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AN INVERSE PROBLEM FOR RENORMALIZED AREA:
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Abstract. We present an inverse problem which uses the renormalized area
functional on minimal submanifolds to determine the asymptotic expansion
of asymptotically hyperbolic, conformally compact metrics which are partially
even to high order. We use a rigidity argument to determine the conformal
infinity of the metric via the renormalized area. We then consider the renor-
malized volume of perturbations of the hemisphere to determine the higher
order terms in the asymptotic expansion of the metric. We prove global rigid-
ity when these metrics are log-analytic, and further note that renormalized
area determines the obstruction tensor for PE metrics.

1. Introduction

We call (M"™+1g) a conformally compact, asymptotically hyperbolic manifold,
if the metric expands as

dz? + w(y, z)
g=——"77""
x
w(y,z) =wo(y) + wi(y)z + ...
near the boundary. Here, z is a boundary defining function for M vanishing on 9M
and w(y,z) € Sym*(TOM). Given Y? C M™*! minimal with Y =Y N dM, the
divergent form of the metric equation (1) means that the area is a priori infinite.

However, if we assume that w; = 0 in equation (1), then for any ¢ > 0, one can
expand

(1)

dAy = age " + ag + O(e)
T>€
and define the renormalized area

A(Y?) = ay.

In general, a renormalized volume can be defined for minimal submanifolds Y™ C
M"*1 (with certain restrictions on the metric, see §3.2) which we notate as V(Y)
when m < n+1 even. Though V(Y') no longer represents the “volume” of Y, it is a
Riemannian invariant that reflects the topology and conformal geometry of Y when
m is even (cf. [2], Proposition 3.1). When m is odd, the definition depends on the
choice of representative of the conformal infinity of g, but there is a computable
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“conformal anomaly” that is of physical interest.

In this work, we motivate and explore the inverse question: given the renormal-
ized volume on minimal surfaces (or generally, submanifolds), can we recover the
expansion of g in equation (1)?

1.1. Motivation for renormalized volume. Renormalized volume was origi-
nally studied in high energy physics and string theory. For a k-brane, one can
associate a k-dimensional submanifold, Y, of an ambient manifold, X" The ex-
pected value of the Wilson line operator of the boundary, W (9Y'), is then given by
exp(—TV(Y)) where T is the string tension and V(Y") is the renormalized volume
[18]. Henningson and Skenderis [20] were the first to compute renormalized volume
(in the literature, “Weyl Anomaly”) for low dimension odd examples, and Graham
and Witten developed the mathematical theory shortly after.

In their seminal work, Alexakis-Mazzeo developed a Gauss-Bonnet type formula
for the renormalized area of minimal surfaces

Proposition 1 (Alexakis-Mazzeo, Prop 3.1). Let (M"*1 g) and v C OM a C3©
embedded curve. Suppose that Y2 C M™t! is a properly embedded minimal surface
with asymptotic boundary -, then

AY) = =2mx(V) = 5 [ 14PdAy + [ i (Waday. )

where A denotes the trace-free second fundamental form and Wy is the Weyl cur-
vature tensor of M.

Equation (2) displays the conformal and topological summands which contribute to
renormalized volume. When M = H"*! (so that W), = 0), we have the following
(not obvious) rigidity statement due to Bernstein [9]

Theorem 1.1 (Bernstein, Thm 1.1). Let v C R™ a C*® embedded curve. Suppose
that Y2 C H" ! is a properly embedded minimal surface with a connected asymptotic
boundary ~y, then

AY) < =27
with equality if and only if Y is a geodesic copy of H? C H" ! with boundary v = S*.

We remark that when n = 2, theorem 1.1 also follows from Alexakis—Mazzeo’s orig-
inal work and the resolution of the Willmore conjecture by Marques—Neves (see [9,
Remark 1.2]). Indeed, when Y is a topological disk, so that its topological double,
2Y, is a sphere, the bound follows from equation (2). When Y (or rather 2Y)
has higher genus, the bound is less clear, but Alexakis—Mazzeo [2, §8] show that
V(Y) = —2W(2Y), where W denotes the Willmore energy. This, in tandem with
the fact that W(X) > 272 [22, Theorem A], produces the upper bound.

The rigidity from theorem 1.1 is of particular importance and the main tool that
allows us to determine the conformal infinity (see theorem 2.1). There is a similar
formula for renormalized volume for Y4 C M?, which again provides connections to
topological and conformally invariant quantities [30]. At the moment, no rigidity
theorem for higher dimensional renormalized volumes is known. In [23], the author
established regularity of minimal submanifolds near the boundary and computed
variations of renormalized volume. This is described further in section §3.5.

Physically, the AdS/CFT correspondence provides a major motivation to study
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inverse problems connected to renormalized area. Ryu and Takayanagi [29] pro-
posed that for A C OM, the entanglement entropy is given by the renormalized
area of the area-minimizing surface, Y, such that Y = dA. The full nature of the
AdS/CFT correspondence is unclear, as there are many pairs of boundary manifolds
with a conformal class, (N, [h]), for which the bulk AdS manifold, (M, g), is not
unique (see e.g. [7, §2]). That being said, a first step towards the correspondence
would be to show that the conformal field theory on the boundary manifold, dM,
determines at least the asymptotic expansion near the boundary. In that the entan-
glement entropy should be determined by the CFT, theorems 2.1 and 2.2 provides
a partial affirmative answer to the question of determination: the entanglement
entropy determines the asymptotic expansion of the bulk metric near M. In some
specific cases, e.g. when g is log-analytic or n + 1 = 3, we can establish uniqueness
of the metric.

1.2. Motivation from inverse problems. In [21], Kac posed the famous ques-
tion “can you hear the shape of a drum” in reference to the problem of determining
the metric on a manifold (potentially with boundary) from the eigenvalues of the
laplacian. In [25], Milnor constructed two 16-dimensional tori which are isospec-
tral but not isometric, providing the first counterexample to the isospectral rigidity
problem. Gordon—-Webb—Wolpert [14] constructed a simpler counterexample using
polygons in R2.

An analogous question in Riemannian geometry is: given the volumes of min-
imal submanifolds (of any codimension), can we determine the ambient metric?
As stated, this question of rigidity is false, due to the presence of Zoll metrics
on 2-dimensional spheres [31]. More recently, Ambrozio-Marques-Neves ([4]) con-
structed higher dimensional examples of metrics on S™ such that all minimal hyer-
surfaces have the same area. However, there are settings where volumes of minimal
submanifolds, or a more generally quantity called “p-widths”, can be used to prove
metric rigidity (see e.g. [5]). The above work occur on a closed Riemannian man-
ifold, and it turns out that there is more rigidity in the asymptotically hyperbolic
setting.

In [16], Graham-Guillarmou-Stefanov-Uhlmann consider a boundary rigidity
problem for asymptotically hyperbolic (AH) metrics via the X-ray transform. As
part of this, they consider the renormalized length functional

L(y) = lim (€4 (y N {p > €}) + 2log(c))

and demonstrate that knowledge of the renormalized length functional on a family
of “short geodesics” determines the asymptotic expansion to any order.

Theorem 1.2. Let M be a compact connected manifold-with-boundary and let g, ¢’
be two asymptotically hyperbolic metrics on M. Suppose for some choices h and h'
of conformal representatives in the conformal infinities of g and g', the renormalized
lengths agree for the two metrices, i.e. Ly = L'g. Then there exists a diffeomorphism

Y+ M — M which is the identity on OM such that v*g' — g = O(p>) at OM.

The idea of “short geodesics” are essential in their theorem and we use a similar
idea of “short hemispheres” in the proof of our theorem 2.2.
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Another influential work is that of Alexakis—Balehowsky—Nachman [3] who de-
scribe a similar inverse problem but in the Riemannian setting. The authors con-
sider (M3, g) a C* Riemannian manifold homeomorphic to B?, along with a foliation
of minimal surfaces from all directions and some geometric assumptions. In this
case, knowledge of the area of minimal surfaces determines the metric.

Theorem 1.3 (Alexakis-Balehowksy-Nachman, Theorem 1.4). Let (M, g) be home-
omorphic to a 3-ball with mean convexr boundary which is €g-C® close to the eu-
clidean metric. Further assume that there is a foliation of M by simple closed
curves, {y(t)}, which induces a foliation {Y (t)} = M by properly embedded, area
minimizing surfaces with some regularity. Suppose that for each y(t) and any nearby
perturbation, vy(s,t) C OM, we know the area of the properly embedded area mini-
mizing surface Y (s,t) with Y (s,t) = v(s,t). Then the metric g is uniquely deter-
mined up to isometries which fix the boundary.

Their proof relies on rigidity results for the Dirichlet-to-Neumann map for the Ja-
cobi operator on any Y (¢). This differs from the techniques used in the proof of
theorem 2.2, however it would be interesting to pursue an asymptotically hyper-
bolic version of metric rigidity through knowledge of the non-local term, t,,+1(s),
for all minimal surfaces. We also mention the recent work of Carstea—Lassas—
Liimatainen-Tzou [11] who demonstrate rigidity of the surface itself, based on a
graphical Dirichlet-to-Neumann map.

2. Statement of Results
Let (M™"!, g) be an conformally compact metric. We state our results as follows

Theorem 2.1. Suppose that g is partially even to order at least 2, then the renor-
malized area on all minimal surfaces determines the conformal infinity, c(g), of the
ambient manifold.

The partially even condition is defined in 3.1 and is a slight generalization of an
asymptotically hyperbolic metric with w; = 0. We remark that requiring w; = 0
is completely natural as renormalized volume loses its conformal invariance (and
physical meaning) if w; # 0. See section §3.2 and the work of Bahaud-Mazzeo—
Woolgar [8] for more motivation.

Theorem 2.2. Let (M™,g), g a partially even metric to order 2m*, and n > 2m*.
Suppose wy is known in equation (1). Then the renormalized volume on all 2m*-
dimensional minimal submanifolds, Y™, determines the asymptotic expansion in
equation (1) to arbitrary order.

Remark Theorems 2.1 and 2.2 fit together nicely if we restrict to 2-dimensional
minimal surfaces: one can first determine ¢(g), and then after choosing a represen-
tative wg € ¢(g), the rest of the asymptotic expansion is determined.

In many ways, the ideas of theorems 2.1 and 2.2 are inspired by the work of
Graham—Guillarmou—Stefanov—Uhlmann [16]. The authors consider a family of
“short geodesics” in section §4 which allows them to recover the metric from the
renormalized length. We will see in section §6 that recreating this technique for
minimal surfaces which are close to geodesic hemispheres (i.e. “short hemispheres”)
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gives the trace of the coefficients w; at a point p on the boundary. In codimension
> 1, this is enough to recover the asymptotic expansion of the metric. However, in
the codimension 1 case (which is of most interest), knowing the trace is not enough.
To resolve this, we use variational techniques similar to those initiated in [23] to
make full use of the “short hemispheres” and recover the asymptotic expansion.

There are several novel techniques in theorems 2.1 and 2.2, compared to the
geodesic counterpart 1.2. Note that the renormalized length is mot conformally
invariant, and depends on the choice of boundary defining function, or rather the
associated representative of the conformal infinity - see equation 4.2 in [16]. At the
level of the boundary metric, the conformal invariance of renormalized area means
that the data of renormalized area on minimal surfaces is much coarser than the
data of renormalized length on geodesics. To resolve this difficulty, we rely on the
rigidity from theorem 1.1 in order to detect an orthonormal frame for wy. This
allows us to determine the conformal infinity. We also note that we avoid Graham-—
Guillarmou—Stefanov—Uhlmann’s use of the spherical tangent bundle as a means
of parameterizing geodesics to second order. This clever idea is essential to their
work, and while one could posit a similar parameterization of minimal hemispheres
near a point on the boundary, we did not need to include this. Finally, many of
the propositions and proofs in this paper rely on regularity results for minimal sur-
faces, as well as variational techniques for renormalized volume which have been
developed in [23]. The author is unaware of an analogue of this in the setting of
geodesics and renormalized length.

We can recreate the main theorems of Graham—Guillarmou—Stefanov—Uhlmann
[16] using renormalized volume. As immediate applications of theorems 2.1 and
2.2, we have the analogous boundary rigidity theorem for renormalized area:

Corollary 2.2.1. Suppose (M,g), (M,q") are two CC partially even metrics of
order at least 2. For v C OM, let sz,g and Y,ig, be the corresponding minimal
surfaces (with respect to g and g' respectively) with 8Yﬂ{27 g = 8Y,Y2,g, = . Suppose
that Vg(Y2 ) = Vg (Y,ag/) for all . Then there exists 1 : M — M such that

=1d
waM ’

V(g') — g =0(x>).

Furthermore, if g and g’ have log-analytic expansions and 7 (M,0M) = 0 then
vi(g) =g

In section §3.3, we define “log-analytic” formally but essentially it means that g
has polyhomogeneous expansion which is absolutely convergent in a collar neighbor-
hood of the boundary. As in theorem 2.2, the same conclusion holds if we assume
knowledge of the conformal infinity and a higher dimensional renormalized volume:

Corollary 2.2.2. Suppose (M,g), (M,g') are two CC metrics that are partially
even to order at least m = 2m* and c(g) = c(g'). For ™' C M, let Y, and
Y", be the corresponding minimal surfaces with Y7y = OY",, = ~. Suppose that
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Vo(YJ7) = Vg (Y),) agree for all . Then there exists 1 : M — M such that

=1d
Yo ;

P*(g') — g = O(™).

Furthermore, if g and g’ have log-analytic expansions and 7 (M,0M) = 0 then
v*(g') =g

We also apply our inverse problem to Poincaré-Einstein manifolds, (M"*1,g), in
two ways. In [10], Byde showed that if the conformal infinity of a Poincaré-Einstein
metric is analytic, then g itself is log-analytic. Thus, an analytic conformal infinity
and w1 (M, 9M) allows us to apply corollary 2.2.2 and use knowledge of renormalized
volume to determine the metric globally. Separately, we note that a Poincaré-
Einstein metric expands as

dx? 4+ wo + (even terms) + z"w, + 2" log(z)w} + O(a" 1)

(neven) = ¢ = 5 ;

€T

(nodd) —> ¢ = dz? + wo + (even terms) + x:_lwn_l T 2w, + O(xn+1).

x
Moreover, w, (n even) and w,_1 (n odd) are non-local terms and often thought
of as the image of a Dirichlet-to-Neumann type map for Poincaré-Einstein metrics
(see §3.2 for more background). With this, we state the following application

Corollary 2.2.3. Suppose (M"1 g) is a Poincaré-Einstein manifold and wy is
known in equation (1). Then knowledge of the renormalized area on all minimal
surfaces for any dimension 2m* < n + 1 determines the non-local coefficients, wy,
when n even and w,_1 when n odd, in equations (5) (6).

In the particular case of n = 2, Poincaré-Einstein manifolds are known to be quo-
tients of hyperbolic 3-space by a convex, co-compact subgroup I'. Let %2 = 9M?3,
then we have the following global determination of the metric

Corollary 2.2.4. Suppose (M?,g) is a Poincaré-Einstein manifold with ¥ = OM
and wg is known in equation (50). Then knowledge of the renormalized area on all
minimal surfaces determines the conformal structure on X and hence, g globally.
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3. Background

We present some background for the reader unfamiliar with renormalized area
on asymptotically hyperbolic (AH) spaces. We refer the reader to [23], §2 and §6
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for a review of renormalized volume, boundary defining functions, and finite part
evaluation through Riesz Regularization. See also [1] §2.

3.1. Conformally compact, ssymptotically hyperbolic manifolds. Let (M"*1, g)
be a complete riemannian manifold. M is conformally compact if there exists a
topological compactification, M, along with x : M — R, such that

(1) g = 2%g is a valid metric on all of M;

2 ‘ —0,||V7z2|  >o0.

(@) o =0Vl

Such an z is called a boundary defining function. Note that if ¢ : M — R is
a positive smooth function, then g = p is also a boundary defining function. As a
result, we can consider the unique conformal class [g|oas] determined by g, called
the conformal infinity. With this choice of x, the metric g will split as in equation
(1). Such a splitting of the metric is motivated by Graham-Lee Normal Form [17]
[13] for Poincaré-Einstein (PE) manifolds, which form a subclass of metrics that
we mention for historical significance. These metrics have since been generalized to
partially even AH metrics in [8].

For PE manifolds with a chosen representative, kg, in the conformal infinity, there
exists a bdf z, for which g splits as in equation (1) with further constraints on wy,.
Moreover, w(y, x) is regular up to order ™ as shown in [17]. The bdf z is special
if

|ldlog(x)[lg =1
holds in a neighborhood of dM. Furthermore, by equation (1) we have wg =
x%g oar’ Given these conditions, x is unique (see [12] for details). When wy = w3 =
M
-+ = Wam+—1 = 0 in equation (1), the renormalized volume is conformally invariant
for 2m*-dimensional minimal submanifolds of M in the sense that it does not
depend on the choice of kg € [g|gar] and the corresponding special bdf used. Thus,

we can define renormalized volume for even dimensional minimal submanifolds as
long as we use a special bdf (see [1] and [18]).

Example 1. Consider the Poincaré Ball model of hyperbolic space M = H3. The
metric on H3

el [dr? + r2d¢* + 1% sin® ¢db?]

is Binstein. We want to find a special bdf, p, for H3>. We assume that it is rota-

tionally symmetric, i.e. pg = py = 0. With this, we compute

2(1_7“2)2,

2
p’l" rr
1= ||dlog(p)ll; = 29 = Orllog(p)) ==

we take the negative root and get

-2
9r(log(p)) = 1,2
Integrating and exponentiating, we compute
1—
p=A—

1+
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for 0 <r <1 and some constant A. Note that as long as A # 0, we have p~1(0) =
{r =1} = S2%, which is the boundary of H3. Suppose that we want to prescribe the
standard metric on this boundary. i.e. ko(0) = sin? ¢d6? + d¢?. Then we have that

ko =p?h| = 47‘42[&2 +72dp? + r? sin® ¢d92]‘ = ﬁ[dﬁ + sin? ¢d?

0 r=1 (1 + 7")4 r=1 16 ’
so we choose A = 2 so that p is positive. We see that g = g’aM = kg. Note
that -

- _ 1+nr)* -4

Vp=9"(0;p)0; =7 (0rp)0r = . Or,
Vp =—0,,

r=1

which is non-zero.

3.2. Partially even metrics. In this section, we recall the notion of partially
even metrics of order m, as set forth by Bahaud-Mazzeo—Woolgar in [8]. These
metrics are natural to consider in that the renormalized volume of m-dimensional
minimal submanifolds are necessarily conformally invariant.

Definition 3.1. An AH metric g is called “partially even to order 207, if in
Graham~—Lee normal form one has

dz? 4+ wg + 22wa + - - - + 22 2w9y_o + O(22 log(2)P) 3)
g = 2 s
X

where p > 0 and x a special boundary defining function.

Note that this is a slight modification of the original definition 2.1 from [8], as we
will want to allow for ¥ log(x)? terms occuring at order k = 2¢ or higher. Often
we will be concerned with the case of (M"*! g) with n even and there being a
non-zero z™ log(x) term in our expansion (see §8).

An important result is that this parity condition is independent of special bdf

Proposition 2 (Bahaud-Mazzeo—Woolgar, Proposition 2.5). If g is a partially
even metric of order 20 with respect to x, a special bdf, then it is partially even with
respect to any other special bdf, '.

Proof: The proof (with the log(z) modifications) follows from the exact same
procedure as in the original proofs of [8, §2.2], taking slight care to handle the
22 log(z)? terms. O

We now describe the main example of partially even metrics, Poincaré—Einstein
metrics. Recall that Poincaré-Einstein metrics are slight modifications of confor-
mal compact asymptotically hyperbolic metrics. For (M™*!, g) with n even,

Ric = —ng, (4)

dz? 4+ wo + 22wz + (even terms) + 2w, + 2" log(z)w}, + O(ax™1) 5)
9= - :
x
In general, the expansion for g is even up to order n, and then loses parity and allows
for 2% log () terms (i.e. a polyhomogeneous expansion). Moreover, woy, and w; are
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determined by wy for all & < (n—2)/2. w, is traceless but otherwise undetermined
and knowledge of wg,w, determines the expansion of g to all orders. When n is
odd, we have

dx? + wy + 22wy + (even terms) + 2" tw, 1 + 2"w, + O(x" 1)

g= 5 . (6)

X

In particular, there are no logarithm terms and the expansion is AH. In this case,
Wp_1 is the undetermined term and all lower order terms are determined by wy.
Equations (5) (6) are consequences of equation (4) as shown by Graham-Lee in
their seminal work [17], and is titled the Graham-Lee normal form. See also [1],
section §2, for more background.

3.3. Log-analytic expansions. Let = be a boundary defining function for M,
and s a coordinate function on the boundary. We define the space of conormal
functions on M, A(M), to be

f(s,x) € AM) = V4,8, 3C;5 st. |(#0,)0°f| < Cjp.

In this paper we will be concerned with expansions of the form

Ts,2) = 3% S T los(e)’ + O og(a) Vo). (7)

k=0 =0

Functions obeying the expansion in equation (7) represent a subset of polyhomoge-
neous functions. We will say that a function with the above expansion is polyho-
mogeneous if

T(s, Z ZTkz )log(z)" € M T A

k=0 =0
We will then say that T'(s,x) is log-analytic on a neighborhood of the boundary
if = is a real-analytic defining function for OM and T'(s,z) admits an expansion as
in equation (7) which converges absolutely in « for |x| < r for some r > 0.

We will say that a metric, g, on M, is log-analytic if g is real analytic on any
compact set bounded away from M, and the corresponding compactified metric
has a log-analytic expansion near the boundary. Formally, § = z%¢g = g% ds;ds; +
7%ds;dr +g**dx? and g, g%, g** all satisfy an expansion of the form equation (7)
and the expansion Converges absolutely in z for |z| < r for some r > 0.

3.4. Renormalized volume through Riesz regularization. Having defined
special bdfs, we can define renormalized volume via Riesz regularization: given a
partially even metric of order m even, g, let = be a special bdf

f:{Re(z) >m} = C
f(z) = /YdeAy

f(2) is holomorphic for Re(z) > m, and can be extended to be meromorphic on C
with poles at z € {—o0,...,—1,0,1,...,m} (see [24][27] for a proof). We define

V(Y™) :=FP._g / 2*dAy =FP,_of(2).
Y
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Computing FP,_ f(z) amounts to subtracting off the pole at z = 0 (if it exists) and
evaluating the remaining difference. This process is known as Riesz regularization
and see [23], §7 for more details.

Example 2. We compute V(H?) for H? C H3 using Riesz reqularization in the half
space model (we leave it to the reader to compute this for the Poincaré ball model).

1 2 Iz71 x=1 1
((z) = / r*dApz = / / 2*"2dxdd = 2r { } — o ,
H2 2=0J0=0 z—=1],_ z—1

Again, when we find the meromorphic extension, we first assume Re(z) > 0 so that
0*~1 = 0. There is no pole at z = 0 in this extension, so

V(H?) = FP.—o((2) = ((0) =| =27 |

3.5. Minimal surfaces in AH spaces. In [23], the author expanded upon the
study of minimal surfaces in hyperbolic space, extending pre-existing regularity re-
sults. Much of this work was based in the work of Alexakis-Mazzeo [2] and we
recall the following background.

Given (M, g) conformally compact asymptotically hyperbolic, consider x : M —
RZ9 a special boundary defining function, along with y™~! C 9M, a submanifold
lying in the boundary. We define the boundary cylinder submanifold

I'={(s,z)|se~, >0}

where s = ($1,...,8m—1). We can now consider fermi coordinates off of this sub-
manifold via

(SC, S, Z) ~ ml“,(s,r) (ZZNl)
where exp and N are the exponential map and unit normal vector to I' with respect
to the compactified metric, g, and 2z = (2%,...,2""1=™) is a choice of fermi coor-
dinates for the normal bundle on T so that (s,z,z) = ({s*}™ ' o, {2} 7™) is a
choice of coordinates for a tubular neighborhood of I'. We then have the following

from [23].

Theorem (MK, Theorem 3.1). Let v be a C™~ 1% embedded submanifold in OM
where (M™*1 g) is Poincaré-Einstein, m is even, m <mn, 0 < a < 1. Let Y™ be
a minimal surface with asymptotic boundary 0Y = ~. Then Y can be described
graphically over T' as
Y ={(s,z=u(s,x),2)}

for uw € NT even to order m in x, i.e.

u(s, ) = uz(8)x? + us(s)x? + - + U (8)2™ 4 Uy 1 (8)z™ T + O(2™F2),  (8)
where uy(s) € NT.

This is a more general version of the expansion given for Y2 C M? in [2]. In
particular, w,,+1(s) is non-local, i.e. cannot be determined by ~, and any higher
order terms in equation (8) are determined by w;,41(s) and 7. In [23], the author
describes how v — w,,41(s) could be thought of as a Dirichlet-to-Neumann map
for minimal surfaces in asymptotically hyperbolic spaces, analogous to the map
9(0) = Y(n) considered in the ambient PE case (see equation 1.9, [7]).
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Given Y™ C M"™*! we consider h = g‘ the induced metric and h = g

the induced compactified metric. If s is a local coordinate for v and x our special
bdf, then near the boundary we can write

dAy (s,z) = xim\/ det h dzd A, (s), 9)

where dA., denotes the area form on 7 and V det h is even up to order m. We also
recall the following asymptotics about for a choice of normal frame, {m}?:f*m:
let {s,}7 " and {z;}77""* be the coordinates as above. Then:

Lemma 3.2 ([23], lemma 12.2). For any p € v and a neighborhood U(p) C M,
there exists a frame {W1, ..., Wpt1—m} for N(U(p)NY) which is orthonormal with
respect to g on 7y such that for m even

Moreover, g(w;, 0,) is odd up to order m — 1, g(w;, s,) is even up to order m+ 2,
and g(w;, 0.;) is even up to order m.

For convenience, we also define w; := xw; which defines a normal frame w.r.t.
g=2"73.
In the case of codimension 1, we may also write

v =D, (10)

U=1c"0,+ "0y + c*0s,,

=1+ Rm

" = —uy + Ry,

¢* = —uq + Ry,

where R, = O(2?) and is even to order m + 2, R, = O(z?) and is odd to order
m + 2, and R, is even to order m + 2. See [23] §10 for more details.
Finally, if T is a tensor with the analogous parity constraints, i.e. suppose

T = Typdx® + Typds®de + Tipdz'de
+ Tupds®ds® + Tpids®dz’ + Tyydz'd2.

And T,, is even to order m, T,, is odd to order m — 1, T;, odd to order m — 1,
Tup is even to order m, Ty, is even to order m, and T;; is even to order m. Then
lemma 3.2 yields that

T(@k, ) = Akwda: + Bkﬂdsa + C’k,idzi,

with Ay, being odd to order m — 1, By, 4 even to order m, and Cy ; even to order
m.
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4. Preliminaries and Notation

4.1. Dilation maps. In this section, we define a dilation map which will be used
throughout the paper. Given p € OM, we let y be a coordinate system in a
neighborhood U(p) C OM such that y = 0 <» p. We then have on (x,y) € [0,K) X
U(p) for some k sufficiently small, we can expand our partially even metric of order
2m*.

9=y(z,y)

e+ S e s + 3o S @ log () wie + O(a M log(x) )

22

da? + Y e W () dy' dy

22
f:;m* Zf:o xk log(m)zwffdyidyj + O(xMH L log(x)F+1)
2

+

xT

i.e. the metric has a polyhomogeneous expansion with log terms only appearing at
orders k > 2m*. As indicated above, we will adopt the following index notation:

W 1= wfjdyidyj,
Whe = wffdyidyj.
Let
F5:[0,6'x) x B, (0) — M, (11)
Fs(z,9) = (62,67),

having implicitly identified a point (z,y) € [0,x) x U(p) with its corresponding
point in M. Suppose that g is partially even up to order 2m*. Then we compute

9s = F5(g) (12)
dF2 + 37t 52k 00, (57)
N S Pk 6%k log () + log(F)] wre(87) + O(6M+1 log () Pr1 1)
i.2

A Y 0%k g, (67)

72
M shak o Pe 100051 S P og()d (LT (S0
D k=am= 07" 32,2, log(d) Zj:o og() / wi(e+4)(69)
+ =2
T
O(6M+1 og(§)Pm+1+1)
+ =2 .
One can compute
) d2N o N B _ ~ _
2N <2m” -2, W%L_O(l‘,y) = ZC%J?%(DQN Fur) ()2 7F) (13)
N k=0

= (D*Nw) () + -+ + (2NDE*Nwa (0),
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where ¢, > 0 is some combinatorial constant. Here, ()7 denotes the coordinate
vector ¢ taken j times to account for the fact that D’wy is thought of as a (3, 0)-
tensor, e.g.

(Dwi)((9)*) = (D*wr)| ~ (§'0:,5°0;)-

Recall that y = 0 <> y = 0 corresponds to the base point p of our exponential
coordinates. Thus, the N-th derivative of gs depends on {wg,ws,...,wn(p)}. Of
particular importance is that if we know wy,...,wsny_2 and Q?Ngg, then we can
recover woy. For larger values of N (not necessarily even), we have to account for
the potential log(d) terms. We first note that

1 b 0 ¢c>b
————5og(0)Y  ={b a=d, c=
Tog(@)e dor° 1080, =V e=dic=b

0 c=bd<a

Immediately from this, if we let FPs_,o+ denote computing the finite part as § — 0
(i.e. removing all factors of {§~*log(8)P}1 p=0), then we also have

b bl d=a,c=1b
FP L d ey, 64 =<0 d =b (14)
20" Jog(d)r dov B\l T @ e=
0 c#b

db

1 b b
5_)0+Wﬁgg = blEP2wpe + F({xb 2Wb2}£>a)7

= FP

where F' is a computable linear function in its entries.

4.2. Parameterization of hemispheres in hyperbolic space. Let
(x,y1,...,yn) € H"™! with the standard half-space metric. We recall the parame-
terization of the hemisphere, HS™

HS™ = (xaylvu~;yM7ym+17"'7yn)}

{
{(.’K, V1 _szmfl(é')vmerl =0,...,9yn = 0)}

here, Fm_l(g) € 8™l is the standard polar coordinate parameterization of the
m — 1 dimensional sphere. As a result, we have the following basis for the tangent
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space and induced metric coefficients

Uy = Op —

9(Vu, vz, v0,) = — 509, hya

(V. v0;5v0,) = 5[ve, hji + ve; hik — vo, hij]

1—2°=
= TFijka

g(vvgi UGj 5 Uw) = _7Uxhij

where Eij and Ejk are the metric coefficients and Christoffel symbols on S™ with
respect to the euclidean metric. As a consequence, we have

(1 _ xQ)m—Q

IQm

dAHSm = dASmfldx.

4.3. Mechanics of finite part evaluation. This is a summary of computing the
finite part of integrals with respect to a complex parameter, z. See [23] §6 for more
details.

When computing variations of renormalized volume, we encounter integrals of
the form

I(z):/ 2Pb(x, s)x* I dAy
Y

for b(x, s) having a polyhomogeneous expansion in z (after pulling back to I') and
1>0,j€{0,1,2}, and p € {0,1}. We write

I(2) = / +/ 2Pb(x, s)x* I dAy = L1(z,1) + 2P I2(z, 1)
Yn{e<n} JYn{z>n)
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for some 1 > n > 0, where we’ve pulled out the factor of z? in the {z > n}. As
before, I5(z) is holomorphic because the integral is over x > 7). In particular

I,(0,n) p=0

FP._02I3(z,m) = {0 b

We further assume the following expansions (after pulling back to Fermi coordi-
nates)

dAy =

FE P do n Ay,

m—+2

Vdeth = Z T (s)z* + Q(s)z™ log(z) + Q(s)z™  log(z) + O(z™ 2 log(z)),
k=0

(16)
m—+2
b(z,s) = Z br(s)z* + B(s)z™ log(z) + B(s)z™  log(x) + O(z™?log(x)).
k=0
(17)

i.e. if a 2%log(x)? term manifests, it can occur only when d > m. I; expands as
m—+2

n .
D= [ [om 130 3 bt | dsdo
0 Jy

=0 k+j=¢
n . - ~
+ zp/ /xz’mﬂ [(%B + Qbp)z™ log(x)
0 Jy
+ (0@ + b1Q + Gy B + 7, B)a"™ log(w) | dsda

n . _ ~ -
“p/ / v {(b1Q+b2Q+alB+Bag)x’"“log(m dsda
0 Jy
"
+zp/ /O(mlog(x))dsdx.
0 Jy

Observe that
7’ P—
FPZ=OZP/ /O(Ilog(x))dx — {C(n) p 07
0 Jy =

for some finite constant C'(n). It remains to compute

m—+2

"] .
FP._ol1(z,1) = FP.—¢2" > ¢ / 2 Rmm I g (18)
k=0 0

2 n
+ FP.—02" Z Cf,H_k/ ¥ m=i og(z)dz,
k=0 0
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for
cL = / Z beq; | dV, 0<k<m+2, (19)
T e+i=k
C = / 7B + Qbo} dA,,
4L
iy = / bo@+b1Q + 7B +7,B| da,,
4L
Cripa = / b1Q +b.Q + 7, B + qu} dA,.
4L
Integrating,

? N *((zlo -1
11(2777) =z (cm+j177z + Cm+j71% + F(n%)) ’

where F'(n, z) is a holomorphic near 0 and computable in terms of the remaining
¢k coefficients through equation (18). In particular

F(n,0 =0
FP,_ozPF(n,2) = {0 (n,0) i_ X

p. T _ log(n) p=0
=02 1 p:l7

z _ 10%(77)2
pp__ o losn) = 1) { ¢

22 0 p=1 '
‘We summarize this as

Lemma 4.1. Consider integrals of the form
1(z) :/ 2Pb(x, s)x* I dAy
Y

for b and dAy having polyhomogeneous expansions in x and p € {0,1}, j € {0,1,2}.
Moreover, assume that x%log(x)? terms only appear when d > m and q = 1, or
d > m+ 3. Then we have that

C(n) + F(1,0) + Ix(0,7) + cmj_1 log(n) + &, 280° =0
FPo_oI(2) = (n) + F(n,0) + I2(0,n) +j—1log(n) fjo1s D ’

Cmtj—1 p=1
for the coefficients {ci} listed above.

Remark:

e This calculation illustrates the following key point: when p = 1, the finite
part can be expressed as an integral over the boundary. We will refer
to this process from here on as localization.

e Taking b(x,s) = 1 and p = 0 demonstrates how to compute the renormalized
volume of Y via Riesz regularization.
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e While the result for p = 0 seems to depend on 7, one can show that by
changing n = 7 and keeping track of boudary terms from the intermediate
integral fz:n’ the result is independent of 7. This is shown in [23].

o Often, the coefficients {b;(s), B(s), B(s),aj(s),@(s), Q(s)} from equations (16)
(17) will also be functions of an external parameter, §. When the §-dependence
is C* or polyhomogeneous of the correct order, one can interchange differen-
tiation and other operations involving ¢ (e.g. removing finite parts as § — 0)
with computing FP,_qg in . This is because computing FP,_, does not affect
the boundary integrals used to compute the ¢ coefficients in equation (19),
which appear in the computation of FP,_q in lemma 4.1.

5. Existence of Short Minimal Surfaces

In this section, we consider the existence of minimal surfaces in the half plane
model of hyperbolic space (R" x R*, g) for g = gp,, where
dz? + (dgi + - - + dy2)

Ghyp = T2 ’

as well as g being small perturbations of gs;y. While we will asymptotically perturb
the metric, we will always perform our analysis on a (topologically) pre-compact
open set U C M = R"™ x RT.

Let v2™~! C R" a closed submanifold and Y,Yzm the corresponding minimal
submanifold in hyperbolic space which is asymptotic to . There exists an n =
n(Y) > 0 so that the normal tubular neighborhood,

Uy ={¢= eXPy g (tiﬁi) |0 < |tl| <nY),peY} (20)

is well defined. Here, {w;} is the normal frame from lemma 3.2 with respect to the
euclidean metric, geyc, thinking of gey. = g, the compactification of gyy,. Then we
have the following proposition.

Proposition 3. Let (Y?™,42™~1) be a pair of minimal submanifold and asymptotic
boundary in H"T such that v*™~ 1 is a C*™ embedded submanifold in R" =
OH" L. Suppose {gs} is the one-parameter family of metrics as in equation (12)
(such that go = ggn+1) defined on Uy as in equation (20). There exists a do = 0p(y)
such that for all § < 6o(7), there exists a submanifold, Y, s C Uy, minimal with
respect to gs and asymptotic to .

Proof: We note that Anderson [6] Theorem 3 gives the existence of Y, o, which
we denote as Y,,. See also 4.1 in Alexakis-Mazzeo [2] in the codimension 1 case,
which generalizes to high codimension. We adopt Alexakis-Mazzeo’s notion of non-
degeneracy: we first recall the Jacobi operator of Y as

Jy 1t (AG (V) T = gt Ay (Y))mHm
Iy (¢) = AF(¢'w;) + A(¢'w;) — Tery [R(-, d'w;) ] (21)

where Ag’a denotes the holder space with respect to the 0-vector fields on Y (see
[2] section §2.2 for more background). We also choose 0 < a < 1 and —1 < p <
m, with the constraint on g guaranteeing that Jy is invertible (i.e. Y is non-
degenerate). Here, Ay : NY — NY denotes the corresponding laplacian on the
normal bundle and A : NY — NY denotes the Simon’s operator. Geometrically,
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Jy is the linearization of the mean curvature vector of a submanifold with respect
to graphical perturbations. See also [23], section §12.6, for more background in
the high codimension case. To show the existence of Y, s, we search for graphical
solutions expressed through the exponential map of the form

Yy = expy, g (35(p)wi(p)),

where we recall g5 as in equation (12) and use the same coordinates (Z, 91, ..., Un)
to represent gs restricted to Uy. For convenience, we will often notate ¢ := ¢w;.
We compute the linearization of the mean curvature system at § = 0:

iH(Y%(;,gg) = Jy(¢) + L2(9),

do
Vu° ; Y
g —rt
. d
LQ(g) = %H(Y’Wg5)7 (22)

where Y, is minimal with respect to gp,, and {w;} is the corresponding normal
frame. Here, g denotes the derivative of g5 at § = 0. Define

By« (A2 (V)" s (AR (¥
Fs(u) = —5*1J;71(H(Y7(5u),ga)) +u
Here, u = w'w; € NY and Y,(6u) denotes the image of expy. . (du'w;) where
u':Y — R. Finally, H(Y,gs) € NY denotes the mean curvature of Y with respect
to gs| . We note that
TY

Fs(u)=u
< H(Y,(0u),gs) =0.
We compute for u = vlw;,v = v'w; € NY:
Fs(u) — Fs(v) = —5_1J;W1 [H (Y, (6u), gs) — H(Y,(6v), g5)] + (u —v).
Note that:
H(Y,(6u), g5) = H(Y,(0),90) + [Ty, (w) + La(9))6 + Ls(u) + Qs(u) + Ws, (23)
= [Jy, (u) + L2(9)]6 + Ls(u) + Qs(u) + W,

L(u) = L H(Y, (s6u), g5) — Jr, (5u).

1 Zs(u)|| < K&2[Jul|,
Ws = H(Y;(0),95) — L2(9)3,
[Wsl| < K62,
1Qs(du)]| < K][6ul[?,
where all of the norms are computed in z#(A2*(Y))" 1™ Here, Ls(u) consists
of all terms which comes from the linearization in the graphical function, du, after

removing the lowest order term of the Jacobi operator, i.e. one derivative acting
on du and including the remaining higher order expansions coming from expanding
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gs. In particular, Ls(u) is linear in u with O(6%) coefficients. Ws = H(Y,(0), g5) —
L2(g)d consists of all terms which have no u dependence and are computable in
derivatives of gs. Qs(du) represents the remaining terms and is at least quadratic
in du with bounded coefficients. We also note that

LA 2 A0
Jy, AT — 2t A

T 2, 0,

Ls : 2" AT — 2t A
2« 2,«

Qs " AyT — 2P Ag

are all bounded operators preserving the weight, z#. Note that the O(0) coefficient
in equation (23) is given by

Cr = Jy, (u) + L2(9)

in the appendix §A.1, we show that Ly = 2Ly where Ly is an order preserving
edge operator that maps 2-tensors to functions. Since ¢ = O(x~2), this means
that La(g) = O(1). Furthermore, Jy is an elliptic edge operator for any minimal
surface, since to lowest order it is given by the surface laplacian on Y (see (21)).
This means that in order for C; = 0, we must have u = O(1).

‘We now compute

Fs(u) — Fs(v) = —[u—v] — 5_1J;W1 [Ls(u —v) + Qs(6u) — Qs(0v)] + (u — v)
= =07 Iy Lo (u —0)] = 6713 Qs (du) — Qs(0v)].

Using that J;ﬁl is defined and bounded on our weighted spaces (by non-degeneracy),
along with our bounds on Ls and Qs and the linearity of L, we have

|1 F5(u) — F5(v)|] < Kob[|u = vf| (24)

For K independent of §. To fully run the fixed point argument, note that |F5(0)] <
C for some C' independent of § so consider Fjs : Bac(0) — Bac(0). Equation (24)
shows that our rate of contraction is sufficiently small so there exists a fixed point
by the Banach Fixed Point theorem. Moreover, since v = O(1) as 6 — 0, and
Y, s = {expy, 4,(0u)}, then we see that Y, 5 C Uy for all § sufficiently small. [

Remark: We will make use of proposition 3 when Y, o = HS?™" C H™*!, which
is non-degenerate (on the appropriately weighted space!) as is discussed in [2]. We
will also apply proposition 3 to small perturbations of HS?™" | which will also be
non-degenerate since non-degeneracy is an open condition.

6. Proof of Theorem 2.1

In this section we prove

Theorem. Suppose that g is partially even to order at least 2, then the renormalized
area on all minimal surfaces, Y2 C M™*, determines the conformal infinity, c(g),
of the ambient manifold.

We note that the condition of w; = 0 means that renormalized area on Y2 C M"t!
is well defined and independent of the choice of special bdf. We handle the cases
of n =2 and n > 3 separately.
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6.1. n =2. Given p € M, choose coordinates yi,y> for the boundary and let
5(y) = {yi +v3 = 8°}.
For each set of coordinates y = {y1,y2}. If we pull back this curve by Fj, we define
F5 (vs(y) = (@) = {57 + 95 = 1}.

And there exists Y, (5,5 which is minimal over 7(7) with respect to gs according to
proposition 3. We then define

—1
Y. = Fs (Yy).6)s

which is minimal with respect to g. Thus, we can compute

AV ().6) = FPZIO/ IszYm;(y),é (25)

Yy5w).6

=FP._, / §5*dAy,,
Y.

v(9),6

=FP,_o(1 4 zIn(d) + O(zz))/ T*dAy. ) 5
Ya(y).6 -

= FPz:O/ fszy’Y(g)ys + 111(6)FPZ=02/ i‘ZdAy_y(g),a
Yo,

Yyw).s

Note that

B(y, (5) = FPZ:()Z/ jjszY’y(ﬂ),é
Yo (). '

_ / VAT A,
Yy

Here, we’ve recalled equation (9)

1 —
dAy,Y =5V det hdl‘dA,Y(y),
x [

following the notation and techniques in [23]. One can easily check that
Vdet h(s,z) = 1+ O(2?),

where s is an arclength parameterizing coordinate on «y(y) (see equation (16) and
surrounding references, or [15], equation 4.3). Thus

(9),6

B(y, ) = / Vet h]'dA. ) = 0.
v(y)
Thus
A(Yp.8) = A9, 9)
= FP._, / #dAy.,, ,
. ,

v(9),6

= A(Y,5).5,95)
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i.e. our quantity of interest is the same as the renormalized volume of our minimal
surface rescaled by 6!, computed with respect to gs. In particular, by proposition
3, we know that A(Y,(4),s,9s) is continuous with respect to d, and so we define

A(ya 0) = (%I_%A(ga 6) = A(Y'y(g),()a gO)
Note that o
di® + WY (p)dy'dif
z2 ’
Since wo(p) is positive definite, this is the metric for hyperbolic space after changing
coordinates. Thus we can apply equation (2) so that

1 A
A(y,O) = A(Yv(ﬂ),OaQO) = 727{_X(Y) - 5/ |A‘2dAY7
Y

having noted that the Weyl curvature tensor vanishes in hyperbolic space. More-
over, we know that because (%) is topologically a circle, that Y., ) o is topologically
a disk (see [28] among many sources). Thus

1 R
A(Yv(@),o’go) = 27 — 3 /Y |A|2dAy,

We now aim to detect wo(p) up to a scalar factor by making the above integral
vanish. Using corollary 1.1, we know that A(Y,4),0,90) = —27 if and only if v(7)

g0 (26)

is a circle with respect to the boundary metric of go‘ it wp. Formally, for a
T n
given coordinate system z = {z1, 22}, there exists an orthonormal change of basis

to § = {21, Z2} so that y(z) = v(2) and
wo = whdz'dz? = & (d2)? + &, (d2%)2. (27)
See figure 1 for a visualization of the corresponding minimal surface. By varying
21, %22
Z1 = az + bz,
Zo = cz1 + dzo,
there exists some a, b, ¢, d so that
wo = A[dZ; + dz3]. (28)
This coordinate system is not unique, as any orthonormal change of basis times

a dilation will achieve the same effect. However, in any such coordinate basis,
{Z1,Z2}, where equation (28) holds, we have

=2 | =2
zZ1 + 73

= 1}’

which is exactly a hemisphere with respect to gg, see figure 2. As a result,
-A(Y'y(z),O) = —2m.

Moreover, if Z is a coordinate basis which does not satisfy equation (28), then after

an orthonormal transformation (which again, preserves v(z)), wg can be written ac-

cording to equation (27) but Y,z ¢ will not be a geodesic hemisphere with respect

to go and so A(Y,(z),0) < —27. This means that we can detect a coordinate system
for which wo(p) satisfies equation (28) by measuring when A(Y,(.),0) = —27 exactly.

Y20 = {a® +
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dx> + Adz? + Bd z}

I
S
+
ws]

Py ’

X~

FIGURE 1. Visualization of the skew minimal surface over a circle
in Z coordinates

Once such a coordinate system, g, is found in the rescaled setting, we know it
comes from blowing up coordinates on OM near p via the map Fjs from equation
(11). Thus, there exists coordinates y on a neighborhood of p € 9M which are
orthonormal with respect to wy(p), i.e. wo(p) = Ageuc,2-

Given ¢ € OM near p, we can find another coordinate system z(q) = {z1(q), z2(q)}
so that wo(q) = A(q)g2(2(q)), i-e. wp is a multiple of the identity with respect to
0z,(q) Oz(q)- Let 2(p) = {y1,y2}. We can define an auxiliary metric

@o(q) = geue.2(2(q)),
i.e. our metric is that which is the identity in the {0., (4), 0.,(q)} basis at each point.
The issue is that this might not be continuous, so we define

@o(q) := s(q)92(2(q))

for some scalar valued function, s(q), so that @y(q) is a continuous metric on the
boundary near p. Evidently, such an s(q) exists since s(q) = A(g) would give
@o(q) = wo(q) which is smooth by assumption. However, s(q) = f(q) - A(¢q) for any
positive continuous f(q) also works, reflecting that we can only hope to construct
an element of the conformal infinity. O

6.2. n > 3. The proof is identical up to equation (27). From then on, our con-
struction of minimal surfaces allows us to analyze wy restricted to 2-dimensional

subspaces. In particular, since our construction of Y, (5) 0 has v(7) C R%hg? CR"



INVERSE PROBLEM FOR RENORMALIZED AREA 91

dx? + [d z2 + dz%] B dx* + ”\[d zi +d E;]

g = > z=12z[A 8§ = 2
X ;

Y Y/

1

|

X X I‘\
\

\

) Y=< [/~
{12+222\ {212+52\
Y:{x2+ (z%+z§)=1} 7} Y:{x2+/1(zf+2§):1} h J}

FIGURE 2. Visualization of hemisphere in different coordinate systems.

xRt C R® x Rt. Thus it suffices to consider the

2
we know that Y, 50 € Ry, 5

behavior of

Wo = W0, (dgY)? + WOyditdi? + Wiy (di?)?.

2
R.ﬂpﬂz

As in the n = 2 case, we can vary ¢, 2 within their own span to detect when

= Al(dg")* + (dg*)?]- (29)

“olga
Y1-Y2
Now choose a coordinate g3 which is linearly independent from 1, %2, and consider
the pair of coordinates {g1, §3} with

wo =Wy (d7")* + wisdy" i’ + wis(dy*)”.

2
91,93

We now fiz g1 and vary g3 — Aj + Bys = ¢4 until

wo = Al(dg")* + (dg*)?). (30)

RZ
Y1,Y3

Such a change of coordinates exists by setting, e.g.

w13
B— —A¥S
w11
wi1WwWss — w2
A= 33 13
w13
This presumes wq3 # 0 - if w3 = 0, we can just set g4 = \/w?; /w373, and ST with

respect to g1 and g5 will genuinely be a circle, as detected by A(Y-

(@,),0) = —2m.
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With this, we have a basis {g1, 2, ¥3} so that

Wo = Al(dg')? + (d5*)* + (dg°)*] + Ady*dy® ~

RS _
91,792,393

S O >

0
A
A

> O

Here, we've noted that A = X from equations (29) and (30) since 7; was determined
independent of §3. In particular, wy(dy,,05,) = wo(9y,,05,) = 0, so we can now
repeat the same construction with s, 3, keeping g fixed and modifying g3 until
A(YS(45,55),0) = —2m. In particular, since g1, g2 are fixed in this construction, we’ll
have

= \[(dg")? + (dg?)* + (d5*)?).

W
0R3. _
91,92,93

This construction generalizes by induction: given

= A(dgh)? + (dg?)? + - + (dg" 1)), (31)

we can consider the pairs of coordinates (g;,9x). For each j < k — 1, replace
Uk — A;¥; + By, so that

A(Y'\/(gj’gk)vo) = _27T

After doing this for all 1 < j <k — 1, we will have achieved

wol = Al(dg")? + () + - -~ + (d5*)?].
R@L@z wwwww Ui
Repeating the same construction to find a smooth conformal representative as in

the n = 2 case, we complete the proof. O

7. Proof of Theorem 2.2

The goal of this section is to prove theorem 2.2.

Theorem. Let (M™,g), g a partially even metric to order 2m*, and n > 2m*.
Suppose wy is known in equation (1). Then the renormalized volume on all 2m*-
dimensional minimal submanifolds, Y™, determines the asymptotic expansion in
equation (1) to arbitrary order.

Proof: There exists a special bdf x : M" — R2° such that g takes the explicit
form of equation (1)

ot woly) + () + O
_ -

and wq is a representative of the conformal class, ¢(g). We first handle the codi-
mension 1 case, i.e. knowledge of V(Y?™") for Y2 C M2 +1
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7.1. Codimension 1, base case. As in the proof of theorem 2.1, for any point
p € OM, we can find an open neighborhood U and coordinate system

{@,y1,Y2, -, Y2m~} s0 that wo(p) = [dy? +...dy3,,-] and x is a special bdf. As in
the proof of theorem 2.1 we perform the following construction:

Let 2™ =1 C R?™" be a closed smooth submanifold with diameter D,. There
exists a minimal submanifold, Y, with asymptotic boundary ~2m" =1 with respect
to the standard hyperbolic metric
dz® + [dg} + - - + dg3,,,-]
=2
z

gu2zm+1 =

b

which is topologically compact in RZ? x R?™ . Furthermore, assume that Y, is
unique and non-degenerate. Define

Y, 0) = {1, y2m+) = 6L (P), - -, Jo2m=(p)) | p €7 CR*™ } C OM.

And Y, 5 € M to be a minimal surface with asymptotic boundary ~(y,d). This
exists by proposition 3, and by the maximum principle, any such minimal surface
must be contained in a hemisphere of radius 2R for some R > 0 independent of
0. Note that the hemisphere of (euclidean) radius 20 R is minimal with respect to
ggzm*+1 but not minimal with respect to gs. However, we can generate a barrier by
considering hemispheres centered at © = ndR, call this HS™(§R,ndR) with n < 1
fixed. For ¢ sufficiently small, we have

Hysn(ryr) > 1+ 0(6),
which will be strictly positive as 6 — 0 and act as a barrier. This is identical to
shifted hemispheres constructed in the envelope argument outlined in §3.4.2 of [23].
Having established boundedness of Y, s, we can now pull back Y, 5 to RZ0 x R?™"
via the dilation map, Fj, from equation (11). In particular }7’%5 = F5_1(Y775) is a
minimal surface with respect to the metric gs = F3(g). Moreover, for some x > 0,

Vo5 CU=[0,6715) x B (0) SR x B>,

so we can think of }7%5 and Y, lying in the same chart but with different metrics.
By proposition 3, we know that }7%5 exists and is unique and is asymptotic to v
(see figure 3)

We first show that we can recover wy, for k = 2. Recall that x = F5(Z) = §z. We
compute

V(Y’Y,5vg) = FPZ:O/ l’szy%é

Yy s
—FP._, / FFtdAy
V.5 0
= FPz:O ‘/? . ‘%sz{/%a + ln(a)FPZ:()Z/f/ ) fi’sz{/%é

having expanded 6* = 1 + zIn(8) + O(2?) and used that the O(z?) terms vanish
under finite part evaluation as described in section §4.3. Furthermore

FP._oz / FFdAy = / [Vdet h)®™ ~YdA.,,
8 ' ¥

Y,
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(?%6’ 8 é)

FiGURE 3. Visualization of }7%5

where h denotes the induced compactified metric, g = #2g5 on 17%5. Using that
Videt h is even up to order 2m* (see equation (9)), we see that

FP._o2 / FdAy =0
?’%5 Y

With this, we have

V(Y'y,Sa g) = FPZ:O/

Y5
=V(Y,5,95)

FdAy |

here, we’ve noted that Z is a special bdf for gs. With this, we can compute

d? d?
— V(Y- = —FP,_ T7dAs .
62 V( 7796) 5—0 452 z=0 /{/%5 T*d V.5

We now pullback to Y, our minimal surface in hyperbolic space. Let

Py : Y,y — Y%g (32)
Ps(p) = expy. g 5., (05(P)V(p))
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Then

- d?
— V(Y. = —FP,_ Py (2)*Pi(dAs
VT, = PP [ BiGFPiAY, ) (33)

~

= FP.o / 55 Vg5 + 2(z — 1) 283]d Ay,
Y.

~

~z—14% d * ~Z d2 *
+ 25 5Py (dAy ) + & 5 Pi(dAy, ) (34)
=A+B+C+D

Here, 7 (i‘&;) records how the z component of a point on 37%5 moves to first
(respectively, second) order as § — 0. Given that

H(Y5.5,95) = 0,
we can differentiate this and compute Zs from gb = d%gbg 5 :
=0
H(Yy6),95) =0 (35)
= Jy(9) + La(g) =0
= o =—Jy'(L2(9) (36)

Here, Ly is the linearization coming from fixing Y = Y, and varying the induced
metric, gs — go on it. We also assume that Y., is non-degenerate with respect to
the hyperbolic metric, so that Jy Uis well defined. We compute in the appendix
A.1 that 1
La(9) = —(g, A) + divy (9(v, ")) — Sr(try (9))- (37)
Equation (35) similarly gives
H(Ps(Yy),95) =0 (38)

= Jy (@) + L2(§) + DJy (9)(¢) + DL2(6)(g9) =0

where DJy (§) means the derivative of the Jacobi operator on Y as the metric on Y

changes, and DLy (¢) means the change in Ly as we infinitesimally vary the surface
Y by .

In general, we will only need the existence of gf)(k) which can be computed in terms
of k derivatives of the metric gs. See [23] for more information on the regularity
theory of these variations. We now analyze each term in equation (33).

7.1.1. A. We compute
A= FPz:O/ Zf?zili(;(;dAyv
Y.

_ / [ssTacy]™dA,
Yy
where Jacy = Vdeth for h = §‘Ty.

7.1.2. B. Since Zs just depends on (ﬁ, which is dependent on g, we know that
B = F(wq, Vwyp), i.e. it is known by assumption.
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7.1.3. C. We compute
d ., . )
%Rs (dAy, ;) = [pHy + try(§)]dAy
= tl“y (g)dAy
so using equation (36) and that Y is minimal with respect to the hyperbolic metric,

go, we see that C' = F(wog, Vwy).

7.1.4. D. We compute

AP,
D = FPZ=0/ l'zﬁpé (dAY’Y~5)'
Y-

~

Explicitly, we know that

d

Gh Ay, | = [(Bs Hy, )+ divy, () ey, ()| ddy,
a2 - N .. . .
— —sPidAy, )| = (A P+ VY PP~ try, (R(, P, ) + div, (P)]

+ [try, (§)] + K (wo, Vewo, v%o)) dAy,

= [diVy,Y (P) + JCI'y_Y (g)]dAyﬂ{ + K(OJO, V(J.J()7 VQwO)

This can be seen as follows: the pull back of the area form is a function of what
Y, (4),5 is as a surface and the metric, gs, which is restricted to that surface. Since
we only care about the summands which record § = ws + K(wg) (as opposed to
those that depend on just § and gg, which are implicitly functions of just wy), we
can isolate the last two terms and let the remainder be a function of wgy. Note that

/YgﬁzdiVyv(P)z—/Y 251 di(P)

vy vy

= —/ Z.%Z_lf&s
Y-

"r’

for R(z) > 0. Now taking the finite part, we have

FP._, / #*divy, (P) = - / [Z55Tacy]™,
Y- 0l

~

so this term cancels with term A in section 7.1.1.
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7.1.5. In Sum. In sum, we have for Y, a minimal hypersurface over an arbitrary
submanifold 2™~ C R?™:

d? d?

TV Wrss)|,_ = 3PP [ PI@P Py, ) (39)

~

S / 25" Va5 + 2(z — )i 28]d Ay,
Y.

~

~z—14% d * ~z d2 *
+2.TZ 1"E§%P6 (dAY'y,é) +x W‘Pg (dAY%,;))

= FPZ:()/ 532131‘)4Y (WQ)CZAYW + K(WO)
Y-

~

We can now show:
Lemma 7.1. Equation (39) recovers the trace of wa at p.

Proof: We set v = §2™" =1 and Y = HS*™" in equation (39). Then using the
computations from §4.2 we have
trY’Y(g)YO(WQ) = try goem= (W2)
= hiiwg (Ugj«, ’Ui) =+ hing (Ui, ’Uj)
= fiAWQ(FQm*,l(@), Fgm*,l(e)) + i2trszm* _1 (w2)(0)
(1—a2)m -
dApgems = T
And so
d2

WV(YS""*H&? 95) ‘

~FP._, / Ftr gy gom (wa)dAgrgans (40)
Hg2m*

= w211 + - 4 Wa, (2= 2m)] (c1]1 + cola)

where

cilwai1 + -+ Wa (2mx 2m)] = / wWa (Fomx—1(0), Fom=—1(0))dAgzm= -1,

S2m* —1

Co [W2’11 + -4 w27(2m*72m*)] = / trszm*_l(WQ)(e)dAszm*—17

S2m* —1

s

1
I, = FPZZO/ FEHATIT (L g2y
0

1
12 _ FPZ:O/ .i,z+2—2m*(1 . ij)m*_l.
0
We parameterize
SQm*il = {(yQa ce. 7y2m*) = (COS st sin ¢Fm_2(9m—2))}

and compute

- 1
T omr —1

co = (2m* — 1)cq.

C1

[ /¢ " (sin ¢)2m*d¢} Vol (5% %),

=0
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We further compute Iy, Iy via integration by parts:
1
I = FPZ:O/ AT — g2yl
0

20m* —1) [* . .
—FP, M/ For6=2m () _ g2ym =2
0

= +5—2m
m*—1 * |
—FP._, 2"~ (m” — 1) / 72
(z+5-2m*)(z+7—=2m*)---(z—=1)(z+ 1)
2m 1 (m* — 1)

(5 —2m*)(7—2m*) -+ (=1)(1)(3)’
Having noted that after integrating by parts m* — 2 times, there was no pole at
z = 0 due to parity. Similarly
1
I = FPZZO/ N G T
0

2(m* — 1 ! . .
_ FPz:O (m ) ) / i,z+4—2m (1 _ jQ)m -2
0

(z+3—2m*
2m*—1 * _ 1)1 1
— FPz:O (m ) / i,z
(z+3-2m*)(z+5—-2m*)---(z—1) J,
_ 27" = (m* —1)! )
(3 =2m*)(5—2m*)---(=1)
s,
2m* — 3
Together, this gives
Co 3 —-2m*
I -1 I
AT o —1 [< )73 } 2
2m* — 3
= I _—
2 0om —1)3
(2m* —3)
I Ih=clp |1+ -—0——+——>
— c111 + calo 622|:+3(2m*_1)
# 0.
This computation along with equation (40) finishes the proof. O

7.1.6. Varying . Having recovered the trace, we now set v = 7, to be a perturba-
tion of S™~1 = {§? +§% + - + 43, = 1} in equation (39). Let Y, C H*™ +! be
the minimal hypersurface asymptotic to y(¢). This follows by the non-degeneracy
of Y, (geodesic hemispherical copy of H*™ C H?™*!) which implies that Y, 1) exists
and is unique. Define a graphical parameterization of Y, ;) over Y, :

P Y, =Y,
Py(p) = expy. (¢¢(p)v(p))

in analogy with equation (32), see figure 4. We can then pull back our variations
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FIGURE 4. Visualization of Y; over Y and ; over .

(with respect to 0) of renormalized area to Y, and differentiate in ¢:

2
252 Vs 9s)| = FPz=O/Y T*try,, (w2)dAy,, + K(wo,t)
= FPz:O/ Pr(3%) P [try,, (w2)] Py [dAy, ]
Y'Y
+ K(WO, t)
d d? JOSE
@WV(Y%"S’%)’(&O — FPz—O(/Y7 287 dgtry, (wa)dAy,
~z d *
+ & (2P ltry,, (w2)] )dAyWO

=A+B.

Having noted that, differentiating the area form with respect to ¢ yields 0 since
we are only working with minimal surfaces and our variation is normal. Here
&y = ¢dx(v) denotes the change in z along P;(p). We compute this variation in
parts.

7.1.7. A. We compute

A= FPZ:()/ Z.’fz_l.%(btry,y ((UQ)dAy,Y
Y-

~

= /[Qj;gzgtry,y (WQ)RYV](2M*).
v
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We now note that ¢ is a Jacobi field, and as in [23], section §5, ¢ admits an

expansion (thought of as a function on I' = v x [0, p)) which is odd up to order

2m* —1:

+ Fdo(s) + (odd) (41)

+ ij*_1¢2m* (8) + j2m*¢2m*+1( ) + O( ~2m* +1)

Using that di(v) = Zuz + O(x3) is even up to order 2m* (see equation (10)),

_ ¢d

O(
o(

Q.S(S,i') - ¢OT(S)

2

()
);
%),

|
ISh}

1S3}

tI‘y (UJQ)
Jach =

1).

Furthermore, 4 is odd up to order 2m* — 1, and try, (ws) is even up to order
2m* + 2. In particular

— [Q’ngbtl‘yﬁY (WQ)RYW](QWI*) =0.

7.1.8. B. We start by writing

P/ try,, (w2)] = h(t)* wa(va(t), vs(t)).

Here {vq(t) = va(t, Pi(p))} is a frame for Y, achieved by pushing forward a frame
on Y, toY,, by (P,).. Similarly h(t)ag = g(va(t),vs(t)) is the induced metric on
Y,,. We differentiate this

d d, o
dtP [try (UJQ)] = %h(t) Bw2(va(t)avﬁ(t))
= h*%wy(va, vg) + (V4 w2) (Var, vp)
+ haﬂ[WQ(U.Q, Uﬁ) + WZ(UOM 1)3)}
= h"ﬁ(vwwg)(vmvﬁ)
= oh*?(V,ws) (vas vg).-
‘We compute
Vows =V, (“’Z(Qp ) 5;2> (42)
2 (0)ditdi’ 2 (p)dytdy’
() BT ag (””)
€T X
2
= EV(I)LUQ
= 2xws.

2 qitdgd
having noted that V, (chfziygdy) = 0 since the basis forms d;;’, are parallel with

respect to the hyperbolic metric. We also noted that v(Z) = % coming from
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parameterization in section §4.2. Thus

B=FP,._, / 7 (dPt* [try. (w2)]> dAy.
y, dt Yt Y

= QFPZ:()/ :Z’ZdH(i)‘EI‘yAY (w2)dAy_Y.
Y-

~

7.1.9. Recovering ws. Adding our terms together, we’ve shown that

d d?

a@V(Yw(y),&g&)L:OL:O = 2FPz:o/ F try, (wg)d Ay, .

Yy

To recover wsy, we explicitly compute (/) using that our underlying minimal surface is
HS?™" . In the appendix section §A.2, we show that we can find particular Jacobi
fields using separation of variables

O 2. ) = B 1) 222D,

Let f5 be
fo(O2me—1) = cos® ¢ — sin” ¢,

where we parameterize

S2M = — Ly, Y2y -, Yom) = (COS G, SN GFop 2 (B2m-—2))}

-2

2m* — 1

and where Fb,,«_o is a parameterization of §2m” As shown in the appendix

§A.2; equation (55):
oFy(—m*, —1/2 —m*,1/2 — m*; 32) + ci?™ +1
(1 _ i,2)m* ’
1 +m*I(1/2 —m*)
I'(1/2) ’

Bom 2(%) =

c=—F(—m",-1/2—-m",1/2 —m*,1) = —

where o Fy(a, b, c;x) is a hypergeometric function and our choice of ¢ means that
Boy,» 2 is defined on all of [0, 1]. We can compute

d d?

Itﬁ(; = %WV(YWt(y)(s’ ga)‘ézo‘t:()(qb)

= 2FP.—¢ / P Ptrpgm (w2)dAprgm
HS™

1
= 2FPz=0/ / izfg(egm*_l)B27,L*72(£~C) [hmwg(vi, vz) + h7 wa (vy, ’Uj)} .
=0 .J8§2m* -1
Again, using our parameterization from §4.2, we have

R wa(vz, vz) = Fwa (Fame—1(0am=—1), Fams—1(02m~—1)),
hing(vi,vj) = Z2tr gom* -1 (W) (B2m=—1),
_ "'2)m*—1

1
dAHSZm* = (xi*di'dAszm*—l (ng* ,1).

5:2m
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So that our main computation of interest becomes

1
Iis5 = 2FPz=0/ / Z* foBom~ 2(T) |:j4w2(F2m*—laF2m*—l)
=0 J8§2m* -1

(1 o j2)2m*71

a}Qm*

+ f2t1‘52m*_1(u&):| ddisQnL*—l.

where we’ve suppressed the 0g,,«_1 € S2™ ~1 dependence for brevity. In the ap-
pendix §A.4, we compute

/2 ) fowa (Fam*—1, Famx—1) dAgam»—1 = awiy — Blwis +wis + - + w(ng*)(gm*)},
g2m* —

/2 - fatrgeme—1(w2) dAgam=—1 = —awi; + 5["-’52 twis e+ w(22m*)(2m*)]7
s2m* -

where «, 8 > 0 are explicitly computable in terms of m*. As a result,

1
.55 = 2FPz:0/ P21 — %) Bop 2(7)
0

(1 o i,Q)m*fl
Jowd; — Bwiy + - + wé'm*)(?ﬂl*))]wa

= 2[aw?, _B(w§2+"'+w(22m*)(2m*))] -1y, (43)

1
I, =FP._, / T2 2By 5 (2)(1 - #)™
0

1
= FPZZO/ Frmam {2F1(—m*, —~1/2 —m*,1/2 —m*; 7*) + Ci‘2m*+1:| :
0
In the appendix §A.3, we compute that I # 0, and in general
1
IkJn* =FP,- / xz_2m*+2k [2F1(_m*, —1/2 — m*, 1/2 — m*; x2) + Cx2m*+1}
0

£0.

For any k,m* > 0. From this, we see that
1 d d?
— V(Y- ’ ‘
21 dt do? (Ysi().6,95) 5o

Using this and lemma 7.1, we see that we can recover w?;, and by symmetry each
w?,. Changing coordinates

—o = w%l - (/B/a)[w§2 +oe Tt w(22m*)(2m*)]'

~ Y1+ Y2
Y1 — Y1 = NG )
- Y1 — Y2
Y2 — Y2 = ol

we see that wy(p) is still orthonormal with respect to {§1, 92, ¥s,---,Y2m=}. Re-
peating the proof with this new coordinate basis, we can recover

WZ(ayl + Oy, Oy, + ayz)

and hence recover wq(9y,,dy,). Repeating this argument for every other pair of
indices, we recover all of ws. O
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7.2. Codimension 1, induction k£ < 2m* — 2. We assume knowledge of

wo, -« ,wi—1 (for k < 2m* — 2, even) and then differentiate k times to isolate the
w term. As in the base case, we vary the boundary curve to induce an anisotropy
which allows us to isolate wy, ;; for each .

We first apply (Zs—kk. Arguing as in the base case:

d* d*
RV en) =Py [ [RGB (v, )]
s

:FPZ:O[ /Y 221 OF (P (7)) d Ay,

~

dk
+/ o* (s P (dAy, )
k-1 k=

+Zq4%%(ﬂbwﬁNMMH”

k
= FP._ VY 237 1OF(Py (2))dAy, +/ jdkP(; (d4y. )

~

+ K(wo,w27 [N ,wk,l).
Here, we’ve noted that all of the § derivatives which act on both Pj(%*) and
Pg‘(dA‘;,7 ,) will depend on at most k — 1 derivatives of gs, and hence be deter-

mined since we assume knowledge of wy,...,wr—1 (which determines ot 595 for any
¢ <k —1). Mimicking the computation for k = 2, we have

FP._, / 2i* 710k (Py(7))dAy, = / [di(0F P5)V/ det h)?™ ) d A,
Y, v

Similarly, as in the k = 2 case subsection §7.1.4, one can show that

d*

dékp5 (ddy. ;) 5=

0 = (‘lin/W (8§P5) + tI‘}',ﬂ{ (g(k)) + K(wo, w2, ... ,wk_l)
= divy, (¥ Ps) + (k — 2)!‘51}7 (2% 2wp) + K (wo,wa, . - -, We_1)-
Having recalled equation (13),
E<2m*—2 = ¢ = 8§ )g(s
= (k= 213" 2w, + O(wo, . . ., wi_1).
This yields:
dk

257 Y Vew).0, 95) :(k*2)!FPz=o/ Ftry,, (B 2wr)dAy,,  (44)
=0 Y.

vt

+ K(Wo, s 7wk—1)'
As in the base case, we now show that we can recover the trace of wj from the
above

Lemma 7.2. Equation (44) recovers the trace of wy at p for any k > 2:
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Proof: We set v(§) = S*™ ' and Y = HS*™ in equation (44). Mimicking the
computations exactly as in lemma 7.1, we have

1 dk ~z+k—2
MWV(YSZ’!!L*71167Q6)‘6= = FPZZQ /HSzm* T tI‘HSQm* (wk)dAHszm*
(45)
= [w’fl + -+ Wém*,Qm*)] (61[1 + 0212) ,
where
€1 [wicl +oee Tt wém*ﬂm*)] = /2 ) wk(FQm*fl(g)a F2m*71(0))dA52m*—17
§2m*—
C2[w]f1 + -+ wé€2m*,2m*)] = \/2 ) CUk(FQm*fl(g), F2m*71(9))d1452m*_1,
G2me -
1
Il — FP2=0/ i,z+k+472m*(1 _ $2)m*717
0
1
I, = FPZ:()/ iz+k+2—2m*(1 _ m2)m*—1.
0
Exactly as in lemma 7.1, we have
1 g . x
=57 {A_O(Sin¢)2m dcﬂ Vol(5%™ %),
co = (2m* — 1)¢y.
We also mimic the computation for I, I via integration by parts:
1
I, =FP,_g / gFTRHA=2mT (] _ g 2ym Ly
0
2(m* — 1 ! . -
—FP._, (m ) gFthH6=2m" (] p2ym =2,
z+k+5-2m* J,
2m" =1 (m* —1)!
— FPZ7 Z+k+2d
_0(z+k+5—2m*)(z—|—k+7—2m*)~-~(z+k+1)/m *
B 2" =1 (m* — 1)! 1
C(k+5—2m*)(k+T7—2m*) - (k—1)(k+1) k+3
Similarly
1
I, = FPZ:O/ $z+k+272m*(1 _ x2)m*71dx
0
2(m* — 1) ! —om* .
— FP -~ z+4—2m 1 _ .2\ym 2d
Z_O(z+k+3—2m*)/ox (1=2%) v
om’=1(m* — 1)l !
—FP._, (m ) / 25 g
(z+k+3-2m")(z+k+5-2m*)---(z+k—1) Jo
_ 27 =1(m* — 1)!
(k+3-2m*)(k+5—2m*) - (k—1)(k+1)
k+3

-T2 .
om* +k—3 "
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Together, this gives

Co 3—-2m* -k
L = (-1 I
AT o1 [< ) "3 }2
el 2m* +k —3
T 0mr — D (k+3)
2m* +k — 3
I I =cl, |1
= c1d1 +calo 622|: +(2771*—1)(16“!‘3)}

£0.

This computation along with equation (45) finishes the proof. Note that if k& > 2m*,
there is no need to compute FP,_q as the integrals

1
fl (Z) _ / xz+k+472m*(1 . z2)m*717
0
1
f2(2> _ / xz+k+2—27n*(1 _ x2)7n*—17
0

are both holomorphic near z = 0 when k£ > 2m*. O

We now vary the k-th d-derivatives of renormalized volume along a family of curves
and define

L(t) :=FP._g / try, (2775 %wy)dAy,, .

Y’Yt

Equation (44) tells us that dd(s—kkV(Y%(y)’(;,g(;)’(S . and knowledge of {wog,...,wr_1}

immediately determines L(t), so it suffices to compute variations of L(t). As in

the base case, we now consider v; to be a perturbation over vy = S§2m" =1 with
Yy, = HS?™ and write

Y, = P(HS*™") = {exppgzm- (:(p)v(p))}

to compute

L(t) = FP._q / Pr(2)* =2 P} (try,wp,) P (dAy, ),
HS2m*

d .
%L(t) =0 FP=0 /HS2 Ltk 2)F TP L 1 game Wk dA rgame

d
4 g2 th=2 S P (trv,w) dA g san:
— A+ B.

As before, we compute in pieces
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7.2.1. A. We have for k >3

A= FPzzo/ 2 (z+ k = 2)22" P tr grgams widAggoms
HS2m*
= FPZ=Oz /1—132 . (Z;V(i')iz“rkigtrHs’Zm* wdeHSZWL*

+ (k= 2)FP.— / v (E)TTH 340 gy game (Wi )dA frgame
HS2m*

= / (28 p(tr g g2m= wi)\/ det Ty gzm= 2™
S2mx—1

+ (k= 2)FP.— / Ty gome (wi)dA gy g2 -
HS2m*

here, we’ve localized one of the terms using techniques from §4.3 and used that
v(z) = 22 for Y = HS?™ . We now note that k is even, and so

F¥ (tr prgam= wi)\/ det Ay gems = O(x>1F)

and is even to order 2m* 42+ k. Furthermore, ¢ is O(z~1!) and odd to order 2m* —1

(see equation (41)). As a result the integrand, Z*@(tr s gzmwy)\/det Ay gzme, is

O(z'**) and odd to order 2m* 4+ 1 + k. In particular, there is no 2™ coefficient

S0
0 = [F*P(tr g gom=wi )/ det By gom= 2™

— A - (k’ - 2)FPZ:0/ d)iz+k71trH32m* (Wk)dAHsmn* .
HS2m*

We also remark that

k>2m* = [EFo(trygomwi)y/det hygam]*™

independent of the parity of k.

Il
=

7.2.2. B. As in the base case with section §7.1.8, we have
d * af
S (try,we) = h PH(Vowr) (vas vp)
= Q.fétrHszm* ((U]g)
= B = QFPZ:()/ (bi'z+k_1trHszm* (L(Jk>dAHs2m* .
HS2m*

7.2.3. In Sum, induction. Together, we have
d

—L(t =A+B
dt ()t:O +

=B P /Hsz ) STty gam (wi)dA gy gme

Recall from §4.2

(1 _ jQ)m*—l

:EZm*

dAHSQ""* = d.’i'dAs2m*—1.
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We can then compute

d . . .
—L(t)] =kFP. / pFth=1=2mm (] _ G2y =Ly o (Wi ) d A game -1 dE
HS2m*

dt t=0
(46)
tI‘HS2m* ((.Ok) = SEQtI‘Szm*—1 (wk)(ﬂ) + 574wk (Fgm*_l(a), Fgm*_l(a)),
dAgzm -1 = (sin?™ ~2 ¢)dpd Agam=—=(6).
Here, Fy,«_1(0) is the position vector on S§2m" =1 and we've again parameterized

§2m" =1 in polar coordinates. Using the parameterization according to section §4.2,
we can write

tI‘HSm (wk) = hiiwk ('Uj, U;C) + hijwk (vi, ’Uj)
= Wi (Fame—1(0), Fame—1(0)) + 220" (0)wi (Fame—1,:(0), Fame—1,7(0))
= i:4wk(F2m*_1(0), Fgm*_l(ﬁ)) + thrSQm*—l (wk)

According to section §A.2, we can again choose the following Jacobi field

. Boom (7 1.
Y= M {cos% msm%ﬁ
= e D )

(1 —z2)m”
So that our integral becomes

d : . .
—L(t)‘ = k;FPZ:O/ PP th=1=2ms (] gy o (Wi )d A gome -1 dE
dt t=0 HS2m*

1
= kFP.— / FHRTE By g () (1 — %) N di
0
. / f2(9)trs2m*—1(Wk)(e)dAszm*—l(g)
S2m* —1
1
+kFP,_g / FREER o () (1 — ) e
0

o PO o 1(0), P 1 (0)dA i 1 (0)

As in the base case, we show compute the angular integrals in the appendix §A.4

I =/ F2(0)wi (Fom=—1(02m=—1)s Fom=—1(02m=—1))dAgem* -1 (Oam=—1) (47)
S2m*—1

- (awﬁ = Blwss + - + wé€2m*)(2'm*)]) {(W(Qm* - 1))/0 cos? () sin®™ ()

= (Oéwlfl - 5[“’52 ot wéc2m*)(2m*)]) Cm*s
IQ = / fg(f))wk(Fgm*_l(H),Fgm*_l(ﬂ))dASzm*fl(Q) (48)
§2m*—1

= *Ila
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where c¢,,~ is non-zero and «, 8 > 0 for all m*. Our overall integral becomes

d

L)

dt = ke (O‘wfl - ﬂ[W§2 +ooe wém*)@m*)])

t=0

1
-FP._g / 2 TE2 Ry e (2)di
0
= ke (awfl - 5[0‘152 +oF w??m*)(Zm*)]) T,

1
Ty = FPZ:(J/ mz+k—2m*§272m* (.Z‘)dm
0

In the appendix §A.3, we show that I, ,,« is non-zero for all k, m*, so that

d X k k k
%L(t) —o C(k,m") (awn — Blwgy + - + w(2m*)(2m*)}> .

where C(k,m*) # 0. This computation, in tandem with the trace recovery result
from lemma 7.2 allows us to determine wy 11. Repeating this for any orthonormal

basis for wo(p) determines wy(p) in full.

7.2.4. k > 2m*. When k > 2m*, the asymptotic expansion of g contains factors
of x¥log(z)?, since we've assumed that g is partially even to only order 2m*. To
resolve this, we first determine w** where we recall that z* log(z)?* is the highest
order log(z) term associated to the power z*. We then determine the lower order
coefficients w*Px—8) for 1 < ¢ < Py inductively. We then induct again and deter-

mine w*® for higher orders of k.
To begin, we recall equation (14)

& b d=a,c=b
FP —— —§%log(6)? = =
020" Jog(6)* dob og(9) §=0 0 d<ae=h
0 c#b

1 db

50+ Wﬁgé = bl 2wy, + F({ﬂ?b*%?ia )-

— FP



INVERSE PROBLEM FOR RENORMALIZED AREA 109

With this, we can mimic much of the induction as to when there are no log(d)
terms. We first compute
1 d*
FPs0+ log(3)Fr do*
_FP._, / FPs o — - praypr(aay.,. )]

z s log((;)Pk dok L9 g ~(9),6

e 1 .~
= FPzzo{/Y 277! [FP5—>0+ W@?(Rs (33))] dAy,

~

V(Y’y,ﬁv 95)

+/ #FP ;(d—kp*(dm )
v, 07 log(8)P \dgk o M
k-1 0 k=

+;cm LZSKP;W)] [ng (dAwa)] )]

e 1 .~
= FPZZO|:/}/ 28" FPs_ o+ <W3§(Pa (@)) dAy,

~

+/ P FP ;ﬁP*(d/L ) }
v, a0 log(8)Pr dok ™ 0+ Y

’y

+ K(wo,wa, ..., {wh_1}).
Now as in the k < 2m™ case, we have

e 1 s
FPZ:O/Y Era (FP5—>0+ WQ’;(P& (@)) dAy, (49)

’Y

(2m™)
1 N
= /Y |:FP5_>0+ W@’f(?’é (l‘)) det h:|
] (2m™)

— L [Fpéﬁmlogé)&d:z (95(Ps)) Vdeth

And similarly

1 dk

* I B 1 k
FP§_>0+ Wﬁpﬁ (dA{/%(s) = lef/’Y (FP5_>0+ W@ﬁ P5>

1
+ tr{’w (FP5H0+ 710g(5)Pk' 8(’;“95) .

And as before

o 1 &
FPZ:O/Y/ X le}"/ﬁr (FP5_>0+ WQ; P5>

s
1

=-FP,_ di ( FP —_9FpPs ),

*/y x( P70 Tog(8)7 7 5)

~

which cancels with the term from equation (49). We now use equation (14):

1 k ~k—2
P — k!
FPs_.o+ ] (§)Pk 85 gs = klx WP,
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noting that P is the highest log(z) power associated to #*. This gives

1 dr
- - — Ll ~z+k—2 B
FP(SA)O-F 10g(5)Pk a5k V(Yv,a,gg) =k!FP,_g ‘/f/w x 131‘34Y (wkpk)dAYw
+ K(wo, w2, -+, {Wk—1)¢})-
Now using lemma 7.2, the assumed knowledge of {wo,ws, ..., {wr-1)¢}}, and vary-

ing v — v;, we can determine w*"* in the same way as with k < 2m*.

We now induct down from P, — P — £. Assume knowledge of

{wo, w2, ..., {w—1)e}, {Wk(p.—p) Jo<b<e—1}. Then we now compute
d* -
FP5*>0+ WWV(Y%& 95) = k!FPZ:O / thr{/w (wk(Pk _é))dA{/w

~

+ K(wo,wa, -, {wh_1 }, {wr(pe—b) Yo<b<e—1}).
Using the same arguments as when determining w*7* but noting that

db

_ pab—2 ~b—2
FPs_ o+ WW% =b0lZ" “wpe + F({Z° “wietesa)s

we can again use the same proof as in lemma 7.2 to determine the trace and then
varying v — 7, we can recover wye. Repeating this for all £ > 0 inductively finishes
the recovery at order k.

Now repeating this for arbitrary k& > 2m*, we can determine all coefficients,
{wk,wqp } in the expansion given by equation (3).

7.3. Codimension > 1. We consider V(Y?™") for minimal surfaces in (M", g)
and n > 2m* 4 2 with ¢ being partially even to order 2m*. As before, we can coor-
dinatize a neighborhood about p € M as {z,y1,...,Yn—1}. Choose any 2m* co-
ordinates among {y1,...,yn—1} and WLOG label them {y1, ..., yom~}. As before,
let {#1, ..., Jn_1} denote the coordinates for the blow up of M about p, namely H".

We now choose the limiting curve, y>™ ~1 C R?}ng* C OH". Because of this,
Y, C H?>™*1 C H". The reader can then check that the codimension 1 proof
translates immediately considering variations restricted so that v, € R?™" ¢ gH"

with v:—¢o = v given by:
Y =A{I 4 P = 1)
This will determine each {w*(p),w®(p)} restricted to the tangent plane, T'(p) =

span{dy,, ..., ayw}‘ . Repeating this for every choice of 2m* coordinates among
P

TPM}'

Remark When the codimension is > 1, we can actually prove the result with-
out varying v — ;. Instead, lemma 7.2 tells us that given wy globally on OM, we
can determine trpem+ (wy) for any 2m*-dimensional subspace T?2™" C T, »OM. Since
2m* < n — 1, this actually determines w» on the entirety of the tangent space by

{y1,.-.,Yn—1} determines {wk
T,

P

y Wab
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creating an invertible system of

— - 1!
n *1 _ (n—1) Sno1
2m (n—1—=2m*)!(2m*)!
equations with n — 1 unknowns. If we assume that ws is diagonal (which we can

by a change of basis since each {wk,wqp} are symmetric), each equation will be the
sum of w? for i in any subset of {1,...,n — 1} of size 2m*. Having determined

wWo o for all p, we induct in the same way and determine all higher order tensor
P
coefficients in the expansion of equation (3). O

8. Applications

In this section we note some applications of theorem 2.2. Our first set of applications
are corollaries 2.2.1 and 2.2.2, the corresponding rigidity results for CC partially
even metrics using renormalized volume (compare to [16], Theorems 2 and 3)

Corollary. Suppose (M,g), (M,g') are two CC partially even metrics of order at
least 2. For v C OM, let Yf,g and Y'y2,g’ be the corresponding minimal surfaces
(with respect to g and ¢’ respectively) with an’g = 8Y,ig, = ~. Suppose that
Vg(;l’%}gl) =Vy (Yﬁg,) for all v. Then there exists a diffeomorphism v : M — M
such that

=1d
Ll ;

P*(g') — g = O(@™).
Furthermore, if g and g’ have log-analytic expansions and 71 (M,0M) = 0 then
v (g') =g
Corollary. Suppose (M,g), (M,g') are two CC metrics that are partially even to

order at least m = 2m* and c(g) = c(g'). For y™~" C OM, let Y and Y",

be the corresponding minimal surfaces with oY, = 3Y7”72, = ~. Suppose that

Vo(Y") = Vg (Y%) agree for all . Then there exists ) : M — M such that

=1
V) = 1%

¥*(g') — g =0(x™).
Furthermore, if g and g’ have log-analytic expansions and 7y (M,0M) = 0 then
vi(g) =g
Proof: We prove the m = 2 case first. Applying theorem 2.1, the renormalized area
functional on minimal surfaces determines the conformal infinity so ¢(g) = ¢(¢’).
Choose some wy € ¢(g). Using theorem 2.2, there exists chart maps v and 15 such
that the metrics have log-analytic expansions, i.e.

_da® +wo(y) + 2?wa(y) + - .
= : ,

¥i(9)

X
_ dp® + wo(y) + pPwa(y) + ...

¥5(g") =
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hold on some open neighborhood U 2 0M for which 1, ¥y are both defined. Here,
p and x are special bdfs realizing the same wy. Mapping p — x via 91 o 95 L we
have

= g— (2097 (g)) = O@™).
Note that this analysis includes the presence of z* log(z)? terms.

For full rigidity when g and ¢’ are log-analytic, we follow the proof of theorem 3
in [16]. Let x = 19 oz/Jfl. Log-analytic means that x is real analytic on M, g, x*(g)
have log-analytic (see §3.3) expansions in z in a neighborhood of the boundary, and
g, X*(g) are real analytic away from the boundary. This means g = (x)*(¢’) exactly
on an open neighborhood U D dM. In particular, U 2 [0,71), x OM for some n > 0
by compactness of OM.

As noted in [16], completeness of M means that one can extend our isome-
try, x, via analytic continuation along any curve p — ¢ with p,q € M. Note
that while the metrics 7 (g), ¥3(g’) are not real-analytic in a neighborhood of the
boundary (indeed, by assumption they are only log-analytic), we can consider the
restrictions of these metrics to U’ = (n/2,n) x M, which is a finite distance away
from the boundary. Now by assumption, ¥5(g), ¥4 (g’) are real-analytic away from
the boundary, so we perform an analytic continuation y along a curve starting at
peU =(n/2,n)z x IM and ending at some other point in M.

Let v : p — ¢ be any curve in M along which we perform analytic continuation
of x. We need to show that this continuation is independent of . Since we assume
that 7y (M,0M) = 0, v can be deformed to a curve inside of )M and hence, inside
of U. Since x is determined exactly on U O 0M, the extension of y must be path-
independent and we have constructed a global diffeomorphism, x : M — M such
that x*(¢') = g.

For m = 2m* > 4, we note that the extra assumption of ¢(g) = ¢(¢’) replaces the
determination of the conformal infinity which was previously afforded by theorem
2.1 in the m = 2 case. The rest of the proof is the same using 2.2 to recover the
higher {wg,wqp} coefficients, and then constructing the same isometry as in the
m = 2 case. [

Our second set of applications uses renormalized volume in the setting of Poincaré-
Einstein metrics. In particular, theorem 2.2 determines the non-local coefficient for
these metrics which gives corollary 2.2.3

Corollary. Suppose (M"*1 g) is a Poincaré-Einstein manifold and wq is known
in equation (1). Then knowledge of the renormalized area on all minimal surfaces
for any dimension 2m* < n + 1 determines the non-local coefficients, w, when n
even and wn,_1 when n odd, in equations (5) (6).

Proof: Note Poincaré-Einstein metrics are partially even to order 2m™* for any
2m* < n + 1. Thus theorem 2.2 applies directly. O

Remark: As described in [7] equation 1.9, this coefficient is a major obstruc-
tion to understanding the AdS/CFT correspondence: given (0M,wy), the entire
asymptotic expansion in equations (5) (6) is determined by w,—1 (or w, depending
on parity). As a result, theorem 2.2 tells us that features of the boundary CFT do
in fact determine the non-local term.
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Our second application lies in the case of n = 3, for which it is well known that
M?3 = H3/T for I' a convex, cocompact group subgroup and the metric expands as

dz? + wo + 22wy + xtws
g= 2 ) (50)

with (w4)i; = (wg)ik(a@)? (see [13], theorem 3.4, among other sources). In par-

ticular, the above expansion holds in an open neighborhood of the boundary U DO
(OM) x [0,a) for a sufficiently small. We can also connect this to the topology of
the boundary manifold in corollary 2.2.4:

Corollary. Suppose (M3, g) is a Poincaré-Einstein manifold with ¥ = M and wo
is known in equation (50). Then knowledge of the renormalized area on all minimal
surfaces determines the conformal structure on ¥ and hence, g globally.

Proof: Knowledge of wy and ws determines the a conformal structure on ¥ as
follows: since g is known exactly in a neighborhood of the boundary via equation
(50), converting the boundary defining function to p via p = 3 In(z) will determine
the first and second fundamental form of 3,, which is the surface a distance p from
Y (see equation [26]). These coefficients will then determine the “first fundamen-
tal form at infinity,” I* (see [26], Chapter 14, lemma 3.1), which is the natural
conformal structure for 3. This in turn determines g ([26], Chapter 14, §1.4). O

Appendix A.

A.1. Computing Ly(g). Here Lo is given by the linearization if we fix a surface,
Y?™" and vary the metric. Then for our normal frame (w.r.t. go), {w;}, as in
lemma 3.2 (recall that w; = zw;), we consider smooth variations of each w;, call

them {w; ¢}, which produce a normal frame to (Y, g5) and w; s =0, w; smoothly.
We denote

(95)i5 = gs(wi s, w;5)

and g2 = (gs)” the corresponding metric inverse components. Then, we compute

H(Y,95) = g5 95 95(V30p, w; 5)w; 5.

Here {0,} is a fixed basis for TY which has vanishing christoffels at p w.r.t. go.
Moreover, let v be the normal to Y w.r.t. go. Then we write
wi s = A{(0)0e + B (0)w;,
A7 (0)=0
B/(0) =47,
Note that since {w;} is locally a frame for NY, we can consider the corresponding

coordinates z; induced by exponentiating along w; into a normal neighborhood of
Y. Letting 0; = 0,,, we see that {9,,0;} gives a local coordinate basis for an open
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neighborhood of p € Y. Then
95(Va0h, wis) = Af(8)95(Vdh, 0c) + B (8)g5(V 30, w;),

1

gS(Vgaba 8c) = i[aa(gé)bc + 8b(gz§)ac - 86(95)ab}7
1

95(V30p,w;) = 5[@1(95)@' + Ob(95)aj — 05(9s)ab],

where V9 denotes the connection on Y w.r.t. gg’ . We differentiate
TY

d -1j a ij ra
%H(Y, 95) = 479" g(V 20y, wi)w;j + g 4" g(V 0 0p, wi)w;

3 d g .
+ g g (da 195(V50p, wi,é]) w; + g9 g™ g(V 4 Op, w; )1

1] s a 17 .a d
= g"§°g(V 4 0p, wi)w; + g g <d5[96(vgaba wi,5]> w;

=1+ L.
Having noted that gV, = 0 for a minimal surface. For I;, we compute
Iy = 49" g(VaOy, wi)w;
=" Aap
=—(g, A)rv,

where Aup = (V,0,)YY denotes the second fundamental form of Y.
For Iy, we compute

d . 1
(Cw[ga(viab,wi,a]) = B! g(V .0y, wj) + 5

Here, we’ve noted that A¢(0) = 0 and ¢g(V,0p,0.) = 0 and so the first term in
the expansion of g5(V39,,w;) does not contribute to the first derivative in 6. We
further note that

[Oagvi + Obgaj — Ojfab) -

9" Bl g(Vay, w;) = 0
again because H(Y, gg) = 0, so
i abl o . . .
I = 9”9“5 [0agbi + ObGai — Oigab) w;

ij a . 1 ii _a .
=g"g b(aagbi)wj - 59 19 b(aigab)wj

. . 1. .
= tryy (divey (9(,))) — gdivay (trry (9)),
where, in the last line, we again use H(Y, go) = 0. In sum,
d . . . 1. .
%H(Yv 95) = — (g, A) + tryy (divry (9(-,-))) — §d1VNY(trTY(g))
=: Lg(g)

We further note that Ly = 2L, where Lo is an edge operator. To see this, first note
that contracting any 2-tensor with w; and differentiating with respect to w; = 0;
are parity preserving to order 2m™* from the equations and parity constraints given
in lemma 3.2 and the discussion in §3.5. Similarly, the fact that Y has an even
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graphical expansion up to order 2m* (see equation (8)) means that computing the
trace is O(x?) and parity preserving to order 2m* + 2. As a result

P(g = trNy(diva(g'(-, ))) — %diVNy(tI‘Ty(g-))

is a first order edge operator. Now we recall that A, is even to order 2m* as well,
which follows from computation or [23] theorem 4.1. We then have that

(g, A) = h*h % gac Apg
is a 0-th order edge operator and also parity preserving to order 2m*.

A.2. Solving Jy (1/)) =0 for Y = HS™. In this section, we explicitly find solu-
tions to the Jacobi equation for the geodesic hemisphere in hyperbolic space via
separation of variables. Given HS™ C H™*! we consider variations of the bound-
ary curve 7 — 7, with Y; € H™*! the corresponding minimal surface asymptotic
to ¢ for each t. We compute the Jacobi operator

Jy = Ay +||Ay|]? + Ricy(r,v) = Ay —m

when the ambient manifold is H™*!. We recall our parameterization for HS™ from
section §4.2

HS™ ={(z,y1,--,ym) = (&, V1 —22F,(0))},

x
e =0 — ——=1In(0),
v T im(®

vg, = V1 —22F,, ;(0),

1
hzaz = )
(1 —a?)x?
1— 22
hij = 2 hij,
h:m' = 07
1
g(vvszavw) = ivmhww
_ 1 — 222
- (1 _ x2)2x3’
1
g(vvzvzyvei) = _iveihzz
1
Q(Vvei Vh; vy, ) = i[vﬁi hjk +vo, hir — ve, hij)
1—22_
= TFijkv
1
g(vvgivejvvx) = _ivzhij
1 —
= 7h”
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where Eij and Ejk are the metric coefficients and Christoffel symbols on S™ with
respect to the euclidean metric. As a result, we have

Agsn =h*VaVs = Vy,p)
= h** [55 -V, Uﬂc] + h [8& 89]‘ - vaivej}

= 22(1 — 2H)[02 — h**g(Vy, Vs, V) Os]
2
T n" (0,00, — B g(V v, Vo, 2) 0 — hug(V% o, , o, )Vo,]

=22(1 —2%)0% + z(1 — 22%)0,

+

22 R S
+ 1— x2 ASm*lj —h mh g(vv"ivei’vz)az
22
=22(1 - 22)0% + 2(1 — 2230, + .2 Agm-15
— 221 - 2%)——— 1" Ty,
( . ):E(l —z2) J
2
=22(1 - 2%)9% + 2(1 — 2030, + T f - Agm-15 —x(m —1)0,
2
e 1‘2(1 — 1‘2)83 + JL‘[(Q — m) — 25[,'2]6w —|— ]iﬁAS'm—%E

.172

= (20,)* + (1 = m)(20,) + |(—22)z0, — (x*)0? + fAqug
= Jy = [((20,)* — (m — 1)(20,) — m) + ((—22°)20, — (2*)9?)]
22
Tttt
2
T
= L + 71 — xz Asm—17§.

To find solutions to the Jacobi equation, we proceed with separation of variables,

i.e. suppose we have a solution of the form A(g)B(x) where § parameterizes 5™
as in §4.2. Then

Jy(AB) =0
I’Q
= L(B)A+ Br——Asn1(4)
Agm-1A 2 1L(B
st B _ ), (51)

A 2 B

for A a constant. From classical techniques, we know that the eigenvalues of the
laplacian on S™~! are negative and given (in the notation of the above) by A =
Am—1(k) = k(m + k — 2). Moreover, the eigenfunctions are given by k-th order
harmonic, homogeneous polynomials on R™ restricted to S™~!. If we parameterize

S™ 7 = {(@s- - Gm) = (€08 6,510 G F 2 (Bm—2))}
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and set k = 2 so that (see §A.4 for more details)

1 .
A2(¢)7 0m72) = (COS ¢)2 - (Sll’l d))zv (52)
m—1
we have, on the RHS of equation (51),
z? — 1 L(B)
T = A (k)
)\m_l(k)l‘Q
=IL(B)— ——————B
= 0 (B) 22
= 0= ((20,)°B — (m — 1)(20,)B — mB) + (53)
_ 2
(~2402B + (~222)9, B) — [k(m :—_]4:9622)]3: B
A.2.1. Solving when k = 2 on HSQT*, We consider the case of set £k = 2 and

B2,2m*

m = 2m*. If we write B = B g+ = then

[(xam)Q - (m - 1)($az) - m](32,2m*> = x(§2,2m*)zr - m(§2,2m*)xu
(*.’]3483 —+ SC(*QLL’Q)aI) B2,2m* = 7‘r3(§2,2m*)zm
We now impose Ba 2/, (0) =1 to get

Im*r —

Lo ome (B2ome) = (# = 2%)(B2,2me )azw — 2m* (Ba,2m+ )z — 1= 2 B22m =0. (54)
We note that the indicial roots of this equation at = 0 are given by r = 0, 2m* +1,
and at z = 1 are given by r = 1, —m*. Writing Ba oy = %, this produces
a hypergeometric differential equation for which the general solution is

= c1 - oF (—m*, —3 —m*, 5 —m*, 2?) + cp - 2T
Bg’gm* (SL’) = 2 2 ’ (55)

(= a3
where o F) is the hypergeometric function. We record a few important properties
of o FYy:

Fi(a,b,c,0) =1,
L(c)T'(c—a—10)
I'(c—a)l'(c—0)
where I'(n + 1) = n! for n € Z2° and in general I'(z + 1) = 2I'(z). Note that to

enforce B2(0) = 1 we have that ¢; = 1. To have By be well defined on all of [0, 1],
we are forced to set

Fi(a,b,c,1) = when Re(c—b—a) >0,

1 1 r't+m*Ir1/2 —-m*
¢z i= =P (=mt =5 =t 5 =t 1) = = (+NJ$&U b
(m*)!
CHGom)

While this choice of ¢z only makes the numerator of equation (55) vanish at z =1
a priori, it follows from the Fuchsian theory of ODEs with rational coefficients (see
[19] among many sources) that this choice of ¢ is the unique solution of equation
(54) such that B(0) = 1 and Bs(1) = 0 in accordance with our analysis of the
indicial roots of r=0at x =0and r=1at x = 1.
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As an example, when m* =1 and k = 1, we have

(@ = 2%)(Ba2)az = 2(B22)e — 77
— 1 — 322 a3
— BQ’Q(m):Cl 22 1 +ng271

again, enforcing By 2(0) = 1 and Ba2(1) to be defined, we see that ¢; = 1 and
co = 2 (agreeing with equation (56)) so

Bas(a) = 1-2)2z+1)

)

142z
which is defined everywhere on [0, 1]. The corresponding Jacobi field is then
. Bao(x
a(6,) = cos(20) 2220
(1—-z)2z+1)
= cos(2¢)——1= T
cos(2¢) 2+ )

A.3. Computation of finite part. The goal of this section is to show that the
following quantity

1
Jfa—_ FPZ=0/ 2RI B (—m = 1/2, —m; 1/2 — my %) 4 cx?™ Y. (57)
0

is non-zero, for any k,m* > 0 and ¢ = —oFy(—m — 1/2,—m;1/2 —m,1). To verify
R # 0, we use that oF;(—m — 1/2,—m;1/2 — m,x?) has a finite expansion and
recognize the finite part of the integral as the evaluation of another hypergeometric
function.

1
FPZZO/ x2+2k_2m*2F1(—m —1/2,-m;1/2 —m, %)
0

1 wz+2k—2m* +2¢

_ N (em = 1/2)(=m),
_Z:O (1/2 - m) FPs0 /0 0!

_i m—1/2)s(=m), 1 1
= (1/2 — )g 2k —2m* + 20+ 101

The key is to now view this as a hypergeometric function of its own by writing
1 B 1
2k —2m* +20+1 2k —m*+ (£ —1) +3/2]
_(k—m"+1/2),
 (k—m*+3/2),

i m —1/2)y(—m), 1 1
(1/2—m), 2k —2m*+20+ 1/

_ Zm: (=m—1/2)¢(=m)¢ (k —m* +1/2), 1
—  (1)2-m)e  (k—m*+3/2) 0!

=3Fy (—m—1/2,—m,k —m*+1/2;1/2 —m,k —m* +3/2;1),
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where 3 F5 is a generalized hypergeometric function. We can compute this as follows:
(—’ITL* — 1/2)[ (k —m* + 1/2)[
(172 =m*)e (k—m* +3/2),
B (—m* —1/2)(k — m* 4+ 1/2)
T (emr =124 0k —m*+1/2+ 1)

_ (Em = 1/2)(k —m" +1/2) 1 B 1 }
N E+1 —m*—1/24+4 k—m*+1/2+¢

_ 1 J(=mt =12k —mF +1/2)  (=m" —1/2)(k —m* +1/2)Z]
T k41 (1/2 —m*), (k —m* +3/2), ’

This computation allows us to decompose our original 3F5 expression into the fol-
lowing two o F} expressions:

sFo(—m —1/2, —m,k —m* +1/2;1/2 —m,k —m* 4+ 3/2;1)

k—m*+1/2 N . N
—m* —1/2
—%gFl(k—m*—l—l/Z—m*;k—m*+3/2;1).

We can compute these explicitly via combinatorics, or we can use the Gauss trans-

formation O )
I'(e)'(c—b—a
F(a,b,¢,1) = —————2
(a,5,¢,1) I'(c—b)T(c—a)’
which means that
sFo(—m —1/2, —m,k —m* +1/2;1/2 —m,k —m* + 3/2;1)

_k—m"+ 1/2T(1/2 — m*)I'(m* + 1)

k+1 T(1)0(1/2)
_(=mf = 1/2) T(k —m* +3/2)T(m* + 1)
k+1 T(1)C(k + 3/2)

Noting that
(1/2 —m*)'(m* +1)
rra/2) ’

c=—9F(-m—1/2,—-m;1/2—m,1) = —
we have that

1 1
FPz:O/ xz+2k:72m Cx2m “+1 :/ mz+2k+lc
0 0
C
2k +1)

We can now evaluate our original integral (57):

1
I = FPz:O/ 2FFR2 LR (—m — 12, —m; 1/2 — m, 2?) + ca®™ T
0

k—m*+1/2T(1/2 — m*)[(m* +1)
B k+1 L()T(1/2)
(—m* —1/2) T'(k —m* +3/2)I'(m* + 1) c
k+1 ()C(k+3/2) 2(k+1)
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Our goal is to show that Ij ,,» # 0. We group like terms on the right hand side

D(m* + 1) [T(1/2—m*) [ 1 .
k1 [ I(1/2) <_2+(k_m +1/2)>
C(emt - 12T(k - m* 3/2)}

T(k+3/2)

Ik,m* -

2@ e (kK + 1) r(1/2 —m*) . (=2m* — )I'(k — m™* + 3/2)
2 = Q(k —m ) - .
T(m* +1) I'(1/2) I'(k+3/2)
To see that the right hand side is non-zero, note that
r1/2—m*) 2m”
0(1/2)  (=1)(=3)---(=2m*+1)’
I(k—m*+3/2) 2m”
L(k+3/2)  (2k+1)(2k—1)---(2(k —m*)+3)°
In particular, if we let kK — m* = 2" L where L is odd and r > 0, then
F(1/2_m*) *\ _ om*+1+4r
Wﬂk -m’) =2 Q1,
(=2m* = 1)T'(k — m* + 3/2) _ om0,
I'(k+3/2) '

where Q1, Q2 are both rational numbers with odd numerators and denominators.
Thus by parity considerations

T(1/2 — m*) i}
“Tap T

meaning that I ,« is non-zero!

(=2m* — DI(k —m* +1/2)
I'(k+3/2) ’

A.4. Angular computation. The variations to be used in equation (46) are given
by:

. 1— .

o(0,z) = EBZ,Zm* () f2,2m~—1(0),

where

*

-/ 2m — 4dm —
0=DBy o — 2(1—22) 22~ mBz,zm*,
oFi(—m*, —m* = 1/2;1/2 — m*;2%) + ca®™ +!

§2,2m* (l’) = (1 — x2)m* )

N *
Aszm*—lfz,gm*fl(e) = —4m f2,2m*71-
Such eigenfunctions are restrictions of harmonic, homogeneous polynomials on
R?™" | restricted to S?™ ~!. In this case, we parameterize

Szm*71 - {(yla Yo, ..., ZJZm) = (COS ¢a Sin ¢F2m*—2(02m*—2))} g RQm*?

where Fap«_o(Ham+_2) is a polar coordinate parameterization of §2™ —2 C R2™" ~1,
In these coordinates

2
f2(¢7 9m72) = (COS2 (Z5) — yil 1

r2 (2m* — 1)r2

(sin? ¢) = (Y3 + .. Yome] -

2m* — 1
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The goal of this section is to evaluate the angular integrals arising in the evaluation
of £ L(t) from equation (46) from section §7.2.3. The two integrals of interest are
given by (47) (48):

1
_ 205y _ L2
L= /Szmu1 [cos (¢) —— sin ((b)]
Wk (Fam»—1(02m=—1), Frn—1(02m=—1))dAgam* -1 (Oam=—1),
1
_ 2 _ 2
12 - /52777,*71 |:COb (¢) 2m* — 1 St (¢):|

. (tI‘Szm* _1wk)(sin2m* —2 gb)dqﬁdASzm* -2 (agm* _2).

We can briefly reduce

_ Y S
I = /Szm*i1 |:COS (9) S sin(¢)
Wi (Fam*—1(02m=—1), Fam=—1(02m=—1))dAgam* -1 (Oam=_1)

= / l:COS2(¢> — ﬁ sin2(¢)}
- wi((cos @, sin @ Fop—2(02m=—2)), (cos ¢, sin ¢ Fop+ _2(02m+—2)))
-sin®™ 72 pdpd Agam«

1
= / {COSZ(@ T o —1 Sin2(¢)} [(COSQ ¢)wk,11
+ 25in ¢ cos ¢wi (9, s Fam=—2(6)) + sin? ¢trgam=—2 (wy)
sin®™ =2 ¢dpd Agzm=—2 (Oam= _2).

Similarly,

I, = /52m*—1 {0052(@ =1 sin? (trgem=—1wy)
- (sin®™~ ¢)d¢dASzm*,2(92m .y

)

= / |:COS2(¢) b Tr—] Sln } sin @)wy 11 + (cos? PItr gam= —2 (wy )]

S2m* —1
(sin®™ 72 ¢)dpd Agame 2(92m* 2).
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We now compute the ¢-dependent integrals

T . T ) 1
/ J2(o) cos” (#) sin®™ _2(¢) = / cos* sin?™ 2 o1 cos? sin®™
0 0

m* —1

*

= (2/(2m* — 1)) / i cos?(¢) sin®™ ()
0
=: Com+—1 > 0,
/0 £2(6) sin() cos(@) sin®™ ~%() =0,
/0” fa(¢) sin?(¢) sin®™ ~2 = /07T cos? sin®™" —ﬁ sin?m +2
= —Com*—1,

where we have used integration by parts on
cos* sin®™ 2 = (cos®)(sin®" 2 cos) and sin®™ T2 = (sin®” T!)(sin). We note that

/sz | trseme 2 (@) dAgane 2 = pome Wiy + Wiy + W) 2]

for pom+«—2 > 0. Finally, let 79,,« denote the volume of the sphere of unit radius
and dimension 2m*. With this, we see that

k k k
Iy = Wy i Com»—1Tom>—2 — Com»—1P2m~—2[wag + -+ + w(2m*)(2m*)]?
k k k
Iy = —com= —1W1Tam= —2 + Cam=—1P2m*—2[wse + - + w(2m*)(2m*)}'
And so, in particular,

mz+2k72m Il +xz+2k72m +212

= Came-1 (‘*’fﬂzm*—z — pam=—2[wsy + -+ + chzm*)@m*)])

. (1 _ :62)1,2—&-216—2771*.
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