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Abstract. We improve recent results of D. Gomez and A. Winterhof (2010) and

of A. Ostafe and I. E. Shparlinski (2011) on the Waring problem with Dickson

polynomials in the case of prime finite fields. Our approach is based on recent
bounds of Kloosterman and Gauss sums due to A. Ostafe, I. E. Shparlinski

and J. F. Voloch (2021).

1. Introduction

1.1. Previous results. Let Fq be the finite field of q elements. For a ∈ Fq we
define the sequence of Dickson polynomials De(X, a), e = 0, 1, . . ., recursively by
the relation

De(X, a) = XDe−1(X, a)− aDe−2(X, a), e = 2, 3, . . . ,

where D0(X, a) = 2 and D1(X, a) = X, see [9] for background on Dickson polyno-
mials.

Gomez and Winterhof [7] have considered an analogue of the Waring problem for
Dickson polynomials over Fq, that is, the question of the existence and estimation
of a positive integer s such that the equation

De(u1, a) + . . .+De(us, a) = c, u1, . . . , us ∈ Fq, (1.1)

is solvable for any c ∈ Fq, see also [1].
In particular, we denote by ga(e, q) the smallest possible value of s in (1.1) and

put ga(e, q) = ∞ if such s does not exist.
Since for a = 0 we have De(X, a) = Xe, this case corresponds to the classical

Waring problem in finite fields where recently quite substantial progress has been
achieved, see [2, 3, 4, 19]; a survey of earlier results can also be found in [18]. So,
we can restrict ourselves to the case of a ∈ F∗

q .
Using the identity

De(v + av−1, a) = ve + aev−e, (1.2)

which holds for any nonzero v in the algebraic closure of Fq, see [7, Equation (1.1)],
and Weil-type bounds of additive character sums with rational functions, Gomez
and Winterhof [7, Theorem 4.1] proved that for s ⩾ 3 the inequality ga(e, q) ⩽ s
holds
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• for any a ∈ F∗
q and gcd(e, q − 1) ⩽ 2−3q1/2−1/(2s−2);

• for a = 1 and gcd(e, q + 1) ⩽ 2−1q1/2−1/(2s−2).
Note that if min{gcd(e, q − 1), gcd(e, q + 1)} ⩽ 2−3q1/4 the above result gives a

very strong bound ga(e, q) ⩽ 3. Hence, throughout this paper we can assume that

min{gcd(e, q − 1), gcd(e, q + 1)} > 2−3q1/4. (1.3)

A different approach from [12], based on additive combinatorics, in particular on
results of Glibichuk [5] and Glibichuk and Rudnev [6] has allowed to substantially
extend the range of e. In particular, by [12, Theorem 2], we have ga(e, q) ⩽ 16 if

• for any a ∈ F∗
q and

gcd(e, q − 1) ⩽ 2−3/2(q − 2)1/2;

• for any a ∈ F∗
q which is a square and

gcd(e, q + 1) ⩽ 2−3/2(q − 2)1/2.

Furthermore, for any ε > 0, by [12, Theorem 2], we have an upper bound on
g1(e, q) in terms of only ε provided that

min{gcd(e, q − 1), gcd(e, q + 1)} ⩽ q1−ε.

We also note that a multivariate version of the above question has been studied
in [14].

1.2. Main results. Here we use some results and ideas from [13] to improve the
above bounds in the case of prime q = p and in intermediate ranges of gcd(e, p− 1)
and gcd(e, p+ 1).

Since we are mostly interested in large values of e, we assume that e is not very
small to simplify some technical details.

Theorem 1.1. Let p be prime. There is an absolute constant C > 0 such that for
any fixed even integer s ⩾ 4, uniformly over a ∈ F∗

p the inequality ga(e, p) ⩽ s holds
provided that

gcd(e, p− 1) ⩽ Cp(4s−7)/(7s+8),

and, if a is a quadratic residue modulo p, also provided that

gcd(e, p+ 1) ⩽ Cmax
{
p(11s−82)/(21s−42), p(6s−57)/(11s−22)

}
.

Theorem 1.1 is based on new bounds on Kloosterman and Gauss sums over a
thin subgroup, see Lemmas 2.1 and 2.3, and is most interesting in the case when
min{gcd(e, p−1), gcd(e, p+1)} is large, for example, of order p1/2 or slightly larger.

Next, we show that using the classical Weil bound, see (2.1) below, we can still
improve previous estimates in certain ranges of gcd(e, p− 1) (below p1/2).

Theorem 1.2. Let p be prime. There is an absolute constant C > 0 such that for
any fixed even integer s ⩾ 4, the inequality ga(e, p) ⩽ s holds provided that

gcd(e, p− 1) ⩽ Cp1/2−1/(3s−8).

We note that the bound of Theorem 1.1 with respect to gcd(e, p − 1) is signifi-
cantly stronger than with respect to gcd(e, p+ 1). Furthermore, while our proof of
Theorem 1.2, can easily be adjusted to work with gcd(e, p+ 1), it merely recovers
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the previous result of Gomez and Winterhof [7, Theorem 4.1] in this case. This is
because we do not have a good version of Lemma 2.6 below, see Question 2.7.

However, for a related equation our approach works and leads to Lemma 2.9
which in turn allows us to get new results for the classical Waring problem with
monomials in the norm-one subgroup of Fp2 , that is in

Np2 = {z ∈ Fp2 : Nm(z) = 1}, (1.4)

where Nm(z) = zp+1 is the Fp2/Fp norm of z.
Let G(k, p) denote the smallest possible value of s such that the equation

uk
1 + . . .+ uk

s = c, u1, . . . , us ∈ Np2 ,

is solvable for any c ∈ Fp2 .
Since we are mostly interested in large values of k when traditional methods do

not work, we assume that gcd(k, p+1) ⩾ p1/6 in order to simplify the calculations,.

Theorem 1.3. Let p be prime. There is an absolute constant C > 0 such that for
any fixed even integer s ⩾ 4, the inequality G(k, p) ⩽ s holds provided that

p1/6 ⩽ gcd(k, p+ 1) ⩽ Cmin
{
p(6s−186)/(11s−116), p(5s−56)/(10s−56)

}
.

2. Preliminaries

2.1. Notation. We use #A to denote the cardinality of a finite set A.
For a prime p and u ∈ Z, we let

ep(u) = exp(2πiu/p).

Finally, we recall that the notations U = O(V ), U ≪ V and V ≫ U are
equivalent to |U | ⩽ c|V | for some positive constant c which, throughout this work,
is absolute.

2.2. Value sets of Dickson polynomials. We note that throughout the paper
we use the following trivial observation

{ve + aev−e : v ∈ F∗
p} ⊆ {De(u, a) : u ∈ F∗

p},

see (1.2).
Next, let Tr(z) = z + zp be the trace of z ∈ Fp2 in Fp, respectively.
We also recall the definition of the norm-one subgroup Np2 of F∗

p2 , given by (1.4).
Then we note a slightly less obvious inclusion

{be Tr (ve) : v ∈ Np2} ⊆ {De(u, a) : u ∈ Fp}

provided that a = b2, b ∈ F∗
p, is a quadratic residue modulo p. Indeed, we first note

that for v ∈ Np2

bv + a(bv)−1 = b
(
v + v−1

)
= bTr(v) ∈ Fp.

Thus

{De

(
bv + a(bv)−1, a

)
: v ∈ Np2} ⊆ {De(u, a) : u ∈ Fp}.

On the other hand, from (1.2) we have

De

(
bv + a(bv)−1, a

)
= (bv)e + ae(bv)−e = be Tr (ve) .
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2.3. Bounds of some exponential sums. Given a multiplicative subgroup H ⊆
F∗
p and α, β ∈ Fp we consider Kloosterman sums over H

Kp(H;α, β) =
∑
u∈H

ep
(
αu+ βu−1

)
.

The classical Weil bound for exponential sums with rational functions, see, for
example [11, Theorem 2], implies

Kp(H;α, β) ≪ p1/2 (2.1)

provided (α, β) ̸= (0, 0).
The following bound is given by [13, Corollary 2.9].

Lemma 2.1. Let p be prime and let H be a multiplicative subgroup of F∗
p of order

τ . Then uniformly over (α, β) ∈ F2
p, (α, β) ̸= (0, 0), we have

Kp(H;α, β) ≪ min{p1/2, τ23/36p1/6, τ20/27p1/9}.

We also need a similar result for Gaussian sums

Gp(H;α) =
∑
u∈H

ep (Tr (αu)) ,

over Fp2 .
We recall the definition of Np2 in (1.4). We need the following analogue of (2.1),

following easily from the bound∑
u∈Np2

χ(u) ep (Tr (αu)) ≪ p1/2

with an arbitrary multiplicative character χ of F∗
p2 , which in turn is a very special

case of a result of Li [8, Theorem 2].

Lemma 2.2. Let p be prime and let H be a multiplicative subgroup of Np2 of order
τ . Then uniformly over α ∈ F∗

p2 , we have

Gp2(H;α) ≪ p1/2.

Furthermore, by [13, Corollary 2.9], we have the following.

Lemma 2.3. Let p be prime and let H be a multiplicative subgroup of Np2 of order
τ . Then uniformly over α ∈ F∗

p2 , we have

Gp2(H;α) ≪ min
{
τ13/20p1/6, τ34/45p1/9, p1/2

}
.

Proof. It has been shown in [13, Corollary 2.10].

Gp2(H;α) ≪ min
{
τ1/4p1/2, τ13/20p1/6, τ34/45p1/9

}
.

However, it is easy to see that the first bound is always dominated by the bound
of Lemma 2.2. □

We note that it is crucial for our improvement that the bounds of Lemmas 2.1
and 2.3 are nontrivial for τ < p1/2.
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2.4. Bounds on the number of solutions to some equations. We first recall
the following result, combining [17, Theorem (i)] with the Weil bound [10, Equa-
tion (5.7)] which gives an upper bound on the number of points on curves over
Fp.

Lemma 2.4. Let p be prime and let F (X,Y ) ∈ Fp[X,Y ] be an absolutely irreducible
polynomial of degree d. Then

#{(x, y) ∈ F2
p : F (x, y) = 0} ⩽ 4d4/3p2/3 + 3p.

We also need the following characterisation of possible factorisations of certain
bivariate polynomials over the algebraic closure F̄p of Fp.

Lemma 2.5. Let p be prime and let Fe = X2eY e +XeY 2e +Xe + Y e +AXeY e ∈
F̄p[X,Y ] with p ∤ e and assume that A ̸= 0,±4. Then, for some r | 8, Fe has r
absolutely irreducible factors of degree 3e/r.

Proof. First we prove the following claim: if F1 is irreducible and K = F̄p(x, y) is
the function field of the curve defined by F1 = 0, then the number of irreducible
factors of Fe is the same as the index of the Galois group Γ of K(x1/e, y1/e)/K in
the group µe × µe (where x1/e, y1/e are e-th roots of x, y in some extension of K
and µe is the group of e-th roots of unity).

Indeed, if G is the irreducible factor of Fe with G(x1/e, y1/e) = 0, the Galois
group Γ preserves G, in the sense that G(ζX, ηY ) = G(X,Y ) for any (ζ, η) ∈ Γ.
On the other hand, Fe(ζX, ηY ) = Fe(X,Y ), for any (ζ, η) ∈ µe × µe so if we let

H(X,Y ) =
∏

(ζ,η)∈Ωe

G(ζX, ηY ),

with (ζ, η) running through the set Ωe of coset representatives of Γ in µe × µe,
we have H | Fe and H(ζX, ηY ) = H(X,Y ), (ζ, η) ∈ µe × µe. It follows that
H = H1(X

e, Y e) and H1 | F1. Since F1 is irreducible by assumption, we get
H1 = F1, H = Fe and the claim follows.

It is now enough to show that the extension of K obtained by adjoining e-th
roots of x and y has degree e2/r over K for some r as in the statement of the
lemma. The proof now follows a similar strategy to the proof of [13, Lemma 4.3].

One can check directly, for example, with a computer algebra package, that F1

is absolutely irreducible if A ̸= 0 and that F1 = 0 defines a smooth projective curve
if, in addition, A ̸= ±4.

We repeatedly use the elementary fact that Ze − c, c ∈ K has a factor of degree
d in K[Z] if and only if a is a d-th power in K and d | e. Indeed, if the factor is∏

i∈I(Z− ζic1/e), then the constant term is (up to a factor in F̄p) equal to cd/e and
the result follows.

Note that [K : F̄p(xy, x/y)] = 2. The divisor of the function xy on F1 = 0 is
2P − 2Q where P = (0, 0) and Q is the point at infinity on the line X + Y = 0. So
the polynomial Ze − xy is irreducible over K for e odd, by [15, Proposition 3.7.3].
To treat the case of general e, it is then enough to treat the case e = 2. But xy
cannot be a square in K as this would give a function of divisor P − Q which is
impossible since F1 = 0 defines a smooth projective curve of degree three, hence
genus one so K cannot have a function of degree one.
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Let z be a root of Ze − xy and consider the field K(z). The function x/y has
divisor 4R− 4S on the curve F1 = 0 where R,S are the points at infinity on the y-
axis and x-axis respectively. It follows that the function x/y is not an eighth-power
or an odd power in K(z) because R,S are unramified in K(z)/K. So the extension
of K(z) obtained by adjoining a root of W e = x/y has degree e, e/2 or e/4 over
K(z) and the result follows. □

We use Lemmas 2.4 and 2.5 to estimate the number of solutions of the following
equation.

Lemma 2.6. Let p be prime and let H be a multiplicative subgroup of F∗
p of order

τ . Then the number of solutions Rτ to the equation

u+ u−1 + v + v−1 = x+ x−1 + y + y−1, u, v, x, y ∈ H,

satisfies

Rτ ≪ τ8/3 + τ4/p.

Proof. There are obviously at most 4τ choices of (u, v) ∈ H2 for which u+ u−1 +
v+ v−1 ∈ {0,−4}, and there are also at most O(τ2) pairs (x, y) ∈ H2 which satisfy
the above equation and thus we have O(τ2) such solutions. We now fix (u, v) ∈ H2

such that for A = −
(
u+ u−1 + v + v−1

)
we have A ̸= 0, 4. Clearly

#{(x, y) ∈ H2 : x+ x−1 + y + y−1 −A = 0}
⩽ e−2#{(x, y) ∈ F2

p : Fe(x, y) = 0},

where e = (p − 1)/τ and Fe(X,Y ) is as in Lemma 2.5. Applying Lemma 2.4 to
each of at most 8 irreducible factors of Fe each of degree at most 3e, we obtain

Rτ ≪ τ2 + e−2
(
e4/3p2/3 + p

)
τ2,

and the result follows. □

To improve our main results for gcd(e, p+ 1) we need to obtain good estimates
on the number of solutions to the following trace-equation.

Remark 2.7. Given a subgroup H ⊆ Np2 , it is an interesting question to obtain a
version of Lemma 2.6 for the equation

Tr(u+ v) = Tr(x+ y), u, v, x, y ∈ H.

While the question posed in Remark 2.7 is still open, we are able to estimate the
so-called additive energy of a subgroup of Np2 . We start with an analogue of [13,
Lemma 4.5], which we believe is of independent interest.

Lemma 2.8. Let p be prime and let t = k(p−1), where k is a positive integer with
gcd(k, p) = 1. Then for a ∈ Fp2 with a ̸= 0, for the polynomial

F (X,Y ) = Xt + Y t + a ∈ Fp2 [X,Y ]

we have

#{(x, y) ∈ F2
p2 : F (x, y) = 0} ≪ t6/5p8/5 + p3.
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Proof. The proof follows a strategy which is similar to that used in the proof
of [13, Lemma 4.5].

Clearly we can assume that

k < 2−5/4p (2.2)

as otherwise the result is trivial.
We know that the equation F (X,Y ) = 0 defines a smooth, hence absolutely

irreducible curve, of degree s that we call E. Let α ∈ Fp2 satisfy αt = −a. The
point P0 = (0, α) defines a point on E and the line Y = α meets E at P0 with
multiplicity s, since F (X,α) = Xt. We denote by x, y the functions on E satisfying
F (x, y) = 0.

We want to bound the number R of solutions of F = 0 in Fp2 . We follow the
proof of Lemma 2.4 given in [17, Theorem (i)]. It proceeds by considering, for some
integer m, the embedding of E in Pn, with n = (m+2)(m+1)/2− 1, given by the
monomials in X,Y of degree at most m.

We recall some definitions and some results from [16]. We consider the given
embedding of E in Pn. For a point P ∈ E, the order sequence of E at P is the
sequence 0 = j0 < j1 < · · · < jn of all possible intersection multiplicities at P of
E with a hyperplane in Pn. The embedding is classical if the order sequence at
a generic point of E is 0, 1, . . . , n and non-classical, otherwise. The point P is an
osculation point if the order sequence at P is not 0, 1, . . . , n and a Weierstrass point
if the order sequence at P is not the same as the order sequence at a generic point
of E. These two notions coincide if the embedding is classical. This embedding is
Fq-Frobenius classical if, for a generic point of E, the numbers 0, 1, . . . , n − 1 are
the possible intersection multiplicities at P of E with a hyperplane in Pn that also
passes through the image of P under the Fq-Frobenius map.

If this embedding is Frobenius classical, then by [16, Theorem 2.13]

R ⩽ (n− 1)t(t− 3)/2 +mt(p2 + n)/n. (2.3)

If

m < p/2 and p ∤
m∏
i=1

m−i∏
j=−m

(ti+ j) (2.4)

then we claim that the above embedding is classical. Indeed, the order sequence of
the embedding at the point P0 defined above consists of the integers ti+ j, i, j ⩾ 0,
i + j ⩽ m as follows by considering the order of vanishing at P0 of the functions
xj(y − α)i, i, j ⩾ 0, i+ j ⩽ m. The claim now follows from [16, Corollary 1.7].

If the embedding is Frobenius classical, we get the inequality (2.3) as mentioned
above. If the embedding is classical but Frobenius nonclassical then, by [16, Corol-
lary 2.16], every rational point of E is a Weierstrass point for the embedding. Hence,
as the embedding is classical, we get

R ⩽ n(n+ 1)t(t− 3)/2 +mt(n+ 1) (2.5)

since the right-hand side is the number of Weierstrass points of the embedding
counted with multiplicity, see [16, Page 6]. Indeed, we note that in the present
case, the degree of the embedding (denoted by d in [16]) is mt and the order
sequence (denoted by εi in [16]) is just εi = i since the embedding is classical.
Thus ε1 + · · ·+ εn = n(n+ 1)/2.
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We now choose

m = min
{⌊

(p/k)1/5
⌋
, k − 1

}
. (2.6)

If |i|, |j| ⩽ m, then for the choice of m as in (2.6) we have

0 < | − ki+ j| ⩽ 2km ⩽ 2k4/5p1/5 < p (2.7)

provided that (2.2) holds.
Note also that ti+ j ≡ −ki+ j (mod p), as t = k(p− 1). Hence,

m∏
i=1

m−i∏
j=−m

(ti+ j) ≡
m∏
i=1

m−i∏
j=−m

(−ki+ j) (mod p).

Thus from the definition of m in (2.6) and the inequalities (2.7) we see that the
conditions (2.4) are satisfied. We note that (2.3) and (2.5) can be simplified and
combined as

R ≪ max{m2t2 + tp2/m,m4t2} ≪ tp2/m+m4t2.

Since m ≪ (p/k)1/5 ≪ (p2/t)1/5, we have m4t2 ≪ tp2/m and thus we obtain

R ≪ tp2/m≪ kp3/m.

Recalling the choice of m in (2.6), we obtain the desired result. □

We note that for k ≫ p1/6 the bound of Lemma 2.8 is O
(
t6/5p8/5

)
.

Using Lemma 2.8 instead of Lemma 2.4 (and noticing that τ = (p2 − 1)/t), we
derive the following analogue of Lemma 2.6.

Lemma 2.9. Let p be prime and let H be a multiplicative subgroup of Np2 of order
τ . Then the number of solutions Tτ to the equation

u+ v = x+ y, u, v, x, y ∈ H,

satisfies

Tτ ≪ τ14/5 + τ4/p.

3. Proof of Theorem 1.1

3.1. Small gcd(e, p− 1). Let

τ =
p− 1

gcd(e, p− 1)
,

and let H be the subgroup of Fp of order τ . By our assumption (1.3) on e, we have

τ ≪ p3/4. (3.1)

We write s = 2r and denote by Fr the set of f ∈ Fp which cannot be represented
as

f =

r∑
i=1

(
ui + au−1

i

)
, ui ∈ H, i = 1, . . . , s.

In particular, for the number Nr(Fr) of the solutions to the equation

f =

r∑
i=1

(
ui + au−1

i

)
, f ∈ Fr, ui ∈ H, i = 1, . . . , s,
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we have Nr(Fr) = 0. We see from (1.2) that each element of the complementing
set Rr = Fp \ Fr can be represented by a sum of s values of De(x, a), x ∈ Fp.

On the other hand, by the orthogonality of exponential functions, we have

Nr(Fr) =
∑

u1,...,ur∈H

∑
f∈Fr

1

p

∑
α∈Fp

ep

(
α

(
r∑

i=1

(
ui + au−1

i

)
− f

))

=
1

p

∑
α∈Fp

(∑
u∈H

ep
(
α
(
u+ au−1

)))r ∑
f∈Fr

ep (−αf)

=
1

p
(#H)r#Fr +O

(
p−1∆

)
,

where

∆ =
∑
α∈F∗

p

∣∣∣∣∣∑
u∈H

ep
(
α
(
u+ au−1

))∣∣∣∣∣
r
∣∣∣∣∣∣
∑
f∈Fr

ep (αf)

∣∣∣∣∣∣ .
Thus, recalling that Nr(Fr) = 0, we obtain

τ r#Fr ≪ ∆ (3.2)

Next, using the second bound of Lemma 2.1, we write

∆ ≪
(
τ20/27p1/9

)r−2

Γ, (3.3)

where (after extending the summation to all α ∈ Fp) we can take

Γ =
∑
α∈Fp

∣∣∣∣∣∑
u∈H

ep
(
α
(
u+ au−1

))∣∣∣∣∣
2
∣∣∣∣∣∣
∑
f∈Fr

ep (αf)

∣∣∣∣∣∣ .
By the Cauchy inequality

Γ2 ⩽
∑
α∈Fp

∣∣∣∣∣∑
u∈H

ep
(
α
(
u+ au−1

))∣∣∣∣∣
4 ∑
α∈Fp

∣∣∣∣∣∣
∑
f∈Fr

ep (αf)

∣∣∣∣∣∣
2

.

Using the orthogonality of exponential functions again and also Lemma 2.6, and
recalling (3.1), we infer

Γ2 ≪
(
pτ8/3 + τ4

)
p#Fr ≪ p2τ8/3#Fr.

We now see from (3.2) and (3.3) that

τ r#Fr ≪
(
τ20/27p1/9

)r−2

pτ4/3 (#Fr)
1/2

, (3.4)

or

#Fr ≪ τ40r/27−80/27+8/3−2rp2(r−2)/9+2 = τ−14r/27−8/27p2r/9+14/9

≪ gcd(e, p− 1)14r/27+8/27p−8r/27+34/27.

Therefore, there is an absolute constant C > 0 such that for

gcd(e, p− 1) ⩽ Cp(8r−7)/(14r+8)

we have #Fr < p/2.
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Thus, for any f ∈ Fp we see that the set f−Rr = {f−u : u ∈ Rr} of cardinality
#Rr > p/2 has a nontrivial intersection with Rr. Hence f ∈ R2r.

Remark 3.1. Certainly the first bound of Lemma 2.1 can also be used in our
argument. However the bound it implies is always weaker than a combination of
the current bound and the bound of Theorem 1.2.

3.2. Small gcd(e, p+ 1). We now let

τ =
p+ 1

gcd(e, p+ 1)
,

and let H be the subgroup of Np2 of order τ .
This time we write s = 2r and denote by Fr the set of f ∈ Fp which cannot be

represented as

f =

r∑
i=1

ui + u−1
i =

r∑
i=1

Tr(ui), ui ∈ H, i = 1, . . . , s.

In particular, for the number Nr(Fr) of the solutions to the equation

f =

r∑
i=1

Tr(ui), f ∈ Fr, ui ∈ H, i = 1, . . . , s,

we have Nr(Fr) = 0. We see from (1.2) that each element the complementing set
Rr = Fp \ Fr can be represented by a sum of s values of De(x, a), x ∈ Fp

On the other hand, by the orthogonality of exponential functions, we have

Nr(Fr) =
∑

u1,...,ur∈H

∑
f∈Fr

1

p

∑
α∈Fp

(∑
u∈H

ep (αTr(u)

)r ∑
f∈Fr

ep (−αf)

=
1

p

∑
α∈Fp

ep

(
α

(
r∑

i=1

Tr(ui)− f

))

=
1

p
(#H)r#Fr +O(p−1∆),

where

∆ =
∑
α∈F∗

p

∣∣∣∣∣∑
u∈H

ep (αTr(u))

∣∣∣∣∣
r
∣∣∣∣∣∣
∑
f∈Fr

ep (αf)

∣∣∣∣∣∣ .
Thus, recalling that Nr(Fr) = 0, we obtain a full analogue of (3.2).

Next, using the first bound of Lemma 2.3, we write

∆ ≪
(
τ13/20p1/6

)r−1

Γ, (3.5)

where (after extending the summation to all α ∈ Fp) we can take

Γ =
∑
α∈Fp

∣∣∣∣∣∑
u∈H

ep (αTr(u))

∣∣∣∣∣
∣∣∣∣∣∣
∑
f∈Fr

ep (αf)

∣∣∣∣∣∣ .
We remark that in Section 3.1, Lemma 2.1 is used r−2 times, while now the bounds
of Lemma 2.3 is used r − 1 times. This is because we are lacking an appropriate
analogue of Lemma 2.6 in this case.
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Next by the Cauchy inequality

Γ2 ⩽
∑
α∈Fp

∣∣∣∣∣∑
u∈H

ep (αTr(u))

∣∣∣∣∣
2 ∑
α∈Fp

∣∣∣∣∣∣
∑
f∈Fr

ep (αf)

∣∣∣∣∣∣
2

.

We observe that for elements u.v ∈ Np2 , the equation Tr(u) = Tr(v) implies
that u and v have the same characteristic polynomial. Thus, either u = v or
u = vp = v−1 and by the orthogonality of exponential functions again, we derive

Γ2 ≪ p2#H#Fr ≪ p2τ#Fr.

We now see from (3.2) and (3.5) that

τ r#Fr ≪
(
τ13/20p1/6

)r−1

pτ (#Fr)
1/2

, (3.6)

or

#Fr ≪ τ13r/10−13/10+2−2rp(r−1)/3+2 = τ−7(r−1)/10pr/3+5/3

≪ gcd(e, p+ 1)7(r−1)/10p−(11r−41)/30.

Therefore, there is an absolute constant C > 0 such that for

gcd(e, p+ 1) ⩽ Cp(11r−41)/(21r−21)

we have #Fr < p/2 and we conclude the proof as before.
Similarly, using the second bound of Lemma 2.3, instead of (3.6) we derive that

τ r#Fr ≪
(
τ34/45p1/9

)r−1

pτ (#Fr)
1/2

.

Then after simple calculations we obtain that R2r = Fp provided

gcd(e, p+ 1) ⩽ Cp(12r−57)/(22r−22).

4. Proof of Theorem 1.2

We proceed as in the proof of Theorem 1.1. Indeed, an application of the
bound (2.1), instead of (3.4) leads us to the inequality

τ r#Fr ≪
(
p1/2

)r−2

pτ4/3 (#Fr)
1/2

.

This implies that R2r = Fp provided

gcd(e, p− 1) ⩽ Cp(3r−5)/(6r−8)

and we obtain the desired result with s = 2r.

5. Proof of Theorem 1.3

Clearly, without loss of generality we can assume that k | p + 1. The set of
powers xk, x ∈ Np2 forms a subgroup H of Np2 of order

τ = (p+ 1)/k.

Note that since k ⩾ p1/6 we get τ ≪ p5/6. In this case the bound of Lemma 2.9
takes the form

Tτ ≪ τ14/5.
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Similarly to the proof of Theorem 1.1, we write s = 2r and denote by Gr the set
of f ∈ Fp2 which cannot be represented as

f =

r∑
i=1

ui, ui ∈ H, i = 1, . . . , s.

The previous argument used with Lemmas 2.3 and 2.9 gives the following ana-
logues of (3.4)

τ r#Gr ≪

{(
τ34/45p1/9

)r−2
p2τ14/5 (#Gr)

1/2
,(

p1/2
)r−2

p2τ14/5 (#Gr)
1/2

.

We note that here we do not use the first bound of Lemma 2.3 as it does not seems
to give anything better than a combination of the other two.

These inequalities imply that for an appropriate absolute constant C if one of
the conditions

k ⩽ C

{
p(6r−93)/(11r−58),

p(5r−28)/(10r−28),

is satisfied, then #Gr < p2/2 and the previous argument concludes the proof with
s = 2r.
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