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Abstract. Let p be an odd prime and e be a positive integer. We completely
explain the permutation binomials and trinomials arising from the reversed
Dickson polynomials of the (k+1)-th kind D,, (1, ) over Fye whenn = pt+2,
where [ € N.

1. Introduction

Let p be a prime and e be a positive integer. Let Fpe be the finite field with p*
elements. A polynomial f € F[x] is called a permutation polynomial (PP) of Fpe
if the associated mapping z — f(z) from Fpe to Fpe is a permutation of F..

Let k be an integer such that 0 < k < p—1 and a € F,e. The n-th reversed
Dickson polynomial of the (k4 1)-th kind D, (a, ) is defined by

2] n—ki(n—1i , ;
Dy i(a,x) = , ( ; )(—x)’a”_m, (1.1)
i=0

and Dg k(a,z) = 2 — k; see [6].

The permutation behaviour of the n-th reversed Dickson polynomial of the (k +
1)-kind D,, x(a, x) over finite fields and its properties were explored by the author
of the present paper in [2]. It was shown in [2] that to discuss the permutation
property of D, ;(a, x), one only has to consider a = 1. The cases n = phon =pl+1,
and n = p' + 2, where p is an odd prime and [ > 0 is an integer, were discussed
in [2]. The first two cases were completely explained and we list the results of the
last case obtained in [2] below.

Result 1. ([2, Remark 2.14]) Let p be an odd prime, k = 0, and [ = e. Then we
have

P41 + 1
4=
2

1
Dpet20(1,2) = 5 (1 - 4z)
which is a PP of Fp. if and only if p* =1 (mod 3).

Result 2. ([2, Theorem 2.15]) Let p be an odd prime and k& = 2. Then D5 4 (1, x)
is a PP of F,e if and only if [ = 0.

Result 3. ([2, Theorem 2.16]) Let p > 3 and k = 4. Then D5 (1, ) is a PP of

1
Fpe if and only if the binomial at - 1z is a PP of Fpe.
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Result 4. ([2, Theorem 2.17]) Let p be an odd prime, n = p' + 2, and k # O

Then D, (1, ) is a PP of F,e if and only if the trinomial (4 — k) 2" ka4
(2—Fk)x is a PP of Fpe

This paper is a result of a question asked by Xiang-dong Hou. He asked the
author (private communication) “when is the trinomial in Result 4 a PP of F,.?”.
This paper answers that question completely.

The paper is organized as follows.

In Section 2, we present some preliminaries that will be used throughout the
paper. In Section 3, we explain a family of permutation trinomials over F,e arising
from the reversed Dickson polynomials when p > 3 is odd and k is an integer such
that £ # 0,2,4. In Section 4, we explain a family of permutation binomials over
Fp. arising from the reversed Dickson polynomials when p = 3.

2. Preliminaries

In this section, we list some preliminaries that will be useful in latter sections.
Let ¢ = p°© in the following two theorems.

Theorem 2.1 (Hermite’s Criterion, [4]). f € Fylx] is a permutation polynomial of
Fy if and only if the following two conditions hold:
(i) f9=1 (mod 2% — 2) has degree q — 1;
(i) for each integer s withl < s < q—2, f* = f, (mod z9—=z) for some fs € Fy[x]
with deg fs < q— 2.

Theorem 2. 2 ([ ). Pick d,r > 0 with d | (¢ — 1), and let h € Fylz]. Then
f(z) =a"h(z*T ) permutes Fy if and only if
(1) ged(r, =2) =1, and

(2) z"h(x) o permutes fuq,
where 1q s the set of d™ roots of unity in the algebraic closure of Fy.

3. A Family of Permutation Trinomials

In this section, we completely explain the permutation behaviour of the trinomial
in result 4 when p > 3.

Theorem 3.1. Let p > 3 be an odd prime and q = p°®, where e is a non-negative
integer. Let k be an integer such that k 7& 0,2,4 and0 <k <p—1. Let

l
fl@)y=04- k)x e +kx T 4+ (2—k)x.
Then f is a PP of Fy if and only if l =0 and k # 3.

Proof. Assume [ =0 and k # 3.
Since I =0, f(z) = 2(3 — k)x + k. Since k # 3, clearly f is a PP of F,.
Consider the following three cases.
Case 1. [ =0 and k£ = 3.
Case 2. [ #0 and k = 3.
Case 3. [ # 0 and k # 3.
Now we claim that f is not a PP of Fjc in each case above.
Case 1. Since l =0 and k = 3, f(z) = 3, which is clearly not a PP of F,.
Case 2. Let [ # 0 and k = 3. Then




A NOTE ON PERMUTATION BINOMIALS AND TRINOMIALS OVER FINITE FIELDS 27

1 I
JE) = (D) 431" 41,
which implies
-1, L;l is even,
f(=1) = l
3, p—;l is odd.

Clearly, f(x) is not a PP when % is odd.

When % is even, we have p' +1 =0 (mod 4) and hence p > 5. It is clear that
f(4) =3 (mod p) when plTH is even.

Hence f is not a PP of ), in Case 2.

Case 3. Let [ # 0 and k # 3. Consider

1 1
fla) = @ — k2" + k™ +(2 - k).

Note that f(0) = 0. Also note that f(F,) C F,.

Sub Case 3.1. | = (2n)e, where n € Z*. Then we have

pl +1 _ p(2n)e +1 _ (pne _ 1)(pne + 1)
2 2 2
which implies

+1=1 (mod p®—1),

pl

1 :Dl—l e e
f@) =4 —-Kkz"2 +k"T +(2-k)z=203-k)z+kz® ' (mod 2*° — ).

Since

2(k—3)z =k (mod p)
has a non-zero solution, there exists a non-zero = € F, such that f(z) = 0.
Hence f is not a PP of F..
(or by Hermite’s criterion, f is not a PP of Fp. since the degree of f(z) > p®—2).
Sub Case 3.2. [ # (2n)e, where n € Z*. Note that here we only need to
consider 1 <[ < 2e — 1 since

2e+1i 1 i 1
(mod p® —1) and P 5 =P (mod p© — 1),

p26+i+1:pi+1
o 2

2
which imply

+igg p2eti pt

(4—k)z" SR +(2—-k)x = (4—k)z 2 +kxw%+(2—k)x (mod zP" —z).
So, let 1 <[ < 2e —1 and consider

l+ pl

flx)=04- k)xpTl T (2 —k)x.
Let x € IF; and [ be even. Then
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pl—1

f@) = (4— k"= 4 ke™ 42— ke
=283 -k)z+k.

Since

2(k=3)x =k (mod p)
has a non-zero solution, there exists a non-zero = € F, such that f(z) = 0.
Hence f is not a PP of ..
Assume that [ is odd. Then clearly for z € Fpe \ Fp, f(z) € F,.
Since [ is odd, for = € I, we have

flx)=(4- k’)ﬂcpTH +hatT o+ (2—k)z

which implies

f2(z) = k*2P~1 + terms with lower degree.

By Hermite’s criterion, f(x) does not permute F,,. Hence f is not a PP of Fpe.
This completes the proof.
O

4. A Family of Permutation Binomials

In this section, we completely explain the permutation behaviour of the trinomial
in result 4 when p = 3.
Let p = 3. Since k # 0,2, we have k = 1. Then

l

pl— —
+kxp271+(2—k)x=xp71 + x.

plt1

f(x) = (4 =Kz

Theorem 4.1. Let p =3 and q = 3%, where e is a non-negative integer. Let

pl—1

fl@)y=a"7 +ua.
Then f is a PP of Fy if and only if
(i) 1=0, or
(ii) I =me + 1, where m is a non-negative even integer.
Proof. When [ =0, f(z) =z + 1 which is a PP of F,,.

Let I = me + 1, where m is a non-negative even integer. Note that since m is a
non-negative even integer, we have

greti o131 (3% —1E% +1)
= 3me¢ = 3me =1 d3°—1).
5 5 + 5 + (mo )
So, when | = me + 1, where m is a non-negative even integer, f(z) = 2z

(mod 23" — x) which is clearly a PP of Fs..
Now assume that [ # 0 and [ = me + 1, where m is a non-negative odd integer.

gme+l _ 1 even, e is odd,

T (mod 3°—1) is {

odd, e is even.
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3me+1 -1
If — (mod 3°—1) is even, then f(0) =0 = f(—1) which implies f(z) is

not a PP of F,.
3me+1 _ 1
Now consider the case where — (mod 3° — 1) is odd. Note that in this

case ¢ is even. Also,
gmetl —1 3¢ -1
5 =— +1 (mod 3° — 1). Then

me+1 _ e__ e
f(x):xs Pl 1+x;x%+1+x (modx?’ 7$).

Now we claim that z° 2! + z is not a PP of Fs..

g +x= x(xST_l +1) = xh(xg),
3¢—-1

where h(z) = z+1. ged(1, 362_1) =1,but —1 € g and h(—1) =0. Soxz h(z) =
does not permute po. Then by Theorem 2.2, f is not a PP of Fse.
This completes the proof.
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