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Abstract. In [5], Berezin and Karpelevich gave, without a proof, an explicit

formula for spherical functions on complex Grassmannian manifolds. A first
attempt to give a proof of Berezin-Karpelevich formula was taken, in [16],

by Takahashi. His proof contained a gap, which was fixed later, in [10], by

Hoogenboom. The aim of this paper is to generalize Berezin-Karpelevich for-
mula to the case of χ-spherical functions on complex Grassmannian manifolds

SU(p+ q)/S (U(p) × U(q)).
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1. Introduction

Spherical functions lie at the heart of harmonic analysis on Gelfand pairs. Recall
that for G a locally compact group, K a compact subgroup, the pair (G, K) is
called a Gelfand pair if L1 (K�G�K) is commutative under convolution. In the
case where G is a connected Lie group and K a compact subroup, it is known from
[17] that (G, K) is a Gelfand pair if and only if the algebra D (G/K) of G-invariant
differential operators on G/K is commutative.

In this context, spherical functions are normalized joint eigenfunctions of the
commutative algebras D (G/K) and they are in one to one correspondence with
irreducible unitary representations of G with a K-invariant vector.

Spherical functions appear also in the Peter-Weyl Theorem on L2 (K�G�K)
and in the Placherel Theorem for spherical transform, which is a generalization of
the Fourier transform to Gelfand pairs.

Given a Gelfand pair (G, K), to find explicitly the corresponding spherical func-
tions is a very difficult problem, which is widely open. In some special cases such as
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complex Grassmannians and their noncompact duals, an explicit formula is given
(see [5], [16] and [10]).

In the case where G/K is a symmetric space of noncompact type, Harish-
Chandra gave an integral representation for spherical functions on the pair (G, K).

Our main motivation for studying spherical functions came from the study of
convolution of orbital measures on symmetric spaces. In a series of papers, [3],
[4], [1], and [2], an explicit formula for spherical functions, or some estimates of
those functions, was crucial in the study of the regularity of the Radon-Nikodym
derivative of convolutions of orbital measures on symmetric spaces.

For a character χ : K → C, a notion of χ-spherical functions on (G, K) is
defined, and reduces to the usual notion of spherical functions in the case of a
trivial character. For more details see Section 2 of this paper, [15], or [7].

The aim of this paper is to extend Hoogenboom’s work, [10], to the case of χ-
spherical functions. To state our main result, let us fix some notations. Consider the
non-compact symmetric space G/K, where G = SU(p, q), K = S (U(p)× U(q)),
p, q are integers such that, 1 ≤ q ≤ p, and let g (resp. k) be the Lie algebra of the
Lie group G (resp. K), g = k⊕ p a Cartan decomposition of g, u = k⊕

√
−1p be a

compact real form of gC, the complexification of g, a a maximal abelian subspace of
p, and a∗ its dual. For an integer l, let χl : K −→ C be a character of K defined as
in section 2. Let U be the group with lie algebra u, then U = SU(p+q). Let Λ+

l be
the set of highest restricted weights of χl-spherical representations of U . By fixing
a basis of a we can identify a with Rq and for an element HT = (t1, . . . , tq) ∈ a, we
put aT = exp(HT ). Our goal in this paper is to prove the following.

Theorem 1.1. Let λ ∈ a∗C, where a∗C is the complexification of a∗. The χl-spherical
function ϕλ,l on G = SU(p, q) is given by

ϕλ,l(aT )

= C

det

[(
2F1

(
1
2 (k + |l|+ 1 + λi) ,

1
2 (k + |l|+ 1− λi) , k + 1;− sinh2(tj)

) )
i, j

]
2

1
2 q(q−1)

∏
i<j(λ

2
i − λ2

j )
∏
i<j(cosh(2ti)− cosh(2tj))

·
q∏
i=1

cosh|l|(ti),

where for T = (t1, . . . , tq) ∈ Rq, and

C = 22q(q−1)

q−1∏
i=1

[
(k + j)q−jj!

]
As a consequence of Theorem 1.1 we deduce the following.

Theorem 1.2. Let λ ∈ Λ+
l such that

λ = (2m1 + |l| , 2m2 + |l| , . . . , 2mq + |l|),mi ∈ Z,m1 ≥ m2 ≥ · · · ≥ mq ≥ 0.
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Then the χl-spherical function ψλ on U = SU(p+ q) is given by

ψλ,l
(
exp

(√
−1HT

))
=

C det

[(
2F1

(
p+ |l| − i+ 1 +mi, i−mi − q, k + 1; sin2(tj)

) )
i, j

]
∏
i<j(c(mi)− c(mj))

∏
i<j(cos(2ti)− cos(2tj))

·
q∏
i=1

cos|l|(ti)

where

C = 2
1
2 q(q−1)

q−1∏
i=1

[
(k + j)q−jj!

]
,

and

c(mi) = (mi + q − i)(mi + q − i+ |l|+ k + 1).

The paper is organized as follows. In Section 2 we introduce some notations and
structural results on χ-spherical functions on Hermitian symmetric spaces and we
review basic facts about complex Grassmannians. In Section 3, we give an explicit
formula for the radial part of the Laplace-Beltrami operator on SU(p, q)/S(U(p)×
U(q)). In Section 4 we give a proof of the Theorem 1.1. In Section 5 we review
some facts about χ-spherical representations on Hermitian symmetric spaces and
we state Theorem 1.2.

2. Preliminary results

Let G be a locally compact Hausdorff group and K ⊆ G a compact subgroup.
Let χ : K −→ C be a character of K. A continuous function ϕ : G −→ C is called
χ-spherical function or elementary χ-spherical function if ϕ is not identically zero
and for any h, g ∈ H, ∫

K

ϕ(gkh)χ(k)dµL(k) = ϕ(g)ϕ(h),

where µK is the normalized haar measure on K. For G a non-compact, connected,
simply connected, and semisimple Lie group, let g be its Lie algebra and

g = k⊕ p,

be a Cartan decomposition of g. Then

u = k⊕
√
−1p,

is a compact real form of gC, the complexification of g. Let U , K be Lie groups
with Lie algebras u, k, respectively. Denote by z(k) and Z(K) the centers of k and
K respectevely. Let [K,K] be the commutator subgroup of K, i.e., the subgroup
generated by the set

{aba−1b−1 | a, b ∈ K}.

Then [K,K] is the Lie subgroup K with Lie algebra [k, k]. Moreover, we have

[k, k]⊕ z(k) = k and [K,K]Z(K) = K.
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Let H ∈ z(k) be a non-zero element such that exp (tH) ∈ Z (K) and exp(tH) ∈
[K,K] if and only if t ∈ 2πZ. For an integer l, let χl : K −→ C be a character of
K such that

χl (x) =


1 if x ∈ [K, K];

exp (itl) if x = exp (tH).

It is known that every character of K is of the form χl for some integer l (see
[12], Proposition 3.4). In all what follows, we will assume that χl is not trivial i.e.,
z(k) 6= {0}. For g ∈ G, let κ(g) ∈ K and H(g) ∈ a be elements uniquely determined
by the Iwasawa decomposition G = KAN , i.e., g ∈ κ(g) expH(g)N . For l ∈ Z and
λ ∈ a∗C let

ϕλ,l(g) =

∫
K

e−(λ+ρ)(H(g−1k))χl(k
−1κ(g−1k)) dµK(k).

The function ϕλ,l is a χl-spherical function and any χl-spherical function on G/K
is of this form for some λ ∈ a∗C (see [14], Proposition 6.1).

In what follows, we consider the non-compact Lie group

G = SU(p, q) = {g ∈ SL(p+ q,C) | g∗Ip,qg = Ip,q} ,

where Ik is the k × k-identity matrix and

Ip,q =

(
Ip 0
0 Iq

)
.

Let g = su(p, q) be the Lie algebra of SU(p, q), then for n = p+ q,

su (p, q) = {A ∈Mn(C) | A∗Ip,q + Ip,qA = 0,Tr (A) = 0} .

Fix a Cartan decomposition g = k + p, where

k =

{(
A 0
0 B

)
| A ∈ u (p) , B ∈ u (q) and Tr (A) + Tr (B) = 0

}
,

and

p =

{(
0 Z

Z
T

0

)
| Z ∈Mp,q (C)

}
.

Let u = k+
√
−1p be a compact real form of sl(n,C), the complexification of su(p, q).

Thus U = SU(n) is the lie group with lie algebra u. Let T = (t1, t2, . . . , tq) ∈ Rq,
and let

HT =



t1

0 0
...

tq
0 0 0

tq
... 0 0

t1


.
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It can be shown that a = {HT | T = (t1, t2, . . . , tq) ∈ Rq} is a maximal abelian
subspace of p. Let a∗ denote the dual space of a and let αi ∈ a∗ be such that

αi
(
H(t1,...,tq)

)
= ti.

Let Σ = Σ(g, a), be the set of restricted roots which consist of

±αi,±2αi, (1 ≤ i ≤ q), and ± (αi ± αj) , (1 ≤ i < j ≤ q),

with multiplicities

mαi = 2k, m2αi = 1, and mαi±αj = 2,

where k = p− q. Let a+ be a Weyl chamber in a defined by

a+ =
{
H(t1,...,tq) ∈ a | t1 > t2 > ... > tq > 0

}
.

The corresponding system of positive restricted roots Σ+ consists of

αi, 2αi, (1 ≤ i ≤ q), and (αi ± αj) , (1 ≤ i < j ≤ q).

With respect to a+ the simple roots Λ+ consist of the following

α1 − α2, α2 − α3, . . . , αq−1 − αq, βq,

where

βq =

{
2αq if p = q,

αq if p > q.

For T = (t1, . . . , tq), aT = expHT and l ∈ Z, put

O+
s = {αi}qi=1, O+

s′ = {2αi}qi=1, O+
m = {αi ± αj}1≤i<j≤q,

mαi(l) = mαi − 2|l|, m2αi(l) = m2αi + 2|l|, mαi±αj (l) = mαi±αj ,

and

ρ =
1

2

∑
α∈Σ+

mαα, ρ(l) =
1

2

∑
α∈Σ+

mα(l)α.

Then

ρ =

q∑
i=1

(k + 1 + 2(q − i))αi,

and

ρ(l) = ρ+ |l|
∑
α∈O+

s

α =

q∑
i=1

(k + |l|+ 1 + 2(q − i))αi.
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3. The radial part of the Laplace-Beltrami operator

For X = G/K a non-compact symmetric space, let ∆l(LX) be the χl-radial part
of the Laplace-Beltrami Operator on X. Then

∆l(LX) = LA +
∑
α∈Σ+

mα(l) coth(α)Aα,

where LA is the Laplacian of A.o, where o = eK, where e is the identity of G, and
Aα ∈ a is determined by

〈Aα, H〉 = α(H), for all H ∈ a.

The goal of this section is to prove the following

Proposition 3.1. For X = SU(p, q)/S(u(p)× U(q)), we have

∆l(LX) =
1

4n

[
ω−1

(
q∑
i=1

Li,l

)
◦ ω − cl

]
,

where

ω(aT ) = 2−
1
2 q(q−1)

∏
i<j

(cosh(2ti)− cosh(2tj)) ,

Li,l =
∂2

∂t2i
+ (2k coth(ti) + 2 coth(2ti) + 2 |l| tanh(ti))

∂

∂ti
,

and

cl = q(q − 1)

(
4

3
(q + 1) + 2(k + |l|)

)
.

To prove Proposition 3.1 we need the following

Lemma 3.2. Let a1, . . . ad ∈ R be such that ai 6= aj for all i 6= j. Thus for d ≥ 3,
we have

d∑
i=1

[ai + a2
i ]

d−1∑
j=1
j 6=i

1

ai − aj

 d∑
s=j+1
s 6=i

1

ai − as


 =

1

6
d(d− 1)(d− 2). (3.1)

Proof. From the identity

ai + a2
i

(ai − aj)(ai − as)
+

aj + a2
j

(aj − ai)(aj − as)
+

as + a2
s

(as − ai)(as − aj)
= 1

where ai 6= aj for all i 6= j, we deduce that for d = 3 we have

3∑
i=1

[ai + a2
i ]

2∑
j=1
j 6=i

1

ai − aj

 3∑
s=j+1
s 6=i

1

ai − as




=
a1 + a2

1

(a1 − a2)(a1 − a3)
+

a2 + a2
2

(a2 − a1)(a2 − a3)
+

a3 + a2
3

(a3 − a1)(a3 − a2)

= 1.
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Assume that formula (3.1) is true for some d ≥ 3, then

d+1∑
i=1

[ai + a2
i ]

d∑
j=1
j 6=i

1

ai − aj

 d+1∑
s=j+1
s6=i

1

ai − as




=

d∑
i=1

[ai + a2
i ]

d−1∑
j=1
j 6=i

1

ai − aj

 d∑
s=j+1
s6=i

1

ai − as




+

d∑
i=1

[ai + a2
i ]

d∑
j=1
j 6=i

1

ai − aj

(
1

ai − ad+1

)
+ (ad+1 + a2

d+1)

d∑
j=1

1

ad+1 − aj

 d∑
s=j+1

1

ad+1 − as


=

1

6
d(d− 1)(d− 2) +

∑
i<j

ai + a2
i

(ai − aj)(ai − ad+1)

+
∑
i<j

aj + a2
j

(aj − ai)(aj − ad+1)
+
∑
i<j

ad+1 + a2
d+1

(ad+1 − ai)(ad+1 − aj)

=
1

6
d(d− 1)(d− 2) +

∑
i<j

(
ai + a2

i

(ai − aj)(ai − ad+1)

+
aj + a2

j

(aj − ai)(aj − ad+1)
+

ad+1 + a2
d+1

(ad+1 − ai)(ad+1 − aj)

)

=
1

6
d(d− 1)(d− 2) +

d(d− 1)

2

=
1

6
d(d+ 1)(d− 1).

�

Lemma 3.3.

ω−1

(
q∑
i=1

Li,l

)
ω = q(q − 1)

(
4

3
(q + 1) + 2(k + |l|)

)
.

Proof. Note that

ω−1 ∂ω

∂ti
=

q∑
j=1
j 6=i

2 sinh(2ti)

cosh(2ti)− cosh(2tj)
,
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and

ω−1 ∂
2ω

∂t2i
=

q∑
j=1
j 6=i

4 cosh(2ti)

cosh(2ti)− cosh(2tj)

+ 8 sinh2(2ti)

q−1∑
j=1
j 6=i

1

cosh(2ti)− cosh(2tj)

 q∑
s=j+1
s6=i

1

cosh(2ti)− cosh(2ts)

 .

Then

q∑
i=1

 q∑
j=1
j 6=i

4 cosh(2ti)

cosh(2ti)− cosh(2tj)
+ (2k coth(ti) + 2 coth(2ti) + 2 |l| tanh(ti))ω

−1 ∂ω

∂ti


= 4

q∑
i=1

q∑
j=1
j 6=i

(2 + 2 |l|) cosh(2ti) + 2(k − |l|) cosh2(ti)

cosh(2ti)− cosh(2tj)

= 2q(q − 1)(k + |l|+ 2). (3.2)

By Lemma 3.2, we get

q∑
i=1

sinh2(2ti)

q−1∑
j=1
j 6=i

1

cosh(2ti)− cosh(2tj)

 q∑
s=j+1
s6=i

1

cosh(2ti)− cosh(2ts)




=

q∑
i=1

(sinh2(ti) + sinh4(ti))

q−1∑
j=1
j 6=i

1

sinh2(ti)− sinh2(tj)

 q∑
s=j+1
s6=i

1

sinh2(ti)− sinh(ts)




=
1

6
q(q − 1)(q − 2). (3.3)

The lemma follows from (3.2) and (3.3). �

Proof of Proposition 3.1. Let {Hi}qi=1 be a basis of a, Hj = H(0,...,0,1,0,...,0),
where 1 is on the j-th position. Note that

Aαi =
1

4n
Hi, A2αi =

1

2n
Hi, and A(αi±αj) =

1

4n
(Hi ±Hj).
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So

q∑
i=1

ω−1 ∂ω

∂ti

∂

∂ti
=

q∑
i=1

2 sinh(2ti)
∑

1≤j≤q
j 6=i

1

cosh(2ti)− cosh(2tj)

 ∂

∂ti

=
∑
i<j

(
2

sinh(2ti)

cosh(2ti)− cosh(2tj)

∂

∂ti
− 2

sinh(2tj)

cosh(2ti)− cosh(2tj)

∂

∂tj

)

=
∑
i<j

(
sinh(2ti)

sinh(ti − tj) sinh(ti + tj)

∂

∂ti
− sinh(2tj)

sinh(ti − tj) sinh(ti + tj)

∂

∂tj

)

=
∑
i<j

coth(ti − tj)
(
∂

∂ti
− ∂

∂tj

)
+
∑
i<j

coth(ti + tj)

(
∂

∂ti
+

∂

∂tj

)
.

Thus by definition of ∆l we have

4n∆l(LX) = 4nLA + 4n
∑
α∈Σ+

mα(l) coth(α)Aα

=

q∑
j=1

∂2

∂t2j
+

q∑
j=1

(2(k − |l|) coth(tj) + 2(1 + 2 |l|) coth(2tj))
∂

∂tj

+
∑
i<j

2 coth(ti − tj)
(
∂

∂ti
− ∂

∂tj

)
+
∑
i<j

2 coth(ti + tj)

(
∂

∂ti
+

∂

∂tj

)

=

q∑
i=1

[
∂2

∂t2i
+ 2

(
(k − |l|) coth(ti) + (1 + 2 |l|) coth(2ti) + ω−1 ∂ω

∂ti

)
∂

∂ti

]

=

q∑
i=1

[
∂2

∂t2i
+ 2

(
k coth(ti) + coth(2ti) + |l| tanh(ti)) + ω−1 ∂ω

∂ti

)
∂

∂ti

]

=

q∑
i=1

[
Li,l + 2ω−1 ∂ω

∂ti

∂

∂ti

]
.

For f ∈ C2(R), we have

Li,l ◦ ωf =

(
∂2

∂t2i
+ 2((k − |l|) coth(ti) + (1 + 2 |l|) coth(2ti))

∂

∂ti

)
(ωf)

=

(
2
∂ω

∂ti

∂

∂ti
+ ωLi,l + Li,lω

)
f.

Hence

ω−1 (Li,l ◦ ω)− ω−1Li,lω = Li,l + 2ω−1 ∂ω

∂ti

∂

∂ti
. (3.4)
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Therefore by using (3.4)) we have

4n∆l(LX) =

q∑
i=1

[
Li,l + 2ω−1 ∂ω

∂ti

∂

∂ti

]

=

q∑
i=1

ω−1Li,l ◦ ω −
q∑
i=1

ω−1Li,lω

The Proposition follows from Lemma 3.3. �

4. Proof of Theorem 1.1

The aim of this section is to give a proof of Theorem 1.1 and to prove it the
following is needed.

Lemma 4.1. Let α, β, λ ∈ C, λ 6= 1, 2, . . . , t > 0. Then

Φα,βλ (t) =
(
et − e−t

)λ−(α+β+1)

· 2F1

(
1

2
(−α+ β + 1− λ),

1

2
(α+ β + 1− λ), 1− λ;− sinh−2(t)

)
.

is a solution of

δ−1
α,β(t)

d

dt

{
δα,β(t)

du(t)

dt

}
= (λ2 − (α+ β + 1)2)u(t), (4.1)

where 2F1 (. , . , . ; . ) is the Gauss hypergeometric function and

δα,β(t) =
(
et − e−t

)2α+1 (
et + e−t

)2β+1

= 22(α+β+1) sinh2α+1(t) cosh2β+1(t).

Proof. The differential equation (4.1) can be written as follows

d2u(t)

dt2
+
[
(2α+ 1) cosh(t) sinh−1(t) + (2β + 1) cosh−1(t) sinh(t)

] du(t)

dt

= (λ2 − (α+ β + 1)2)u(t).

Let a = 1
2 (α+ β + 1− λ), b = 1

2 (α+ β + 1 + λ), c = α+ 1, and z = − sinh2(t).
Then

(ab)u = −1

4

(
(λ2 − (α+ β + 1)2)u

)
= −1

4

(
d2u

dt2
+
[
(2α+ 1) cosh(t) sinh−1(t) + (2β + 1) cosh−1(t) sinh(t)

]du
dt

)
= z(1− z)d

2u

dz2
+

1

2
(1− 2z)

du

dz
+

1

2

[
(2α+ 1) cosh2(t) + (2β + 1) sinh2(t)

]du
dz

= z(1− z)d
2u

dz2
+ (c− (a+ b+ 1)z)

du

dz
.

By [6] Equation 2.9(9) the result follows. �
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Since

Φλi,l = Φ
k,|l|
λi

= (et − e−t)λ−(k+|l|+1)

· 2F1(
1

2
(−k + |l|+ 1− λ),

1

2
(k + |l|+ 1− λ), 1− λ;− sinh−2(t)),

is a solution of

δ−1
k,|l|(t)

∂

∂ti

{
δk,|l|(ti)

∂u(t)

∂t

}
= (λ2

i − (k + |l|+ 1)2)u(t),

and since

δ−1
k,|l|(t)

∂

∂t

{
δk,|l|(t)

∂u

∂t

}
=
∂2u

∂t2
+ ((2 |l|+ 1) tanh(t) + (2k + 1) coth(t))

∂u

∂t

=
∂2u

∂t2
+ 2(k coth(t) + coth(2t) + |l| tanh(t))

∂u

∂t
= Li,lu,

we deduce that Φλi,l is an eigenvector of the operator Li,l and the corresponding
eigenvalue is (λ2

i − (k + |l|+ 1)2), i.e.,

Li,lΦλi,l = (λ2
i − (k + |l|+ 1)2)Φλi,l.

For HT ∈ a+, λ = (λ1, . . . , λq) ∈ a∗C, l ∈ Z and λi 6= 1, 2, 3, . . . , put

Φλ,l(aT ) =

∏q
i=1 Φλi,l(ti)

ω(aT )
, (4.2)

and

Λ = {
s∑
j=1

njαj | nj ∈ Z+, αj ∈ Σ}.

Theorem 4.2. The function Φλ,l, defined in (4.2) has the following properties
(1) Φλ,l satisfies

∆l(LX)Φλ,l = (〈λ, λ〉 − 〈ρ(l), ρ(l)〉)Φλ,l.
(2) Φλ,l has the series expansion

Φλ,l(aT ) = e(λ−ρ(l))(T )
∑
µ∈Λ

Γµ,l(λ)e−µ(T ),

where HT ∈ a+, and (Γµ,l)µ∈Λ is defined by the recurrence relation
Γ0,l = 1,

〈µ, µ− 2λ〉Γµ,l = 2
∑
α∈Σ+(m(l))α

∑
k∈N Γµ−2kα,l(λ)〈µ+ ρ(l)− 2kα− λ, α〉.

Let

Ωlλi,s =


0, if s is odd

∑s/2
j=0 γλi,j

(−2j+λi−(k+|l|+1)
s/2−j

)
, if s is even

(4.3)
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where

γλi,j =
22j
((

1
2 (k + |l|+ 1− λi)

)
j

)((
1
2 (k − |l|+ 1− λi)

)
j

)
(1− λi)j j!

.

To prove Theorem 4.2 we need the following.

Lemma 4.3. For t > 0, Φλi,l has a convergent series expansion

Φλi,l(t) = e(λi−(k+|l|+1))t
∞∑
s=0

Ωlλi,se
−st,

where Ωlλi,s is as in (4.3).

Proof. Using the identity

2F1(a, b, c; z) = (1− z)−b2F1

(
b, c− a, c; z

z − 1

)
,

we deduce that

Φλi,l(t)

=
(
et − e−t

)λi−(k+|l|+1)
2F1

(
1

2
(−k + |l|+ 1− λi) ,

1

2
(k + |l|+ 1− λi) , 1− λi;− sinh−2(t)

)
=
[(
et − e−t

)2 (
1 + sinh−2(t)

)] 1
2
(λi−(k+|l|+1))

· 2F1

(
1

2
(k + |l|+ 1− λi) ,

1

2
(k − |l|+ 1− λi) , 1− λi;

sinh−2(t)

sinh−2(t) + 1

)
=
(
et + e−t

)λi−(k+|l|+1)
2F1

(
1

2
(k + |l|+ 1− λi) ,

1

2
(k − |l|+ 1− λi) , 1− λi; cosh−2(t)

)
= e(λi−(k+|l|+1))t (1 + e−2t)λi−(k+|l|+1)

·
∞∑
j=0

((
1
2
(k + |l|+ 1− λi)

)
j

)((
1
2
(k − |l|+ 1− λi)

)
j

)
(1− λi)j j!

(cosh−2(t))j (4.4)

Since for t 6= 0, 0 < cosh−2 t < 1, and since λi 6= 1, 2, ..., the series (4.4) is
absolutely convergent. Therefore, we have

Φλi,l(t) = e(λi−(k+|l|+1))t
(
1 + e−2t

)λi−(k+|l|+1)
∞∑
j=0

γλi,j(e
t + e−t)−2j

= e(λi−(k+|l|+1))t
∞∑
j=0

γλi,je
−2jt

(
1 + e−2t

)−2j+λi−(k+|l|+1)

= e(λi−(k+|l|+1))t
∞∑
j=0

γλi,je
−2jt

∞∑
s=0

(
−2j + λi − (k + |l|+ 1)

s

)
e−2st

=

∞∑
s=0

 s∑
j=0

γλi,j

(
−2j + λi − (k + |l|+ 1)

s− j

) e−2st.

�
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Proof of Theorem 4.2. (1) Denote by 〈., .〉, the inner product induced by the
Killing form of su(p, q) on a∗C. Then for λ = (λ1, . . . , λq), µ = (µ1, . . . , µq) ∈ a∗C

〈λ, µ〉 = 4n

q∑
i=1

λiµi.

So we have[
ω−1

(
q∑
i=1

Li,l

)
◦ ω

]
Φλ,l(aT )

=

[
ω−1

(
q∑
i=1

Li,l

)
◦ ω

](
ω−1

q∏
i=1

Φλi,l(ti)

)

= ω−1

(
q∑
i=1

Li,l

)(
q∏
i=1

Φλi,l(ti)

)

= ω−1

 q∑
j=1

Lj,l(Φλj ,l(tj))

 q∏
i=1
i 6=j

Φλi,l(ti)




= ω−1

 q∑
j=1

(λ2
j − (k + |l|+ 1)2)Φλi,l(ti)

 q∏
i=1
i 6=j

Φλi,l(ti)




=

 q∑
j=1

(λ2
j − (k + |l|+ 1)2)

ω−1

q∏
i=1

Φλi,l(ti)

=
(
4n〈λ, λ〉 − q(k + |l|+ 1)2

)
Φλ,l(aT ).

Since

4n〈ρ(l), ρ(l)〉 =

q∑
i=1

(k + |l|+ 1 + 2(q − i))2

=

q∑
i=1

(
(k + |l|+ 1)2 + 4(q − i)2 + 4(k + |l|+ 1)(q − i)

)
= q(k + |l|+ 1)2 +

q−1∑
i=1

4i(i+ k + |l|+ 1)

+ 4

q−1∑
i=1

[
(q2 − 2qi) + ((k + |l|)q − 2(k + |l|)i) + (q − 2i)

]
= q(k + |l|+ 1)2 + cl,

we get

4n∆(LX)Φλ,l =

(
ω−1

(
q∑
i=1

Li,l

)
◦ ω − cl

)
Φλ,l

= 4n
(
〈λ, λ〉 − 〈ρ(l), ρ(l)〉

)
Φλ,l.
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(2) Since aT ∈ A+ and ti − tj > 0 for all i < j with

1

1− e−2(ti−tj)
=

∞∑
r=0

e−2r(ti−tj),

so

Φλ,l(aT ) =

∏q
i=1 Φλi,l(ti)

ω(aT )

=
e
∑q
i=1(λi−(k+|l|+1))ti

∏q
i=1

[∑∞
s=1 Ωlλi,se

−sti
]

e2(n−1)t1+2(n−2)t2+···+2tn−1
∏
i<j

(
1− e−2(ti−tj)

) (
1− e−2(ti+2tj)

)
= e

∑∞
i=1(λi−(k+|l|+1)−2(q−i))ti

q∏
i=1

[ ∞∑
si=0

Ωlλi,se
−2siti

]

·
∏
i<j

[ ∞∑
r=0

e−2r(ti−tj)
∞∑
s=0

e−2s(ti+tj)

]

= e(λ−ρ(l))(T )

q∏
i=1

[ ∞∑
si=0

Ωlλi,se
−2siti

]∏
i<j

[ ∞∑
r=0

e−2r(ti−tj)
∞∑
s=0

e−2s(ti+tj)

]
.

The recurrence relation follows from part (1) and the expansion in part (2).
�

Let λ = (λ1, . . . , λq) ∈ a∗C and suppose that λi 6∈ Z, λi 6= λj for i 6= j, and put

C(λ, l) =
cl(λ1) . . . cl(λq)

(−1)
1
2 q(q−1) det

[(
λ

2(j−1)
i

)
i j

] , (4.5)

where

cl(λi) =
2k+|l|+1−λiΓ(1 + k)Γ(λi)

Γ( 1
2 (k + |l|+ 1 + λi))Γ( 1

2 (k − |l|+ 1 + λi))
. (4.6)

Lemma 4.4. Let C(λ, l) be as in (4.5), then

C(λ, l) = c0
∏

α∈O+
m

Γ(〈λ, α〉/〈α, α〉)
Γ
(

1
2mα + 〈λ, α〉/〈α, α〉

)
·
q∏
i=1

2−λiΓ(λi)

Γ
(

1
2

(
1
2mαi + 1 + λi + |l|

))
Γ
(

1
2

(
1
2mαi + 1 + λi − |l|

)) .
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Proof. Since∏
α∈O+

m

Γ(〈λ, α〉/〈α, α〉)
Γ
(

1
2mα + 〈λ, α〉/〈α, α〉

) =
∏

α∈O+
m

Γ(〈λ, α〉/〈α, α〉
Γ (1 + 〈λ, α〉/〈α, α〉)

=
∏

α∈O+
m

1

〈λ, α〉/〈α, α〉

=
∏
i<j

4(
λ2
i − λ2

j

)
=

(2)q(q−1)(−1)
1
2 q(q−1)

det

[(
λ

2(j−1)
i

)
i, j

] ,
we have

C(λ, l) = c0
2q(q−1)(−1)

1
2 q(q−1)

det

[(
λ

2(j−1)
i

)
i j

] · q∏
i=1

2−λiΓ(λi)

Γ( 1
2 (k + |l|+ 1 + λi))Γ( 1

2 (k − |l|+ 1 + λi))

where

c0 = 2q(k+|l|−q+2)Γ(1 + k)q.

�

Proof of Theorem 1.1. Assume that λi 6∈ Z and λi 6= ±λj , for i 6= j. The idea of
the proof is to make use of Harish-Chandra expansion (Theorem 3.6, [15] ), where
we show that ϕλ,l can be written as

ϕλ,l = ηl
∑
w∈W

c(wλ, l)Φwλ,l,

where W is the Weyl group of G, and c(λ, l) is given by

c(λ, l) = c0
∏

α∈O+
m

Γ(〈λ, α〉/〈α, α〉)
Γ
(

1
2mα + 〈λ, α〉/〈α, α〉

)
·
q∏
i=1

2−λiΓ(λi)

Γ
(

1
2

(
1
2mαi + 1 + λi + l

))
Γ
(

1
2

(
1
2mαi + 1 + λi − l

)) .
Using the fact that ϕλ,l(a(0,...,0)) = 1 we deduce the value of the constant C.

Let

ϕ̃λi,l(tj) = 2F1

(
1

2
(k + |l|+ 1 + λi) ,

1

2
(k + |l|+ 1− λi) , k + 1;− sinh2(tj)

)
.

Since

2F1(a, b, c; z) =B1(−z)−a2F1

(
a, 1− c+ a, 1− b+ a; z−1

)
+B2(−z)−b2F1

(
b, 1− c+ b, 1− a+ b; z−1

)
,
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where

B1 =
Γ(c)Γ(b− a)

Γ(b)Γ(c− a)
, and B2 =

Γ(c)Γ(a− b)
Γ(a)Γ(c− b)

,

ϕ̃λi,l(tj)

= 2F1

(
1

2
(k + |l|+ 1 + λi) ,

1

2
(k + |l|+ 1− λi) , k + 1;− sinh2(tj)

)
= B1 sinh−(k+|l|+1)−λi(tj)

· 2F1

(
1

2
(k + |l|+ 1 + λi) ,

1

2
(−k + |l|+ 1 + λi) , 1 + λi;− sinh−2(tj)

)
+B2 sinh−(k+|l|+1)+λi(tj)

· 2F1

(
1

2
(k + |l|+ 1− λi) ,

1

2
(−k + |l|+ 1− λi) , 1− λi;− sinh−2(tj)

)
= cl(−λi)Φ−λi,l(tj) + cl(λi)Φλi,l(tj),

where cl(λi) as in (4.6). So we have

C−1ω(aT )ϕλ,l(aT )

ηl

=

det

[
(ϕ̃λi,l(tj))i ,j

]
∏
i<j(λ

2
i − λ2

j )

=

∑
σ∈Sq

(
sgn(σ)

∏q
s=1 ϕ̃λσ(s)(ti)

)∏
i<j(λ

2
i − λ2

j )

=

∑
σ∈Sq

(
sgn(σ)

∏q
s=1(cl(λσ(s))Φλσ(s),l(ti) + cl(−λσ(s))Φ−λσ(s),l(ti))

)∏
i<j(λ

2
i − λ2

j )

=

∑
σ∈Sq

(
sgn(σ)

∑
εi=±1
i=1,...,q

cl(ε1λσ(1))Φε1λσ(1),l(t1) . . . cl(εqλσ(q))Φεqλσ(q),l(tq)

)
∏
i<j(λ

2
i − λ2

j )

=
∑
σ∈Sq
εi=±1

sgn(σ)cl(ε1λσ(1)) . . . cl(εqλσ(q))∏
σ(i)<σ(j)((εiλσ(i))2 − (εjλσ(j))2)

q∏
s=1

Φεqλσ(q),l(tq).

Thus we have

ϕλ,l(aT ) = ηl
∑
s∈W

C(sλ, l)Φsλ,l(aT )

where C(λ, l) as in (4.5) and

W = {s : s(t1, . . . , tq) = (ε1tσ(1), . . . , εqtσ(q)), εi = ±1, σ ∈ Sq}.

To complete the proof we need to show that

C = 22q(q−1)

q−1∏
i=1

[
(k + j)q−jj!

]
.
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Note that

dm

dzm

∣∣∣
z=0

2F1

(
1

2
(k + |l|+ 1 + λi) ,

1

2
(k + |l|+ 1− λi) , k + 1; −z

)
=

(
−1

4

)m [(k + |l|+ 1)2 − λ2
i

]
. . .
[
(k + |l|+ 2m− 1)2 − λ2

i

]
(k + 1) (k + 2) . . . (k +m)

.

Put

Ii, j =
(
(k + |l|+ 1)2 − λ2

j

) (
(k + |l|+ 3)2 − λ2

j

)
· · ·
(
(k + |l|+ 2i− 1))2 − λ2

j

)
,

by [10] Lemma 4.1, we have

C−1 = ϕλ,l(a0)

= C−1 lim
T→0

ϕλ,l(aT )

= lim
T→0

det

[(
2F1

(
1
2 (k + |l|+ 1 + λi) ,

1
2 (k + |l|+ 1− λi) , k + 1;− sinh2(tj)

) )
i, j

]
2

1
2 q(q−1)

∏
i<j(λ

2
i − λ2

j )
∏
i<j(cosh(2ti)− cosh(2tj))

= lim
T→0

det

[(
2F1

(
1
2 (k + |l|+ 1 + λi) ,

1
2 (k + |l|+ 1− λi) , k + 1;− sinh2(tj)

) )
i, j

]
2q(q−1)

∏
i<j(λ

2
i − λ2

j )
∏
i<j(sinh2(ti)− sinh2(tj))

=
2−q(q−1)(−1)

1
2 q(q−1)∏q−1

i=1 i!
∏
i<j(λ

2
i − λ2

j )
·

∣∣∣∣∣∣∣∣∣∣∣∣

1 . . . 1
(−1)I1, 1

22(k+1) . . .
(−1)I1, q
22(k+1)

...
...

...

(−1)q−1Iq−1, 1

22(q−1)(k+1)(k+2)···(k+q−1)
. . .

(−1)q−1Iq−1, q

22(q−1)(k+1)(k+2)···(k+q−1)

∣∣∣∣∣∣∣∣∣∣∣∣

=
(−1)q(q−1)2−2q(q−1)∏q−1

i=1 i!(k + i)q−i
∏
i<j(λ

2
i − λ2

j )
·

∣∣∣∣∣∣∣∣∣∣∣

1 . . . 1
I1, 1 . . . I1, q

...
...

...

Iq−1, 1 . . . Iq−1, q

∣∣∣∣∣∣∣∣∣∣∣

=
2−2q(q−1)∏q−1

i=1 i!(k + i)q−i
∏
i<j(λ

2
i − λ2

j )
·

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 . . . 1(
(k + |l|+ 1)2 − λ2

1

)
. . .

(
(k + |l|+ 1)2 − λ2

q

)
...

...
...(

(k + |l|+ 1)2 − λ2
1

)q−1
. . .

(
(k + |l|+ 1)2 − λ2

q

)q−1

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

2−2q(q−1)∏q−1
i=1 i!(k + i)q−i

.

The result for arbitrary λj follows from analytic continuation (see [10], Lemma
4.1). �
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5. χ-spherical functions on complex Grassmannians

By the notation of Section 2, let π : U −→ GL(Eπ) be a representation of U , χl
be a character of K and let

Elπ = {X ∈ Eπ |π (k) (X) = χl (k)X for all k ∈ K} .

An irreducible unitary representation (π,Eπ) of U is said to be χl-spherical if

Elπ 6= 0. Lets denote by Ûl the set of χl-spherical representations of U and Λ+
l the

set highest restricted weights of χl-spherical representations of U .

Theorem 5.1. Let {α1, . . . αr} be an orthonormal basis of a∗, the dual space of a.
Then the positive restricted roots Σ+ is one of the following two sets:

Case I : Σ+ = {2αi, (αj ± αk) | 1 ≤ i ≤ r, 1 ≤ k < j ≤ r}
Case II : Σ+ = {αi, 2αi, (αj ± αk) | 1 ≤ i ≤ r, 1 ≤ k < j ≤ r}.

Put

mj =

{ 〈λ,αj〉
〈αj ,αj〉 j = 1, . . . , r,

λ(iX) j = 0.

then by [12], Proposition 7.1 and Theorem 7.2, we have the following

Λ+
l =

{
λ ∈ a∗ |mj −mi ∈ 2Z+(1 ≤ i < j ≤ n), (5.1)

m1 ∈ |l|+ 2Z+, m0 =

{
0 (Case I)

l (Case II)

}
.

For λ ∈ Λ+
l , lets denote by (πλ, Eλ) a χl-spherical representation of U with

highest weight λ and put Elλ = Elπλ . Let eλ ∈ Elλ be such that ‖eλ‖ = 1. Let

ψλ,l(u) := (eλ, πλ(u)eλ)Eπ , for all u ∈ U.

The function ψλ,l is a χ-spherical function on U and any χl-spherical function on
U is of this form (see [9], Lemma 4.3).

Let U = SU(p+ q), K = S (U(p) · U(q)), λ = (λ1, . . . , λq) ∈ Λ+
l . Then by (5.1)

we have

〈λ, α1〉
〈α1, α1〉

= λ1 ∈ |l|+ 2Z+,

so

λ1 = |l|+ 2m1, for some m1 ∈ Z+.

Also for 2 ≤ i ≤ q, we have

λi − λ1 ∈ 2Z+,

that is

λi = |l|+ 2mi, for some mi ∈ Z+.

Hence Λ+
l consist of all λ ∈ Λ+

l such that

λ = (2m1 + |l| , 2m2 + |l| , . . . , 2mq + |l|),mi ∈ Z,m1 ≥ m2 ≥ · · · ≥ mq ≥ 0

By Theorem 1.1 and [9] Lemma 4.6 we get Theorem 1.2.
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To adopt Berezin-Karpelevich notation, let

P (α,β)
n (x) =

(α+ 1)n
n!

2F1(−n, n+ α+ β + 1, α+ 1;
1− x

2
)

be the Jacobi polynomial of degree n and let

P̃n,l(cos(2x)) =
P

(k,|l|)
n (cos(2x))

P
(k,|l|)
n (1)

= 2F1(n+ k + |l|+ 1,−n, k + 1; sin2(x)).

Therefore we have

Theorem 5.2. Let λ ∈ Λ+
l ,

λ = (2m1 + |l|, 2m2 + |l|, . . . , 2mq + |l|),mi ∈ Z,m1 ≥ m2 ≥ · · · ≥ mq ≥ 0.

Then the χl-spherical function ψλ on U = SU(p+ q) is given by

ψλ,l(
√
−1H(t1,...,tq)) =

C det

[(
P̃ni,l(cos(2tj)

)
i, j

]∏q
i=1 cos|l|(ti)∏

i<j(c(ni)− c(nj))
∏
i<j(cos(2ti)− cos(2tj))

where ni = mi + q − j, c(ni) = ni(ni + |l|+ k + 1), and

C = 2
1
2 q(q−1)

q−1∏
i=1

[
(k + j)q−jj!

]
.
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