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Abstract. Potentially drastic changes in the dynamical behaviour of iterated
maps due to rounding errors in computer arithmetic have motivated the study
of spatially-discretised maps, whereby the dynamical behaviour of a map is
compared to that of a variant obtained by composing the map with a spatial
discretisation operator, such as the floor function. In this paper, we study the
dynamical behaviour of the spatially-discretised quadratic map x L)\ZL‘QJ,
for all values of A € R. Specifically, we prove that the map possesses at most
three non-zero fixed points, and that every orbit of the map either diverges or
becomes eventually constant at one of the existing fixed points.

1. Introduction

The decision of using a computer to generate the orbits of an iterated map car-
ries a violent consequence: spatial discretisation [3, 4, 9, 10, 7, 8, 12]. Indeed,
whether one approves or not, the computer, constrained by its finite capability,
could only regard the map’s domain as being discrete, or even finite, thereby pos-
sibly periodicising all existing orbits. Such a phenomenon has drawn considerable
attention not only in mathematics [1, 2, 11, 13, 25, 22| but also in computer
science [6, 21, 26, 20], at times leading to intriguing open conjectures [1, 13, 25].

Despite the abundance of studies promising a general theory [2, 3, 4, 9, 10, 7, 8,
11, 12], the presently limited understanding of spatial discretisation could in part
be attributed to the literature’s scarcity of toy models: modest spatially-discretised
maps whose dynamical behaviour admits complete analytical description. Studies
on such maps appear to be non-existent, apart from some recent ones on the map
x +— |Az] [24] and its generalisation x — | Az + p] [17], where A\, u € R. Here, the
decision to use the floor function implies no loss of generality since, defining the
following general discretisation operators for every k > 0:

lz], :==max{m € kZ : m < x},

<z
[x], :==min{m € kZ :m > x},

lz]), = {Hng

one verifies that, for every k > 0, the maps

= Az +pl,, z = [Az+pl,, and = [ Az +pl,
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are conjugate via the homeomorphisms

zH%, JL‘H—%, and x»—}% (1)

to the maps

x»—){/\x—F%J, zHPx—F(—%)J, and m»—){)\x+<:+;)J,

respectively.! As a result, the dynamical behaviour of spatially-discretised first-
degree polynomial maps is already largely understood.
In this paper, we thus turn our attention to spatially-discretised second-degree
polynomial maps. Specifically, we consider
f:R=R, flz) = |A2?]. (2)

As in the previous studies, we aim to describe the limiting behaviour of every orbit
of the map, for all values of A € R. The case of A = 0 is trivial. In the cases
of A > 0 and A < 0, respectively, every orbit of the map eventually enters the
invariant subdomains [0, c0) and (—o0, 0], in which the map displays a sequence of
plateaus stepping upwards as its argument increases (see Figure 1), implying that
every periodic point is a fixed point. In this paper, we show that, depending on the
value of )\, the map has at most three non-zero fixed points, and that each of its
orbits either diverges or stabilises at a fixed point.?
More precisely, letting

Fix(f) :={z € R: f(z) = x}
be the set of all fixed points of f, and
wi(x) :=={ e RU{—00,00} : there exist ni,n9,... € Ny
with n; < ng < --- such that f"*(z) Fooo, K}

be the set of all limit points of the orbit of f with initial condition x € R, we shall
prove the following theorem.

Theorem 1.
(i) For A < —1, we have Fix(f) = {0} and

{0}, if x = 0;
wile) = {{—oo}, if x #0.
(i) For —1 < A < —1, we have Fix(f) = {0, -1} and
{0}, if x =0;
wy(z) = {-1}, ifze [—\/T%,(]) U ((), \/_—ﬂ :

o) e (e )y hed).

IThe discretisation operators z — |z w T+ [x],, and & — 2], manifest a computer’s rounding
to d decimal places in the case k = 10~<.

2An orbit that stabilises at a fixed point is one that eventually becomes constant at the fixed
point. The same terminology is also used in studies of other maps such as the mean-median map
(5, 14, 15, 16, 18, 19).
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FIGURE 1. Plots of the map (2) for A = 2 (top) and for A = —2 (bottom).

(iii) For —3 <A < —%, we have Fix(f) = {0,—1,-2} and
{0}, if x = 0;
{-1}, ifze { \/TO)U(O,\/?],
R L e e S S O R
(o) it (o) U ().
(iv) For —& < A < —1%, we have Fix(f) = {0,-1,-2, -3} and
{0}, if © = 0;
(-1}, ifze { \/?,0) U (0, \/Tﬂ
wi(z) = {-2}, ifze { \/?, \/?) U <\/—>§, \/j%} :
o e [y ) oy
() it (o) U ().

(v) For —%

< A < 0, we have the following for every integer a < —4.

13
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. If% <AL (a+1)2, then Fix(f) = {0,—1,a+ 1,a} and
{0}, if £ = 0;
{-1}, ifxe [— ‘l—j?,o) U (0, “4{2} :

wi(z) = {a+1}, ifze [— el _, a2 u( at2 aﬁl},
@ itre[-VToyo)u (YR vl
(o0}, e e (~oo,—y/D) U (yEro0)

o If (£I12)2 <A< then Fix(f) = {0,—1,a} and

{0}, ifx=0;
(-1}, ifze { w,o) u (0, “—ﬂ :
{a}, ifwel-yF- a;) (V2 v
{—}, ifzxe ( 7—\/§)U %,oo)
(vi) For A =0, we have Fix(f) = {0} and
wr(x) = {0} for all x € R.

(vii) For 0 < A < 2, we have the following for every integer a > 2.
o If L <A< o=z then Fix(f) = {0,a — 1} and

oy, e (/525
wr(x) = {a — 1}, 1fx€( T, \/ail} [\/“jf)
{oo}7 if z € (—o00, —/%] U [/5, ) .
o If 1 <\ < —L- then Fix(f) = {0} and
wi(z) = {{0}’ e (VX VA
{0}, 1fx€( 00, —/% U[\/%oo).
(viii) For A > 2, we have Fix(f) = {0} and

oy = [0 e (V5 V3):
! {0}, ifze (—oo,— ﬂ u [\/;,oo).

The fact that Theorem 1 provides a complete description of the fixed points of the
map (2) allows us to construct the fixed-point bifurcation diagram

{(/\x)E]R2 | Az J*x}

of the map (2), displayed in Figure 2. Notice that the trivial fixed point 0 exists for
all A € R, and that for A > 0, the map possesses at most one non-zero fixed point,
whereas for A < 0, up to three non-zero fixed points may coexist. Notice also that

>|e

- +
min Fix(f) 220, o and max Fix(f) 2200,
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FIGURE 2. The fixed-point bifurcation diagram of the map (2).

The rest of the paper contains our proof of the above theorem. More precisely,
omitting the trivial case A = 0, we shall deal with the case A > 0 in the upcoming
section 2, and with the case A < 0 in the final section 3.

As in the case of first-degree polynomial maps, we note that the homeomorphisms
(1) conjugate the maps

T L)\xﬂk , T [Amﬂ 5 and T L)\xQ] A

to the maps

z = [(Ak) x2j , z = [(=Xk) 332J , and T {(Akz) 2+ ;J ,  (3)

respectively. From the perspective of computer arithmetic, Theorem 1 and Figure
2 show that using fewer decimal places —which implies potentially larger rounding
errors— tends to reduce the number of fixed points in these quadratic maps, the
extreme case being all bounded orbits stabilise at the unique zero fixed point, which
is the superstable fixed point in the absence of spatial discretisation. Conversely,
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using more decimal places —which implies smaller rounding errors— tends to in-
crease the number of fixed points, thereby allowing the bounded orbits to exhibit
more varied limiting values.

The third map in (3) provides motivation for a further study of the more general
quadratic family = +— L)\x2 + uJ . In particular, it would be interesting to investigate
how spatial discretisation periodicises the quadratic family’s chaotic orbits (Figure
3). Ideas along these lines have been proposed by Misiurewicz [23].

2. The Case A >0

In this section we shall prove our assertions in Theorem 1 in the case A > 0. In
this case, all fixed points belong to the invariant subdomain [0, 00). Moreover, the
fact that the map (2) is even implies that for all z € R we have wy(—z) = ws(x), so
that it suffices to determine wy(x) for all > 0. We shall divide our work into two
propositions: Proposition 2 on the subcase A > 2 (subsection 2.1), and Proposition
3 on the subcase 0 < A < 2 (subsection 2.2).

2.1. The subcase A > 2. Our assertions in the subcase A > 2 in Theorem 1 follow
from this next proposition.

Proposition 2. For A > 2, we have Fix(f) = {0} and

{0}, ifzelo @) :
wy(z) = , !
{0}, ifze {\/;, oo) .
Proof. It is plain that 0 is a fixed point.
o Let x € [O, \/§> Then 0 < A\z? < 1, and so f(z) = 0.

o Let x € [\/;\/g).Thenlg)\m2<2,andsof(x):1>\/%>x.

o etz e [\/g, oo). Then Az? > 2, and so f(z) > 2. Consequently,

fl@)>Vf(@) +1=v[ 2] +1>Vaz? >z

The proposition follows. O

2.2. The subcase 0 < A\ < 2. The following proposition takes care of the more
involved subcase 0 < A < 2.

Proposition 3. For 0 < A < 2, we have the following for every integer a > 2.
o If L <A< o=z then Fix(f) = {0,a — 1} and

0y, ifze [0, \/E)

wi(@) = { {a -1}, ifxe[ a1

>

S|

o

A
{00}, if z e [\/§,00).
o If “tL <\ < L then Fix(f) = {0} and

wy () = {{0}, ifx e [0, \/g) ;
{0}, ifze [\/§7 oo) .

).
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FIGURE 3. (a) The chaotic orbit with initial condition 75 of the

Ulam map U(z) =1-22%
tion 10 of the spatially dlscretlsed maps U ( )=

(b)—(e) The orbits with initial condi-

L1—2xJ1kfor

k € {1,2,3,4}, which are preperiodic w1th periods 5, 10, 41, 31,
respectlvely.

Proof. Again, 1t is 0bv1ous that 0 is a fixed point. Let a >

suppose that —

<)\< @12 Then

)

a—1<Ma—-1)%<a,

and so

2 be an integer. First,

fla=1)=a-1,
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proving that a — 1 is a fixed point.

o Let x € (O,,/L;Q). Then a > 2, and so

PR
(a—1)2 " a—-2
Thus,
—_9 1
f(x)g)\a:2<\/)\21/a)\ r=yANa—-2)z< a_2(a—2)m<x.

o Let x € [\/%,w/a—;l). Then a — 2 < A\r? < a — 1, and so

e Let x € [w%,ﬂ). Then a — 1 < M\z? < a, and so f(z) =a — 1.
o Let 2 € [\/%,/%). Then a < A\z? < a+ 1, and so

fx)=a>+Va?-1= (LIT1>>\/G—;1>3U.
a—1

+1 ; +1 1
o Let x € [\/“T,oo). Since “5= < —, then
a+1 a+1 1

<A, and so > .
A VAa+1) -1

a2
Next, the fact that z > ,/“—;‘:1 implies
1

xr > W, i.e., )\(a+1)x—1 > x.
a _
Therefore,
1
flx) > A2 —1 > V2 aJ)\r r—1=yANa+1)z—-1>uz

The first assertion in Proposition 3 follows.
Next, suppose that “;;1 <AL ﬁ

e Let z € (0,1/25L). Then
f(a:)S)\x2<\/§1/a;1x:\/)\(a—1)x< ! (a—1)z <z

a—1

o Let x € [w%,ﬂ). Then a — 1 < Az? < a, and so
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oLCth[\/%@/aJrl) Then a < A\x? < a+ 1, and so

a+1
a+1

o Letx € { “—;‘:1,00). Since

1 1 1
at <A, then a+

a2

Next, the fact that z > ,/a—')fl implies

Therefore,

fl@) > 2 —1> V2 a—|—1 r—1=yMNa+D)z—-1>=z

The second assertion in Proposition 3 follows.

3. The Case A <0

19

Let us now turn to the case A < 0, in which all fixed points belong to the
invariant subdomain (—o00,0], and the even property of our map implies that it
suffices to determine wy(x) for all z < 0. We deal with the easier subcase A< —7

in Proposition 4 (subsection 3.1) and with the more intricate subcase —; < A < O

in Proposition 5 (subsection 3.2).

3.1. The subcase A\ < —3. The subcase A < —% of Theorem 1 is a consequence

of the following proposmon

Proposition 4.
e For A\ < —1, we have Fix(f) = {0} and

~J{0}, if x = 0;
wile) = {—o0}, ifx € (—0,0).

e For —1 < A < —3, we have Fix(f) = {0,—1} and

{0}, ifx=0;

wi(z) = ¢ {-1} ifxe[_\/_i%,o);

{-o0}, ifxe (—oo,— —%) .
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e For —4 < A < —2, we have Fix(f) = {0,—1,-2} and

0}, ifz=0;

{-1}, ifzxe [—F 0)
=1y e [y~

{-ox}, ifze ( oo,—\/i)

e For —1 < A < —1, we have Fix(f) = {0,—1, -2, -3} and

{0y, ifz=0;

(-1}, ifze[-/-10);
wi(z) = ¢ {—2} ifxe[ \/?, \/7%),

-3}, itwe|—y/-3-/-3);

{00}, ifwe (—00,—y/-%).

Proof. That 0 is a fixed point is trivial. Now suppose that A < —1.
o Letz € [—1/—%,0) Then —1 < Az? <0, and so f(z) = -1 < —/—1 <=

oLeth(—oo,—,/—%).Thenx<— -3 < 5, and so f(z) < Aa? < z.

Next, suppose that —% <A< —
i €{1,...,a} we have

+1, for some a € {1,2,3}. Then for every

no

. .2

7 )

— <\t < — )
a a+1

Since

.2 ‘2 s .
fz'gf— and ! (=it 1)i

— < < —1 1
a a+1 a+1 vt

then f(—i) = |Ai?| = —i, which means that —i is a fixed point.

e Letz € [—w—%,—\/——) for some i € {1,...,a}. Then —i < A\a? < —i + 1,
(

and so f(x) = —i.
o Letx € (—oo,—ﬁ). Ifzx e [%,—E) then \z? < —a, and so f(x) < —a—
1< % < z. Otherwise, we have = € (— 0, )\), in which case f(x) < \a? < .
The proposition is proved. |

3.2. The subcase *i < A < 0. Finally, it remains to address the subcase f% <
A<O.

Proposition 5. For —i < A < 0, we have the following for every integer a < —4.
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e If L <A< (a+1)2, then Fix(f) = {0,—1,a + 1,a} and
{0}, if £ =0;
(-1}, ifze [— “T“,());
wi(r)=q{a+1}, ifze [— ot — LXQ),
faf,  ifoe|-vE /)
{-oo}, ifwe (00, —/%)-
o If M5 <A< iy, then Fix(f) = {0,~1,a} and
0}, ifz=0;
1 itee [— aﬁl,o);
wy(z) =
(a}, ifze [—\/g,— aTl);
{0}, ifze (—o0,—\/%).

Proof. Since —+

< —4 be an 1nteger First, suppose that

(a+1)

<A

Since a < —1, then a +1 < M, and so f(a+1) =

< A<O0, it is apparent that 0 and —1 are fixed points.

<AL Tar1)? +1)2 Then

(a+1) <a+2.

means that a 4+ 1 is a fixed point. Furthermore,

a < )\(12 < M
h (a+1)?
Since a < —4, then
2
3 5
(a+1)2+a:(a+2> _Z>5>0’ and so (a+a1) <1,
the latter being equivalent to
(a + 2)a?
m < a-+ 1.

Therefore, f(a) =

|Aa?| = a, which means that a is a fixed point.

o Letz € [—1/—7 O) Then —1 < Az? <0, and so f(z) = —1.

o Let x € [—\/;, —\/%) for some i € {a +2,...,—2}. Since the map = —
is monotonically decreasing in (—oo, —2), then
a+3 1+1
(a+2)27 2

On the other hand, the inequality a <
1

—4 is equivalent to
a+3

a” (a+2)?

21

Let

[AMa+1)?] = a+ 1, which

x—i—l
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It follows that \ > ”1 . Together with the fact that i < Az? < i+ 1, this implies

fla)=i=— (11) >/ s

oLeth[ \ et “:'\’2> Then a +1 < Az? <a+2,and so f(z) =a+ 1.
o [etz e [ % “§1> Then a < Az? < a+ 1, and so f(z) =
OLetxe[ V52 \/g) Then a — 1 < Az? < a, and so
a—1 a—1
=a—-1= —/ 7 S\ —— <
f@)=a R E R At
a
o Letx € <foo, — “T_l) Since the inequality a < —3 is equivalent to
a+2 < 1
(a+1)2 " a—-1"
we have that A < —5. Thus,

_1(a—1)x:

flx) < \2? < (—\/)\72) <—\/a;1>x= VAa -1z <

This establishes the ﬁrst assertion in Proposition 5.

Next, suppose that e +1 <A< .=5. Then
m <A < aaj T
The fact that a < —1 implies
—ﬁx) and af1<1,
which are equivalent to
2 2
a<((c;—&—+21))az and acil<ob—l—17

respectively. Thus, f(a) = L)\a2j = a, which means that a is a fixed point.
o et x e [—w—%,O). Then —1 < Az? < 0, and so flz)=-1.

o Letx c [—\/g, —E) for some i € {a+1,...,—2}. As before, since the map
x — ££L is monotonically decreasing in (—oco, —2), then
a+2 1+ 1
(a+1)2 7 42
Since A > a+1)2’ then \ > ;1. Together with the fact that ¢ < Az? <+ 1,

this implies
141 141

f(ﬂl‘):’L:— (i%l)/_ )

> x.



THE BEHAVIOUR OF A CLASS OF SPATIALLY-DISCRETISED QUADRATIC MAPS 23

o Let v € [—\/g - “jl) Then a < Az < a+1, and so f(z) =

oLetxe[ V]2 \/g) Then a — 1 < Az? < a, and so

fx) = L)\mQJ =qg—1=—

o Let x € (—oo,—\/aTj) Then
flz) < \? < (—\/)\72) (—\/ ) =Aa-1)z<

This establishes the second assertion in Proposition 5.

a—l
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