {0,1,3} 2
3|6 <18,3> <36,10> {0,1,4} 2
v | v <12,4> {1,2,3} y 3

y y y {1,3,5} 1

3|7 <21,1> <42,1> {1,2,6} 4
y <14,1> {1,3,5} 4

3| 8 <16,8> <32,43> | {1,3,4} 5
<32,11> | <64,134> | {0,1,4} 3

y <16,7> {0,1,2} 5

y y {1,3,5} 3

319 <9,1> <18,1> {1,4,6} 5
y y <18,1> {0,1,2} 6

y |y | ¥ {1,4,7} 2

31|10 <50,3> | <100,13> | {0,1,5} 4
y <20,4> {0,1,9} 7
<10,2> <20,4> {0,1,8} 7

y y {1,5,7} 5

3|11 <11,1> <22,1> {0,1,3} 8
y <22,1> {1,2,3} 8

3|12 <12,2> <24,6> | {1,2,11} 8
y y <24,6> {1,2,3} 9

y y {1,4,10} 5
<12,2> <24,6> {0,3,4} 7

y {1,5,7} 5

y <24 ,5> <48,38> {0,1,8} 7

y |y | vy {1,3,5} 7
<72,30> | <144,154> | {2, 3,8} 5

y |y |y {1,5,9} 3

3(13] y <26,1> {0,1,12} 10
<13,1> <26,1> {0,1,3} 10

<39,1> <78,1> {1,2,11} 10
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d | n |real | orth | reps | Symp(P) Sympgp(P) J 4-cycle | erasures
414y [y <24,12> {0,1,2,3} 0
415 |y <120,34> {0,1,2,3} 1
4116 [ v | y <12,4> {1,2,3,4} 2
y <48,48> {1,2,3,5} 1
y y <72,40> {0,1,3,4} 1
4|7 <21,1> <42,1> {0,1,2,4} 3
y <14,1> {1,2,3,4} 3
418 | vy y <16,7> {1,2,4,7} y 4
<8,1> <16,7> {1,2,3,5} 3
v |y <128,928> {0,1,4,5} y 2
y y <32,43> {0,1,3,4} 3
y y y {1,3,5,7} 1
419 <9,1> <18,1> {1,2,3,8} 5
<162,10> <324,39> {0,1,4,7} 2
y <18,1> {1,2,4,5} 4
y <18,1> {0,1,2,3} 5
4110 <10,2> <20,4> {0,1,3,7} 5
y y <20,4> {1,2,4,9} 4
v y <20,4> {0,1,2,3} 6
v y <40,12> {0,1,3,4} )
<10,2> <20,4> {1,2,4,6} 4
<10,2> <20,4> {0,1,5,8} 4
y <20,4> {0,2,5,8} 4
y y <200,43> {1,2,6,7} 3
v y {1,3,5,7} 3
1711 y <22,1> {1,2,5,9} 7
<11,1> <22,1> {0,1,2,7} 7
<11,1> <22,1> {0,1,2,8} 7
y <22,1> {1,3,7,8} 7
4112 <12,2> <24,6> {1,3,6,9} 5
<384,5557> | <768,1088009> | {1,2,6,10} 3
<24,5> <48,38> {3,4,6,8} 7
v y <48,38> {2,3,9,10} )
v |y <24,6> {1,4,8,9} 6
<12,2> <24,6> {0,1,2,8} 5
<36,6> <72,23> {0,2,3,8} 5
y y <24,6> {1,4,8,11} 7
y y <24,6> {1,4,6,11} 8
y <12,2> <24,6> {1,3,6,11} 7
y <24,10> <48,38> {2,3,6,9} 5
y <12,2> <24,6> {0,1,4,11} 7
y <72,42> <144,183> {1,2,8,11} 5
v y <48,38> {0,1,4,9} )
y y <48,38> {1,2,4,11} 6
y y <48,38> {0,1,6,11} 5
y | v | v {1,4,7,10} 2
y y y {1,5,7,11} 3
y y v {1,3,7,11} 3
y y <288,889> {0,1,6,7} 4
y | v | ¥ {1,3,5,7} 5
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d | n |real | orth | reps | Symp(®) | Sympgp(P) J 4-cycle | erasures
505 v | v <120, 34> {0,1,2,3,4} 0
506 v <720,763> {0,1,2,3,4} 1
507 v <14,1> {0,1,2,3,5} 2
5| 8 <32,11> <64, 134> | {1,2,3,5,6} 2
¥ <16,7> {0,1,2,6,7} 3
<16,8> <32,43> {0,1,2,3,6} 3
y <384 ,5602> {1,2,3,5,7} 1
519 <9,1> <18,1> {0,1,2,3,7} 4
<162,10> | <324,39> | {0,1,3,4,7} 2
¥ <18,1> {0,1,2,3,8} 4
y <18,1> {1,2,3,4,7} 2
5110 <10,2> <20,4> {1,2,5,6,9} 4
<10,2> <20,4> {1,2,4,8,9} 4
y y <20,4> {1,2,4,5,8} y 5
y <200,43> {1,2,3,6,8} 3
<10,2> <204,> {1,3,4,5,8} 4
<50,3> <100,13> | {1,2,3,7,8} 3
<10,2> <20,4> {0,1,3,5,9} 3
v |y <240,189> {0,1,2,4,8} 3
y y y {1,3,5,7,9} 1
5111 <11,1> <22,1> {0,1,2,4,5} 6
<11,1> <22,1> {0,1,2,5,9} 6
<565,1> <110,1> | {1,2,3,5,8} 6
<11,1> <22,1> {1,2,3,4,10} 6
y <22,1> {0,1,2,3,10} 6
y <22,1> {0,1,2,4,9} 6
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d| n |real | orth | reps | Symp(®) | Sympgp(P) J 4-cycle | erasures
66| vy y <720,763> {0,1,2,3,4,5} 0
67 y 5040 {0,1,2,3,4,5} 1
6|8 vy | y <16,7> {0,1,2,3,5,6}
y y <128,928> {0,1,2,4,6,7}
y y 1152 {0,1,2,4,5,6}
619 <9,1> <18,1> {0,1,2,3,4,6}
y y <18,1> {0,1,2,3,4,8}
y y <1296,3490> {0,1,3,4,6,7}
6| 10 <10,2> <20,4> | {0,1,2,5,7,9}
y <10,2> <20,4> {0,1,3,4,5,8}
y 3840 {1,2,3,5,7,9}
v y <20,4> {0,1,2,3,6,7}
<10,2> <20,4> {1,2,3,4,5,9}
y y <200,43> {0,1,4,5,6,9}
vy |y <20,4> {0,1,3,4,7,8}
y y <40,12> {0,1,2,5,8,9}
y <20,4> {1,2,3,5,6,7}
6|11 <11,1> <22,1> {1,2,3,4,5,9}
<11,1> <22,1> |{0,1,2,3,5,10}
v <22,1> {0,1,2,8,9,10}
v <22,1> {1,2,3,8,9,10}
<11,1> <22,1> |{1,2,3,5,6,10}
<55,1> <110,1> | {0,1,3,4,5,9}




THE PROJECTIVE SYMMETRY GROUP OF A FINITE FRAME

79

d| n |real | orth | reps | Symp(P) Sympgp(P) J 4-cycle | erasures
17y [ ¥ 5040 {0,1,2,3,4,5,6} 0
T8 v 40320 {0,1,2,3,4,5,7} 1
719 v <1296,3490> {0,1,2,4,5,7,8}
v <18,1> {0,1,2,3,5,7,8}
7110 <10,2> <20,4> {1,2,3,4,5,6,8}
<50,3> <100,13> {0,1,2,5,6,7,8}

y <320,1636> {1,2,3,5,6,7,9}

y <20,4> {1,2,4,5,6,8,9}

11 <11,1> <22,1> {0,1,2,3,5,6,9}
<11,1> <22,1> {0,1,2,6,7,8,9}

v <22,1> {1,2,3,4,5,6,8,10}

v <22,1> {1,2,3,4,5,8,9}

712 v |y <24,6> {0,1,2,4,8,10,11}
<12,2> <24,6> {1,2,3,4,6,7,10}
<72,30> <144,154> {1,2,3,4,7,8,10}
<12,2> <24,6> {1,3,4,5,7,8,9}
<12,2> <24,6> {0,1,2,4,6,10,11}
<12,2> <24,6> {0,1,2,3,6,10,11}
<12,2> <24,6> {0,1,2,3,4,8,9}
<12,2> <24,6> {1,2,3,4,5,6,11}

y <24,6> {0,1,2,3,4,10,11}
<12,2> <24,6> {1,2,3,4,6,8,9}

y <96,187> {0,1,2,4,5,6,9}
<72,30> <144,154> {1,2,3,5,8,9,11}
<12,2> <24,6> {1,2,4,5,6,10,11}
<72,30> <144,154> {1,2,3,7,8,9,10}
<12,2> <24,6> {1,2,3,4,5,7,10}
<24,10> <48,38> {1,2,3,4,6,7,9}
<12,2> <24,6> {0,1,2,3,5,6,11}

y <144,183> {0,1,2,3,4,7,9}

y 46080 {1,3,4,5,7,9,11}
<24,5> <48,38> {1,2,3,4,6,7,11}

y <24,5> <48,38> {1,2,3,5,7,10,11}

y <288,889> {1,2,3,5,7,8,9}
<384,5557> | <768, 1088009> | {1,2,3,6,7,10,11}

y y <192, 1472> {0,1,3,4,7,8,9} y

<1944,3876> 3888 {0,1,3,4,6,7,9}
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