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Abstract. This paper is an introduction and survey of a “global” theory of
measure preserving equivalence relations and graphs. In this theory one views

a measure preserving equivalence relation or graph as a point in an appro-

priate topological space and then studies the properties of this space from a
topological, descriptive set theoretic and dynamical point of view.

Dedicated to the memory of Vaughan F.R. Jones

I had the chance to meet with Vaughan Jones on several occasions and I vividly
recall some fascinating conversations, about mathematics and other subjects, that
I had with him over the years. Vaughan was also instrumental in the creation of
the New Zealand Mathematics Research Institute (NZMRI) and the organization
of its summer meetings, since 1994, which brought together mathematicians from
around the world to lecture and interact with New Zealand colleagues. I was very
fortunate to participate in a wonderful such meeting in Algorithmic Information
Theory, Computability and Complexity during January 2009 in Napier.

Although Vaughan Jones and I worked in different fields of mathematics, we
shared a common interest in some aspects of ergodic theory, so it seemed appropri-
ate to choose as the topic of this paper the study of measure preserving equivalence
relations, an area in which Vaughan Jones, together with Klaus Schmidt, made a
very influential contribution in [JS].

Introduction

A Polish space is a separable, completely metrizable topological space and a
standard Borel space is a Polish space equipped with the σ-algebra of its Borel
sets. Finally, a standard probability space is a measure space (X,µ), where X
is a standard Borel space and µ is a non-atomic, Borel probability measure on X.
All standard probability spaces are measure-theoretically isomorphic to ([0, 1], λ),
where λ is Lebesgue measure.

Suppose now that Γ is a countable (discrete) group and a : Γ×X → X a Borel
action of Γ on a standard Borel spaceX. Put γa(x) = a(γ, x) and also γ·x = a(γ, x),
when a is understood. Moreover, we often use the notation Γ ya X or just Γ y X
for the action. Denote by Ea the equivalence relation on X generated by a:

xEay ⇐⇒ ∃γ ∈ Γ(γ · x = y),

whose classes are the orbits of the action. Sometimes when the action is understood,
we also write EXΓ instead of Ea. Clearly Ea is a countable Borel equivalence
relation (CBER), i.e., Ea ⊆ X2 is Borel and every equivalence class is countable.
Conversely, the Feldman-Moore Theorem asserts that if E is a CBER on the
standard Borel space X, then there is a countable group Γ and a Borel action a of
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Γ on X such that E = Ea. In fact there is a sequence of Borel involutions (Tn) of
X that generates E, in the sense that xEy ⇐⇒ ∃n(Tn(x) = y).

If now (X,µ) is a standard probability space and a is a Borel action of Γ on
X, we say that a is measure preserving if for every γ ∈ Γ and every Borel
set A ⊆ X, µ(γ · A) = µ(A). Two measure preserving actions Γ ya X and
∆ ya Y , on standard probability spaces (X,µ), (Y, ν), are orbit equivalent if
there are invariant (under the corresponding actions) Borel sets A ⊆ X,B ⊆ Y
with µ(A) = ν(B) = 1 and a Borel isomorphism f : A → B that sends µ to ν and
satisfies xEay ⇐⇒ f(x)Ebf(y). Neglecting null sets, as in common in measure
theory, this simply says that Ea, Eb are measure-theoretically isomorphic.This leads
to the study of measure preserving equivalence relations on (X,µ). A CBER E on
X is called measure preserving if it is of the form Ea for some measure preserving
Γ ya X. It is easy to see that this notion is independent of the group and the
action that generates E. In this context, we also say that µ is E-invariant. Again
we identify measure preserving E,F if they are measure-theoretically equal, i.e., if
there is a Borel set A ⊆ X with µ(A) = 1 such that E|A = F |A, where for any
equivalence relation R on a set Z and any C ⊆ Z, we let R|C = R ∩ C2 be the
restriction of R to C. Note that we can assume that such a set A is invariant under
both E,F , i.e., x ∈ A, xEy =⇒ y ∈ A and similarly for F .

The study of orbit equivalence of measure preserving actions and also measure
preserving equivalence relations is a very active area of research in ergodic theory
and operator algebras, see for example [Z], [AP], and [I], which also contains an
extensive bibliography of work in this area over the last few decades.

We will also consider locally countable, Borel (simple, undirected) graphs on
standard Borel spaces X. These are Borel subsets of X2 that are symmetric, avoid
the diagonal and have countable sections. For any such graph G denote by G∗ the
equivalence relation generated by G, whose classes are the connected components
of G. Thus G∗ is a CBER and we say that G is a graphing of G∗. When (X,µ) is
a standard probability space, we say that G is measure preserving if G∗ is measure
preserving. Again we identify two such graphs G,H if they agree µ-a.e., i.e., there
is a Borel G∗- and H∗-invariant set A with µ(A) = 1, such that G|A = H|A, where
for any graph F on a set Z and any C ⊆ Z, we let F |C = F ∩ C2 be the induced
subgraph on C. Ergodic theory also studies such measure preserving graphs.

Over the last few years I have been interested in developing a “global” theory
of measure preserving equivalence relations and graphs. The idea is to consider
a measure preserving equivalence relation or graph as a point in an appropriate
topological space and then study the properties of this space from a topological,
descriptive set theoretic and dynamical point of view. This work in progress is
contained in the preprint [K3] and the goal of the present paper is to present a
survey of the current state of affairs in this subject and its open problems, referring
to [K3] for a more complete development, including detailed proofs of all the results
discussed here.

Acknowledgements. Preparation of this paper was supported by NSF Grant
DMS-1950475. I would like to thank Lewis Bowen for asking some questions that
got me thinking about this subject. Thanks also to Lewis, Peter Burton, Clinton
Conley, François Le Mâıtre, Ben Miller, Forte Shinko, Anush Tserunyan and Robin
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Tucker-Drob for many useful comments and corrections or for allowing me to include
some results of theirs in [K3] and quoted in this paper.

1. Preliminaries

Consider a standard probability space (X,µ). As usual we will neglect null sets
in the sequel if there is no danger of confusion. We denote by Aut(X,µ) the group
of all Borel automorphisms of X which preserve the measure µ and in which we
identify two such automorphisms if they agree µ-a.e. The weak topology on
Aut(X,µ) is the topology generated by the functions

Aut(X,µ) 3 T 7→ T (A), A ⊆ X Borel

(i.e., the smallest topology making these functions continuous). We denote this
topology by w. The group Aut(X,µ) with this topology is a Polish topological
group.

The group Aut(X,µ) also admits the 2-sided invariant (but not separable) met-
ric:

du(S, T ) = µ({x ∈ X : T (x) 6= S(x)}),
called the uniform metric. The associated topology on Aut(X,µ) is called the
uniform topology, denoted by u. We have w $ u.

For a measure preserving CBER E on (X,µ), its full group [E] is the subgroup
of all T ∈ Aut(X,µ) such that T (x)Ex, µ-a.e. It is closed in the uniform topology
and the metric du restricted to [E] is separable, so in the uniform topology [E] is a
Polish group admitting a 2-sided invariant metric.

Denote also by [[E]] the full pseudogroup of E, i.e., the set of all partial Borel
bijections ϕ : A → B with ϕ(x)Ex,∀x ∈ A. As usual we identify two such partial
bijections if they agree µ-a.e.

It is an interesting question to characterize the groups [E] among the subgroups
of the topological group (Aut(X,µ), u). It can be shown that for any non-trivial
involution T ∈ Aut(X,µ), the centralizer of T in Aut(X,µ) has a largest abelian
normal subgroup denoted by AT . We now have:

Theorem 1.1. The following are equivalent for a subgroup G of Aut(X,µ):
(i) G = [E], for a measure preserving CBER E,
(ii) (a) G is closed and separable in (Aut(X,µ), u), (b) the group generated by

the involutions in G is uniformly dense in G, and (c) for every nontrivial involution
T ∈ G, AT ⊆ G.

Note that this characterization depends on the properties ofG within (Aut(X,µ), u)
and one can ask if there is a characterization depending only on the topological
group structure of (G, u). A strong negative answer is given in §3 of [K3].

2. The Topological Space of Subequivalence Relations

We will denote by E the set of all measure preserving CBER on the standard
probability space (X,µ) (recall here that two measure preserving CBER are identi-
fied if they agree µ-a.e.). We would like to equip E with a nice topological structure
but there is a difficulty here. As discussed in Section 4.1 there is no “definable”
separable, metrizable topology on E . On the other hand there is a way of defining
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a canonical topology on each “localization” of E . More precisely, for each measure
preserving CBER E denote by S(E) the set of subequivalence relations of E:

S(E) = {F ∈ E : F ⊆ E},
where for E,F ∈ E , F ⊆ E means that there is an invariant under E Borel set
A with µ(A) = 1 such that for x, y ∈ A, we have xFy =⇒ xEy, i.e., F is
contained in E, µ-a.e. We will define a canonical Polish topology on each S(E) and
study this “localized” space. It will turn out that these topologies cohere under
the inclusion E ⊆ E′ and thus define a weak topology on E which is Hausdorff but
not separable or first countable. Thus our study will concentrate on the structure
of the “localized” spaces S(E).

So from now on we will fix E ∈ E and define the canonical topology of S(E). In
fact we will give a number of equivalent descriptions of this topology.

2.1. The weak topology. Denote by MALGµ the measure algebra of (X,µ), i.e.,
the algebra of Borel sets in X modulo null sets, which is a Polish Boolean algebra
with the topology induced by the complete metric

dµ(A,B) = µ(A M B),

where M is symmetric difference. For each T ∈ [E], F ∈ S(E), let

AT,F = {x ∈ X : (x, T (x)) ∈ F} ∈ MALGµ

Consider then the topology of S(E) generated by the functions

S(E) 3 F 7→ µ(AT,F ), T ∈ [E].

It turns out that this is a Polish topology on S(E), which we call the weak topol-
ogy.

2.2. The strong topology. Consider now the topology on S(E) generated by
the functions

S(E) 3 F 7→ AT,F ∈ MALGµ, T ∈ [E].

This is again a Polish topology on S(E), which we call the strong topology.

Remark 2.1. For comparison, we note that Fn → F in the weak topology iff
∀T ∈ [E](µ(AT,Fn) → µ(AT,F )), while Fn → F in the strong topology iff ∀T ∈
[E](µ(AT,Fn M AT,F )→ 0).

2.3. A topology from the measure algebra of E. Below view E as a genuine
CBER on X and not one viewed µ-a.e. Then define a σ-finite Borel measure on
E ⊆ X2 as follows:

M(W ) =

∫
|Wx|dµ(x) =

∫
|W y|dµ(y)

for Borel W ⊆ E, where Wx = {y ∈ X : (x, y) ∈ W}, W y = {x ∈ X : (x, y) ∈ W}
and |A| ∈ N ∪ {∞} is the cardinality of a set A. (The equality of the two integrals
above follows from the assumption that E is measure preserving.) There is a
probability Borel measure ν on E which is equivalent to M (i.e., M,ν have the
same null sets) and we define the measure algebra of E, in symbols MALGµ,E ,
to be the measure algebra of ν with the associated topology. Both this algebra and
the topology are independent of the choice of ν (although the metric that induces
this topology depends on ν) and it is also independent of the µ-a.e. choice of E.
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Clearly S(E) is a subspace of MALGµ,E and it turns out that it is actually closed,
so we have the induced Polish topology on S(E).

2.4. A topology related to invariant, random equivalence relations. Let
Γ be a countable (discrete) group and let A(Γ, X, µ) be the space of measure pre-
serving actions of Γ on (X,µ), where two actions are identified if they agree µ-a.e.

We refer here to Section 12.1 for the definition of the space Eq(Γ) of equivalence
relations on Γ, the space IRE(Γ) of invariant, random equivalence relations on Γ
and the maps eaF : X → Eq(Γ), for a ∈ A(Γ, X, µ), F ∈ S(Ea). Fix a ∈ A(Γ, X, µ)
with E = Ea. Consider the compact metrizable space P(Γ)N ×Eq(Γ) (where P(Γ)
is the space of all subsets of Γ, identified with 2Γ), on which Γ acts continuously by
γ · ((an), e) = ((γan), γ · e). Fix also a sequence (Dn) of Borel sets which is dense
in MALGµ. Define then the Γ-equivariant map

θaF = θF : X → P(Γ)N × Eq(Γ),

by θF (x) = ((an), e), where an = {γ : γ−1 · x ∈ Dn} and e = eF (x). Let τa(F ) =
τ(F ) = (θF )∗µ ∈ Prob(P(Γ)N × Eq(Γ)), the space of Borel probability measures
on P(Γ)N × Eq(Γ)). Then τ(F ) is Γ-invariant and so its projection on Eq(Γ) is in
IRE(Γ).

Proposition 2.2. The map τ : S(E)→ Prob(P(Γ)N×Eq(Γ)) is a homeomorphism
into Prob(P(Γ)N × Eq(Γ)), where S(E) is equipped with the weak topology.

Thus we can also view S(E) as a Gδ subset of Prob(P(Γ)N × Eq(Γ)) with its
relative Polish topology.

2.5. A topology using measurable subgroups. (This is due to Robin Tucker-
Drob and the author. It is motivated by the idea of measurable subgroups, see
[Bo, Section 4].)

First, without loss of generality, we can assume that X = 2N and E is gener-
ated by a continuous action of a countable group Γ. (Recall here that we identify
equivalence relations if they agree a.e.)

For x ∈ X,F ∈ S(E), define ΓFx = {γ ∈ Γ: (x, γ−1 · x) ∈ F}. Then ΓFx ∈
P1(Γ) = {A ⊆ Γ: 1 ∈ A}. For γ ∈ Γ, A ∈ P1(Γ), let γA = {γδ : δ ∈ A}. Put

ϕF (x) = (x,ΓFx ) ∈ X × P1(Γ).

On X × P1(Γ) let

(x,A)R(y,B) ⇐⇒ ∃γ ∈ Γ(γ · x = y & γA = B).

Proposition 2.3. (i) R is an equivalence relation.
(ii) ϕF : X → X × P1(Γ) is 1-1.
(iii) ϕF (X) is R-invariant.
(iv) xFy ⇐⇒ ϕF (x)RϕF (y).

Since µ is F -invariant and ϕF is a Borel bijection between X and a Borel R-
invariant subset of X × P1(Γ), it follows that (ϕF )∗µ = µF is an R-invariant
probability measure on X × P1(Γ) .

Remark 2.4. Actually the definition of ϕF , F ∈ S(E), depends on picking an a.e.
representative for F but it is easy to check that µF is well defined.
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LetM be the compact, metrizable space of probability measures on the compact
zero-dimensional space Y = X × P1(Γ) ⊆ X × P(Γ). We also note the following.

Proposition 2.5. {µ ∈M : µ is R-invariant} is closed in M.

Define now Φ: S(E)→M by Φ(F ) = µF = (ϕF )∗µ.

Proposition 2.6. The map Φ: S(E)→M is a homeomorphism of S(E) into M,
where S(E) is equipped with the weak topology.

Thus the space S(E) can be identified with a Gδ subspace ofM with its relative
Polish topology.

2.6. A topology using actions of the free group F∞. (This is due to Peter
Burton) Denote by (A(Γ, X, µ), u) the space of measure preserving actions of Γ on
(X,µ) with the uniform topology u (see [K, Section 10, (A)]). Here we consider
the product topology on Aut(X,µ)Γ, where Aut(X,µ) is given the uniform topology.
The space A(Γ, X, µ) is then viewed as a closed subspace of Aut(X,µ)Γ in this
product topology. Given an equivalence relation E, denote by A(Γ, E) = A(Γ, [E])
the subspace of A(Γ, X, µ) consisting of all a ∈ A(Γ, X, µ) “contained” in E, in the
sense that ∀γ ∈ Γ(γa ∈ [E]), (see [K1, Section 6]). Then A(Γ, E) is separable and
closed in (A(Γ, X, µ), u), so a Polish space in the uniform topology.

Consider now the case Γ = F∞, the free group with a countably infinite sequence
of free generators (γn). Then a complete compatible metric for (A(Γ, E), u) is given
by

δ(a1, a2) =

∞∑
n=0

2−(n+1)du(γa1n , γ
a2
n ).

Fix a sequence of Borel involutions (Tn) that generates E, i.e.,

xEy ⇐⇒ ∃n(Tn(x) = y),

and define the following complete metric on S(E)

ρ(F1, F2) =

∞∑
n=0

2−(n+1)µ(ATn,F1
∆ATn,F2

)

(see Section 2.2).
We define a map Ψ: S(E)→ A(F∞, E) as follows: We let Ψ(F ) = a, where the

action a is defined by letting γai (x) = Ti(x), if Ti(x)Fx, and γai (x) = x, otherwise.
Then F = Ea = EΨ(F ).

Proposition 2.7. Ψ is an isometric embedding of (S(E), ρ) onto a closed subspace
of (A(F∞, E), δ).

Therefore S(E) can be identified with a closed subspace of (A(F∞, E), u) and
inherits a Polish topology from this identification.

2.7. Equivalence of the topologies. We have described a number of topologies
for S(E) in the previous subsections. They all turn out to be the same:

Theorem 2.8. The topologies on S(E) given in Sections 2.1-2.6 are identical.
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From now on will call this the topology of S(E). Note that S(E) is contractible
(to the equality relation) by the map ϕ : S(E) × [0, 1] → S(E) given by ϕ(F, t) =
F |[1, 1− t]∪{(x, x) : x ∈ (1− t, 1]}, where without loss of generality we assume that
X = [0, 1] and µ is Lebesgue measure.

There is also another topology on S(E), which we call the uniform topology on
S(E). The uniform topology contains the topology of S(E) but it is not separable,
when E is aperiodic, i.e., all its classes are infinite. The uniform topology is
induced by the following equivalent complete metrics:

τ∞(F1, F2) = sup
T∈[E]

µ(AT,F1
∆AT,F2

),

τ ′∞(F1, F2) = sup
T∈[E]

|µ(AT,F1
)− µ(AT,F2

)| .

2.8. Limits of sequences. Itv is easy to see that if F0 ⊆ F1 ⊆ F2 ⊆ ... is an
increasing sequence in S(E), then Fn →

⋃
n Fn and if F0 ⊇ F1 ⊇ F2 ⊇ ... is a

decreasing sequence in S(E), then Fn →
⋂
n Fn, in the topology of S(E).

The next result shows the relationship of a converging sequence to its limit in
the topology of S(E).

Theorem 2.9. Let Fn, F ∈ S(E) and Fn → F . Then for each i, there is an

increasing sequence n
(i)
0 < n

(i)
1 < . . . , so that (n

(i+1)
m )m∈N is a subsequence of

(n
(i)
m )m∈N and

F =
⋃
m

⋂
k≥m

F
n
(m)
k

.

There is also an analog for the uniform topology:

Theorem 2.10. Let Fn, F ∈ S(E) and Fn → F in the uniform topology. Then
there is an increasing sequence n0 < n1 < . . . , so that

F =
⋃
m

⋂
k≥m

Fnk .

Theorem 2.9 can be used to characterize the closure of certain subsets of S(E).
For R a class of measure preserving CBER on (X,µ), let

R↓ =

{⋂
n

Fn : F0 ⊇ F1 ⊇ . . . , Fn ∈ R

}
,

and

R↑ =

{⋃
n

Fn : F0 ⊆ F1 ⊆ . . . , Fn ∈ R

}
.

Then we have, letting for for any class R of measure preserving CBER:

R∗ = (R↓)↑.

Theorem 2.11. Let R ⊆ S(E) be closed under finite intersections. Then

R = R∗

(where R is the closure of R in S(E)).
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It follows that for any class R of measure preserving CBER (not necessarily
contained in some S(E)) closed under finite intersections:

(R∗)∗ = R∗.
A class R of measure preserving CBER is hereditary if F1 ⊆ F2 ∈ R =⇒ F1 ∈
R. Theorem 2.11 also implies the following result concerning arbitrary hereditary
classes of equivalence relations (not necessarily contained in some S(E)). It was
originally proved (in a somewhat stronger form not requiring invariance of the
measure) in Boykin-Jackson [BJ, page 116].

Corollary 2.12 (Boykin-Jackson [BJ]). Let R be a hereditary class of measure
preserving CBER. Then R↑ is closed under taking unions of increasing sequences
of relations, i.e., (R↑)↑ = R↑.

Put also
R∗ = (R↑)↓.

If R is closed under finite intersections, then it follows from Theorem 2.11 that
R∗ ⊆ R∗.

Problem 2.13. If R is closed under finite intersections, is it true that R∗ = R∗?

3. Coherence of Topologies

3.1. The weak topology on E. We consider now the relation of the topologies
of S(E), S(F ), when E ⊆ F .

Theorem 3.1. Let E ⊆ F . Then S(E) is a closed subset of S(F ) and the topology
of S(E) is the relative topology from S(F ).

Recall that E is the set of all measure preserving CBER on (X,µ) (where we
identify two equivalence relations if they agree a.e.). Thus E =

⋃
E∈E S(E). By

the preceding Theorem 3.1, the topologies on S(E), S(F ) agree on S(E) ∩ S(F ) =
S(E ∩ F ) and S(E ∩ F ) is closed in S(E) and S(F ). So we can define the weak
topology on E induced by the spaces S(E), which is the topology defined by
declaring that U ⊆ E is open iff U ∩ S(E) is open in S(E) for all E ∈ E . In
particular f : E → Y , Y a topological space, is continuous if f |S(E) : S(E)→ Y is
continuous for all E ∈ E . Also on each S(E) the relative topology from E coincides
with its topology and S(E) is closed in E . (For the general concept of weak topology
on a set induced by topologies on families of subsets, see, e.g., [D, VI.8].)

We should also note here that for E ⊆ F , S(E) is a retract of S(F ), with the
retraction given by the map S(F ) 3 R 7→ R ∩ E ∈ S(E). From this it follows
that the map S(F ) 3 E 7→ S(E) ∈ F∗(S(F )), where F∗(S(F )) is the space of
all nonempty closed subsets of S(F ) equipped with the Effros Borel structure, is a
Borel map.

3.2. Properties of the weak topology. We will next give another description of
the weak topology of E . Consider the compact space [0, 1]Aut(X,µ) with the product
topology. Define

Π: E → [0, 1]Aut(X,µ)

by
Π(F )(T ) = d(T, F ) = µ({x : (x, T (x)) /∈ F}).
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Since [F ] = {T : d(T, F ) = 0}, clearly Π is injective.

Theorem 3.2. The map Π is a homeomorphism of E into [0, 1]Aut(X,µ).

Thus E can be viewed as a subspace of [0, 1]Aut(X,µ), so, in particular, it is
Hausdorff. On the other hand it is neither separable or first countable.

Proposition 3.3. The weak topology on E is not separable and not first countable.

In fact we will see in the next section that E does not admit any “definable”
separable, metrizable topology.

4. Relations with the Space of Actions

4.1. Parametrization by actions. Denote by (A(Γ, X, µ), w) the space of mea-
sure preserving actions of Γ on (X,µ) with the weak topology w (see [K, Section
10, (A)]). Here we consider the product topology on Aut(X,µ)Γ, where Aut(X,µ)
is given the weak topology. The space A(Γ, X, µ) is then viewed as a closed subspace
of Aut(X,µ)Γ in this product topology.

To see another aspect of the global structure of E , consider the Polish space
(A(F∞, X, µ), w). The map a 7→ Ea is a surjection from A(F∞, X, µ) to E and
provides a canonical parametrization of E . Let

a ∼F∞ b ⇐⇒ Ea = Eb

be the associated equivalence relation, so that E = A(F∞, X, µ)/ ∼F∞ .

Proposition 4.1. ∼F∞ is Fσδ.

Below let Ectble be the equivalence relation on PN, where P is an uncountable
Polish space, given by

(xn)Ectble(yn) ⇐⇒ {xn : n ∈ N} = {yn : n ∈ N}.

Recall that a Borel equivalence relation E on a standard Borel space X is called
smooth if there is a Borel map f : X → Y , from X to some standard Borel space
Y , such that xEy ⇐⇒ f(x) = f(y). It is well known that Ectble is a non-smooth
equivalence relation and moreover it is Fσδ-complete (as a set of pairs). Below for
Borel equivalence relations E,F in Polish spaces X,Y , we let E ≤c F mean that
there is a continuous reduction from E to F , i.e., a continuous map f : X → Y
with xEy ⇐⇒ f(x)Ff(y).

Theorem 4.2. Ectble ≤c∼F∞ , so, in particular, ∼F∞ is Fσδ-complete (as a set of
pairs) and non-smooth.

It can be also shown that ∼F∞ is Borel reducible to an equivalence relation
induced by a Borel action of a Polish group. In fact, by using a slightly different
parametrization of E , the associated equivalence relation is again Fσδ and induced
by a continuous action of a Polish group (see Törnquist [T, page 33]).

The preceding show that it is not possible to find a “definable” injection of E into
a standard Borel space, so in particular E does not admit any “definable” separable
metrizable topology. The following remain open:
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Problem 4.3. What is the complexity of the equivalence relation (as a set of pairs)
on the space (A(Γ, X, µ), w) given by

a ∼Γ b ⇐⇒ Ea = Eb,

for other groups Γ, e.g., Γ = Z?

Problem 4.4. Determine the complexity of the equivalence relation ∼F∞ in the
hierarchy of Borel equivalence relations under Borel reducibility.

4.2. Continuity of parametrization. Let now Γ be an arbitrary countable
group and consider again (A(Γ, X, µ), u) the space of measure preserving actions of
Γ on (X,µ) with the uniform topology and its closed subspace A(Γ, E). We also
let ET1,T2,... be the equivalence relation induced by T1, T2, . . . in Aut(X,µ).

Note that if Γ = F∞ the map a 7→ Ea gives a parametrization of S(E) by
A(F∞, E), i.e., a surjective map from A(F∞, E) onto S(E). We have the following
selection result:

Theorem 4.5. There is a continuous map Ψ: S(E) → A(F∞, E) such that for
F ∈ S(E), EΨ(F ) = F .

Concerning the complexity of the map a 7→ Ea, we have:

Theorem 4.6. The map A(Γ, E) 3 a 7→ Ea ∈ S(E) is of Baire class 1.

Corollary 4.7. Let Γ = F∞. Let P be a property of equivalence relations such that

P∗E = {a ∈ A(Γ, E) : Ea ∈ P}

is Borel in A(Γ, E). Then PE = P ∩ S(E) is Borel in the topology of S(E).

In particular, taking again Γ = F∞, suppose P is a property of equivalence
relations such that {a ∈ A(Γ, X, µ) : Ea ∈ P} is Borel in the weak topology of
A(Γ, X, µ). Since this is contained in the uniform topology of A(Γ, X, µ), this set
is Borel in the uniform topology of A(Γ, X, µ) and thus {a ∈ A(Γ, E) : Ea ∈ P} is
Borel in (the uniform topology of) A(Γ, E). Therefore PE is Borel in S(E).

Problem 4.8. For which countable groups Γ is the map A(Γ, E) 3 a 7→ Ea ∈ S(E)
continuous, for each E?

A.Tserunyan and R. Tucker-Drob found the first examples that showed that this
map is not always continuous. It turned out now that we have the following general
fact. Recall that a measure preserving CBER is ergodic if every E-invariant Borel
set is either null or co-null.

Theorem 4.9. Let E be ergodic. Let Γ be a countable infinite amenable group.
Then the map A(Γ, E) 3 a 7→ Ea ∈ S(E) is not continuous.

We now define a stronger topology than the uniform topology on A(Γ, X, µ) (see
[K, Remark in page 103]). It is induced by the complete metric

δΓ,∞(a, b) = sup
γ∈Γ

du(γa, γb).

Recall also the metric τ∞ on S(E) defined in Section 2.7. The main fact is that
the map a ∈ A(Γ, E) 7→ Ea ∈ S(E) is Lipschitz in the metrics δΓ,∞, τ∞.
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Theorem 4.10. For any countable group Γ and any a, b ∈ A(Γ, E),

τ∞(Ea, Eb) ≤ 80δΓ,∞(a, b).

In particular, A(Γ, E) 3 a 7→ Ea ∈ S(E) is continuous from the δΓ,∞-topology on
A(Γ, E) to the uniform topology of S(E) (and thus to the topology of S(E)).

It is known that when Γ has property (T) the δΓ,∞-topology on A(Γ, E) coincides
with the (uniform) topology of A(Γ, E) (see [K, Remark in page 103]), so we have
the following result originally proved by R. Tucker-Drob:

Corollary 4.11 (Tucker-Drob). If a countable group Γ has property (T), then the
map A(Γ, E) 3 a 7→ Ea ∈ S(E) is continuous.

In view of Theorem 4.9 and Corollary 4.11, one can consider the following more
precise version of Problem 4.8.

Problem 4.12. Let Γ be a countable group. Is it true that the map A(Γ, E) 3 a 7→
Ea ∈ S(E) is continuous for every E iff the group Γ has property (T)?

5. The Action of the Automorphism Group

Let E be an aperiodic, measure preserving CBER. We denote by N(E) the group
of measure preserving automorphisms of E, i.e., the group of all T ∈ Aut(X,µ)
such that xEy ⇐⇒ T (x)ET (y), for all x, y in a conull set. This can be identified
with a closed subgroup of the isometry group of ([E], du) (see [K, Section 6]), so
it is a Polish group in the pointwise convergence topology. The group [E] is a
Polishable subgroup of N(E), with the corresponding Polish topology being the
uniform topology on [E]. The group N(E) acts in the obvious way on S(E) and it
turns out that this action is continuous. The same holds for the restriction of this
action to [E] (equipped with the uniform topology). Since this action has E as a
fixed point, it is not minimal. The next question is whether it is topologically
transitive, i.e., has a dense orbit.

Problem 5.1. Let E be an aperiodic, measure preserving CBER. Is there a dense
orbit for the action of [E] on S(E)? Similarly for the action of N(E).

The answer depends on the ergodic theoretic properties of E. This follows from
the following result of F. Le Mâıtre.

Theorem 5.2 (Le Mâıtre [LeM1]). The answer to Problem 5.1 is positive, when
E is ergodic, hyperfinite but negative, even for N(E), if E is generated by a measure
preserving action of an infinite, countable group with property (T).

Recall that E is hyperfinite if it is the union of an increasing sequence of finite
CBER (i.e., having all classes finite).

6. Continuity of Operations

We discuss here the continuity (or lack thereof) of various operations in S(E).

Proposition 6.1. (i) The operation (F1, F2) 7→ F1∩F2 from S(E)×S(E) to S(E)
is continuous.

(ii) The map (F1, F2) 7→ F1×F2 from S(E1)×S(E2) to S(E1×E2) is continuous.
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(iii) The map

(S(E)×MALGµ) 3 (F,A) 7→ F |A ∈ S(E),

where F |A = {(x, y) : (x, y ∈ A & xEy) ∨ x = y}, is continuous.
(iv) The operation (F1, F2) 7→ F1∨F2 from S(E)×S(E) to S(E) is not continu-

ous, if E is aperiodic. (Here F1 ∨F2 is the smallest equivalence relation containing
both F1, F2.) On the other hand, (F1, F2) 7→ F1 ∨ F2 from S(E)× S(E) to S(E) is
of Baire class 1.

(v) The relations F1 ⊆ F2 and F1 ⊥ F2 (see [KM, Section 27]) are closed in
S(E)× S(E)

7. Complexity Calculations

7.1. Aperiodicity, finiteness and hyperfiniteness. We next discuss the com-
plexity of various classes of equivalence relations. For any class R of measure
preserving CBER and any given such relation E, we denote by

RE = R∩ S(E)

the set of subequivalence relations of E that are in the class R. In particular
EE = S(E). Recall that an equivalence relation is finite if all its equivalence
classes are finite and hyperfinite if it is the union of an increasing sequence of
finite equivalence relations. As a consequence of Theorem 2.11 we have

Theorem 7.1. Let H be the class of hyperfinite equivalence relations. Then HE is
closed in S(E).

Denote by F , resp., BF the classes of equivalence relations which are finite,
resp., bounded finite (i.e., for some N each equivalence class has at most N
elements). It follows that

FE = BFE = HE .
In particular, E is hyperfinite iff FE is dense in S(E) iff BFE is dense in S(E). It
also follows from this that the map S(F ) 3 E 7→ HE ∈ F∗(S(F )) is Borel (when
F∗(S(F )) is equipped with the Effros Borel structure).

Theorem 7.2. For every aperiodic E, BFE is in Fσ but not in Gδ in the topology
of S(E).

Theorem 7.3. The set FE of finite equivalence relations in S(E) is Fσδ in the
topology of S(E).

Problem 7.4. If E is aperiodic, is FE not in Gδσ for the topology of S(E)?

The following provides an affirmative answer when E is ergodic.

Theorem 7.5. If E is ergodic, then FE is in Fσδ \Gδσ in the topology of S(E).

Finally we calculate the complexity of the class of aperiodic (i.e., having infinite
classes) equivalence relations.

Theorem 7.6. Let A be the class of aperiodic equivalence relations. Then AE is a
Gδ set in the topology of S(E). Moreover, if E is aperiodic, then AE is dense and
also in Gδ \ Fσ.
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7.2. Finite and infinite index subrelations. Denote by FinIndex(E) (resp.,
InfIndex(E)) the set of all F ∈ S(E) such that [E : F ] < ∞, i.e., every E-
class contains only finitely many F -classes (resp., [E : F ] = ∞, i.e., every E-class
contains infinitely many F -classes).

Proposition 7.7. The set InfIndex(E) is Gδ in S(E) and it is dense if E is
aperiodic.

Proposition 7.8. If E is aperiodic, hyperfinite, then the set InfIndex(E) is in
Gδ \ Fσ.

Problem 7.9. Let E be aperiodic. Is InfIndex(E) in Gδ \ Fσ?

Proposition 7.10. The set FinIndex(E) is Fσδ in S(E). If E is aperiodic, hy-
perfinite, then it is also dense.

It turns out that one can find some aperiodic, hyperfinite E such that FinIndex(E)
is in Fσδ \Gδσ.

Problem 7.11. Assume E is aperiodic. Is the set FinIndex(E) in Fσδ \Gδσ?

The set FinIndex(E) is not always dense in S(E).

Theorem 7.12. There is an ergodic E such that FinIndex(E) is not dense in
S(E).

Problem 7.13. For what ergodic E is FinIndex(E) dense in S(E)?

Remark 7.14. In Vaes [Va] and Bowen [Bo1] examples are given of ergodic equiva-
lence relations that do not have proper finite index ergodic subequivalence relations
or proper finite index extensions.

Remark 7.15. In Popa [Po, Section 6.6] it is suggested that it might be possible
that the cocycle superrigidity proved in that paper could be extended to target
groups that are closed subgroups of the (infinitary) unitary group U(H). From the
proof of Theorem 7.12 one can see however that this fails for the infinite symmetric
group S∞, which is a closed subgroup of U(H).

7.3. Ergodic and strongly ergodic equivalence relations. We first calculate
the complexity of the set of ergodic equivalence relations in S(E). We denote by
ERG the class of measure preserving CBER which are ergodic.

Theorem 7.16. The set ERGE of ergodic equivalence relations in S(E) is Gδ in
S(E).

In the next section we will consider the question of density of ERGE in S(E).
An equivalence relation F is called strongly ergodic or E0-ergodic iff for any

Borel homomorphism π : X → Y from F to a hyperfinite equivalence relation R
on Y (i.e., xFx′ =⇒ π(x)Rπ(x′)), there is y ∈ Y such that π−1([y]F ) has measure
1. By a result of Jones-Schmidt [JS] this is equivalent to the non-existence of
non-trivial almost invariant sets for F (see, e.g., [HK, Theorem A2.2], in which
the hypothesis of ergodicity is unnecessary). We denote the class of all measure
preserving CBER that are strongly ergodic by E0RG. For further reference, we call
an action a ∈ A(Γ, X, µ) ergodic or strongly ergodic if Ea has this property.
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We call an equivalence relation F anti-E0-ergodic if there is homomorphism π
as above to a hyperfinite equivalence relation for which all preimages of F -classes
are null. Denote by AE0RG the class of all anti-E0-ergodic equivalence relations.

Proposition 7.17. The set AE0RGE is closed in S(E).

Theorem 7.18. The set E0RGE is in the class Fσ ∩Gδ in S(E).

Problem 7.19. Are there E for which Theorem 7.18 gives the optimal descriptive
complexity of E0RGE?

8. Richly Ergodic Equivalence Relations

We first note that for any E, S(E)\ERGE is dense in S(E). This is because any
F ∈ S(E) can be approximated by equivalence relations of the form F |(X\A)tid|A,
for Borel A of small positive measure, which clearly are not ergodic. We will discuss
here the problem of density for the ergodic subrelations. Note that E is ergodic iff
ERGE 6= ∅. Let us call an ergodic equivalence relation E for which ERGE is dense
in S(E) richly ergodic.

Problem 8.1. Which among the ergodic equivalence relations E are richly ergodic?

We will first see that in some sense most E are richly ergodic. If E0 ⊆ E1 ⊆ . . .
is an increasing sequence, we say that (En)n∈N is strongly increasing if for each
n there is an ergodic T ∈ [

⋃
nEn] such that En ⊥ ET .

Proposition 8.2. If (En) is strongly increasing and E =
⋃
nEn, then E is richly

ergodic.

Using this one can show the following:

Proposition 8.3. For any E, there is E′ ⊇ E which is richly ergodic.

Proposition 8.4. If E0 ⊆ E1 ⊆ . . . are richly ergodic, so is E =
⋃
nEn.

Thus the collection of richly ergodic equivalence relations is “very large” in the
sense that it is ω-closed and cofinal in the class of all equivalence relations under
⊆. We next discuss some particular classes of richly ergodic equivalence relations.
Below let ERGH = ERG ∩ H be the class of ergodic, hyperfinite equivalence rela-
tions.

Theorem 8.5. For any ergodic E, ERGHE is dense in HE. In particular, every
hyperfinite ergodic equivalence relation is richly ergodic.

Another way to generate richly ergodic equivalence relations is the following:

Proposition 8.6. Let Γ = Γ1 ∗ Γ2 ∗ · · · , where each countable group Γn is non-
trivial. Let E be induced by a free, measure preserving, mixing action of Γ. Then
E is richly ergodic.

We next see that there exist ergodic but not richly ergodic equivalence relations.
These arise in the context of the so-called non-approximable equivalence relations,
introduced in the paper Gaboriau–Tucker-Drob [GT]. Let E be a measure preserv-
ing CBER on (X,µ). We say that E is non-approximable if whenever E =

⋃
n Fn,

where Fn are Borel equivalence relations with F0 ⊆ F1 ⊆ F2 . . . , then there is n
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and a positive measure Borel set A with E|A = Fn|A. It is an unpublished result
of Gaboriau that if a ∈ A(Γ, X, µ), where Γ is an infinite property (T) group, and
a is ergodic, then Ea is non-approximable. This can be also seen as an application
of [IKT, Corollary 5.4 and Corollary 2.15]. In [GT] the authors also show that if
a ∈ A(Γ × ∆, X, µ) is a free action, where Γ,∆ are finitely generated, and a|Γ is
strongly ergodic while a|∆ is ergodic, then Ea is non-approximable. We now have:

Theorem 8.7. If E is ergodic and non-approximable, then E is not richly ergodic.

Note that E is E0-ergodic iff E0RGE 6= ∅, Finally we call an equivalence rela-
tion E richly E0-ergodic if E0RGE is dense in S(E). By Theorem 8.7 and the
preceding paragraph, it clearly follows that there are E0-ergodic equivalence rela-
tions which are not richly E0-ergodic. There are also richly E0-ergodic equivalence
relations,

Problem 8.8. Which among the E0-ergodic equivalence relations E are richly E0-
ergodic?

9. The Cost Function

Let F be a measure preserving CBER and G ⊆ F a (simple, undirected) graph
contained in F . Let Cµ(G) = 1

2M(G), where the measure M on F is defined as
in Section 2.3. We say that G is a graphing of F if F is the equivalence relation
generated by G (i.e., the F -classes are the connected components of G). Finally
define the cost of F by

C(F ) = Cµ(F ) = inf{Cµ(G) : G is a graphing of F}.
Also for a ∈ A(Γ, X, µ), let C(a) = C(Ea). For an exposition of the theory of
cost see, for example, [KM]. We will discuss here the complexity of the function
S(E) 3 F 7→ C(F ) ∈ [0,∞].

Let
FinCostE = {F ∈ S(E) : C(F ) <∞},
InfCostE = {F ∈ S(E) : C(F ) =∞}.

Proposition 9.1. The set FinCostE is dense in S(E).

We next have the following dichotomy:

Theorem 9.2. For any aperiodic measure preserving CBER E, exactly one of the
following holds:

(i) For every F ∈ S(E), C(F ) ≤ 1,
(ii) InfCostE is dense in the uniform topology of S(E).

Remark 9.3. It is unknown if condition (i) in Theorem 9.2 is equivalent to hyper-
finiteness.

The following problem is open. For convenience, we will say that E is of type
II if it is aperiodic and there is F ∈ S(E) with C(F ) > 1.

Problem 9.4. Let E be a type II equivalence relation. Is InfCostE comeager in
S(E)?

We will next consider the descriptive complexity of the cost function.
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Proposition 9.5. The set FinCostE is analytic in S(E) and the cost function
F 7→ C(F ) is Borel on FinCostE.

The following is an open problem:

Problem 9.6. Is the cost function F 7→ C(F ) Borel on S(E)? Equivalently is the
set FinCostE Borel in S(E)?

We next notice some related facts and questions. It is clear from Theorem 9.2
that for each E of type II the sets {F ∈ S(E) : C(F ) > r}, {F ∈ S(E) : C(F ) ≥ r},
for r ∈ R, r > 0, are not uniformly closed. One can also see that for some E the
sets {F ∈ S(E) : C(F ) < r}, r > 1, {F ∈ S(E) : C(F ) ≤ r}, r ≥ 1, are not closed.
The following problem is open:

Problem 9.7. Are the sets

{F ∈ S(E) : C(F ) < r}, r > 1,

{F ∈ S(E) : C(F ) <∞},
{F ∈ S(E) : C(F ) ≤ r}, r ≥ 1.

uniformly closed?

One can also use these observations to answer a question that arises from [K,
First Remark in page 78]. It is shown there that when the infinite group Γ is finitely
generated, the cost function C on A(Γ, E) is upper semicontinuous. Is that true for
arbitrary infinite Γ? The answer is negative:

Proposition 9.8. For any equivalence relation E of type II, the function A(F∞, E) 3
a 7→ C(a) is not upper semicontinuous.

Using the theory of cost on can also see that the analog of Theorem 4.5 fails for
Fn, n ≥ 2. Below let Fn,E = {F ∈ S(E) : ∃a ∈ A(Fn, E)[Ea = E]}.

Proposition 9.9. Let n ≥ 2. If E is of type II, there is no continuous function
Ψn : Fn,E → A(Fn, E) such that EΨn(F ) = F .

Finally the set Fn,E is analytic in S(E). The following problem is open:

Problem 9.10. Let n ≥ 2. Is there a Borel function Ψn : Fn,E → A(Fn, E) such
that EΨn(F ) = F?

For n = 1, F1,E = HE , thus, by Theorem 7.1, F1,E is closed in S(E) and we will
see in Theorem 11.1 that Problem 9.10 has a positive solution for n = 1. (Note that
A(F1, E) = A(Z, E) is homeomorphic to [E].) However we do not know if there is
continuous Ψ1 : F1,E → A(Z, E) with EΨ1(F ) = F .

10. Normality

We next discus normal subequivalence relations, see [FSZ]. Let E be ergodic
and let N = [E : F ] ≤ ∞ be the index of F in E, i.e., the number of F -classes
in each E-class. A sequence (ϕn)n<N of Borel functions on X such that for each
x, ([ϕn(x)]F )n<N is an injective enumeration of the F -classes in [x]E is called a
choice sequence. Again we identify two such sequences if they agree a.e. Every
F admits a choice sequence and if F is also ergodic, then such (ϕn)n<N can be
found which are in Aut(X,µ) (see [FSZ, Lemma 1.3]).
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Let E be ergodic. A subequivalence relation F ∈ S(E) is normal in E, in
symbols

F C E,

if there are choice sequences which are F -invariant. In particular, if F C E and F is
ergodic, then one can find choice sequences which are F -invariant and in Aut(X,µ).
We now have the following result concerning the complexity of the set of normal
subequivalence relations.

Theorem 10.1. The set Normal(E) of normal subequivalence relations of an er-
godic equivalence relation E is Borel in S(E).

Problem 10.2. What is the Borel complexity of Normal(E) in S(E)?

11. A Selection Theorem for Hyperfiniteness

Recall that H is the class of hyperfinite equivalence relations. For each E, the set
HE is closed in S(E) by Theorem 7.1. Also the set ERGHE of ergodic hyperfinite
subequivalence relations of E is a Gδ set in S(E) by Theorem 7.1 and Theorem 7.16.
Note that if F is in ERG, then F is aperiodic.

We now have the following selection result.

Theorem 11.1. There is a Borel function Θ: HE → [E] such that for F ∈ HE, if
Θ(F ) = T , then F = ET (i.e., xFy ⇐⇒ ∃n ∈ Z(Tn(x) = y)).

It can be also shown that one can obtain in a Borel way witness to hyperfiniteness.

Theorem 11.2. There is a Borel function H : HE → S(E)N such that for F ∈ HE
we have that for each n, H(F )n ∈ BFE, H(F )n ⊆ H(F )n+1, and F =

⋃
nH(F )n.

12. Invariant, Random Equivalence Relations on Groups

12.1. Equivalence relations on groups. For each countable group Γ, denote
by Eq(Γ) the space of equivalence relations on Γ. This is a compact subspace of

2Γ2

. The group Γ acts continuously by translation on Eq(Γ): if γ ∈ Γ, e ∈ Eq(Γ),
then

(δ, ε) ∈ γ · e ⇐⇒ (γ−1δ, γ−1ε) ∈ e.
Let σ be a Borel probability measure on Eq(Γ). If σ is invariant under the action
of Γ, we say that σ is an invariant, random equivalence relation (IRE) on Γ.
We denote by IRE(Γ) the space of these measures.

Clearly IRE(Γ) is a compact subspace of the space of all Borel probability mea-
sures on Eq(Γ) (which is equipped, as usual, with the weak∗-topology, in which it
is compact metrizable)

There is a canonical connection between subequivalence relations of the equiv-
alence relation Ea induced by an action a ∈ A(Γ, X, µ) and IRE on Γ, which is a
special case of structurability of such equivalence relations. See [KM, 29.1], [CK,
Section 2], and [T-D, Appendix A] for the particular case of equivalence relations.

Let a ∈ A(Γ, X, µ) and put E = Ea. Given F ∈ S(E), define the map

eaF = eF : X → Eq(Γ)

by
(γ, δ) ∈ eF (x) ⇐⇒ (γ−1 · x, δ−1 · x) ∈ F.
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Then eF is a Γ-equivariant Borel function. Put

σa(F ) = σ(F ) = (eF )∗µ.

Thus σa(F ) ∈ IRE(Γ).

Proposition 12.1. The map σa : S(E)→ IRE(Γ) is continuous.

Remark 12.2. The map σa is not injective. Consider, for example, the shift action
s of Γ on [0, 1]Γ, with the usual product measure. Let F1 = Es ∩ {(x, y) : x(1) =
y(1)}, F2 = Es∩{(x, y) : x(γ) = y(γ)}, where γ 6= 1. Then eF1 = eF2 is the constant
function with value the equality relation =Γ on Γ, so σ(F1) = σ(F2) is the Dirac
measure at =Γ but F1 6= F2.

It turns out that every IRE is generated by the above procedure for some, in
fact free, action a and equivalence relation F . Below we denote by FR(Γ, X, µ) the
set of free actions in A(Γ, X, µ). An action is free if for γ 6= 1, γ · x 6= x, µ-a.e.

Proposition 12.3. IRE(Γ) = {σa(F ) : a ∈ A(Γ, X, µ), F ∈ S(Ea)} = {σa(F ) : a ∈
FR(Γ, X, µ), F ∈ S(Ea)}.

A special case of the above construction of IRE is the following. Let Y be
a standard Borel space and F a Borel equivalence relation on Y . Consider the
product space X = Y Γ with the shift action sY of Γ on this space and let µ be a
shift-invariant probability measure on X. Define the equivalence relation F̃ on X
by xF̃y ⇐⇒ xEsY y & x(1)Fy(1). Let eF̃ : X → Eq(Γ) be the associated map, so

that (γ, δ) ∈ eF̃ (x) ⇐⇒ x(γ)Fx(δ). Finally consider the IRE σsX (F̃ ).

Problem 12.4. Is every element of IRE(Γ) of the form σsX (F̃ ), for some measure
µ and Borel equivalence relation F on Y ? What if we take F to be the equality
relation on Y ?

Another way to obtain IRE is the following. Let Sg(Γ) be the space of subgroups
of Γ, which is a compact subspace of 2Γ on which Γ acts continuously by conjugation.
An invariant, random subgroup (IRS) of Γ is a conjugation invariant Borel
probability measure on Sg(Γ). Denote the space of such measures by IRS(Γ).
There is a canonical homeomorphism Σ from Sg(Γ) into Eq(Γ) given by (γ, δ) ∈
Σ(H) ⇐⇒ γδ−1 ∈ H. Thus the equivalence classes of Σ(H) are the right cosets
of H. The range of Σ consists of the equivalence relations induced by the cosets of
a subgroup of Γ. The embedding Σ is also Γ-equivariant, thus if µ ∈ IRS(Γ), then
Σ∗µ ∈ IRE(Γ) and the range of Σ∗ consists of the IRE that concentrate on the range
of Σ. This forms a proper compact subset of IRE(Γ). Tucker-Drob [T-D, Appendix
A] characterizes Σ∗(IRS(Γ)) as consisting of exactly those σa(F ) for F ⊆ Ea that
are normalized by a, which means that each γa is an automorphism of F , i.e.,
xFy ⇐⇒ γa(x)Fγa(y).

12.2. Classes of invariant, random equivalence relations. We say that σ ∈
IRE(Γ) is an aperiodic IRE if it concentrates on the equivalence relations all of
whose classes are infinite. It is an infinite index IRE if it concentrates on the
equivalence relations that have infinitely many classes. Both the aperiodic and the
infinite index IRE form Gδ sets in IRE(Γ). Similarly σ is a finite index IRE if
it concentrates on the equivalence relations that have only finitely many classes.
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Finally, σ is a finite IRE if it concentrates on the equivalence relations all of whose
classes are finite.

We now have the following results:

Theorem 12.5. Let Γ be an infinite countable group. The generic IRE on Γ is
aperiodic and has infinite index.

Theorem 12.6. Let Γ be an infinite amenable countable group. Then the finite
index IRE are dense in IRE(Γ).

As in Problem 7.13, we do not know if this holds for all infinite Γ.

Theorem 12.7. Let Γ be an infinite countable group. Then the following are
equivalent:

(i) Γ is amenable,
(ii) The finite IRE are dense in IRE(Γ),
(iii) The Dirac measure δΓ×Γ on the equivalence relation Γ×Γ is a limit of finite

IRE.

12.3. Bauer vs Poulsen. The space IRE(Γ) is a Choquet simplex (being the
space of invariant Borel probability measures for a continuous action of Γ on a
compact metrizable space). Its extremal points are the ergodic IRE, whose set
we denote by ERGIRE(Γ). We next consider the question of whether IRE(Γ) is a
Bauer simplex, i.e., ERGIRE(Γ) is closed in IRE(Γ), or the Poulsen simplex, i.e.,
ERGIRE(Γ) is dense in IRE(Γ). By the results in Glasner-Weiss [GW], if Γ has
property (T), then IRE(Γ) is a Bauer simplex. However the following is open:

Problem 12.8. Assume that the countable group Γ does not have property (T). Is
IRE(Γ) the Poulsen simplex?

12.4. Weak containment and invariant, random equivalence relations.
Recall that for a, b ∈ A(Γ, X, µ), we let a � b iff a is weakly contained in b
(see [K], where ≺ is used instead of �). Concerning the map σa(F ) that sends
F ∈ S(Ea), a ∈ A(Γ, X, µ), to an IRE on Γ, we consider its “slice” corresponding
to the �-predecessors of an action b.

Theorem 12.9. Let Γ be an infinite countable group and b ∈ A(Γ, X, µ). Then the
set

{σa(F ) : a ∈ A(Γ, X, µ), a � b, F ∈ S(Ea)}
is a compact subset of IRE(Γ).

Corollary 12.10. Let Γ be an infinite countable group and assume that b ∈
A(Γ, X, µ) is ergodic but not strongly ergodic. Then the set

{σa(F ) : a ∈ A(Γ, X, µ), a � b, F ∈ S(Ea)}

is a compact convex subset of IRE(Γ).

13. Ultraproducts of Equivalence Relations

We will discuss here an ultraproduct construction for measure preserving CBER.
One can find the definition of ultraproducts of measure spaces and actions in [CKT]
but for the convenience of the reader we summarize it here.
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Let (Xn, µn), n ∈ N, be a sequence of standard probability spaces and denote by
B(Xn) the σ-algebra of Borel sets of Xn. Let U be a non-principal ultrafilter on
N. For P ⊆ N×X (X some set) we write

UnP (n, x)⇔ {n : P (n, x)} ∈ U .
On

∏
nXn define the equivalence relation

(xn) ∼U (yn)⇔ Un(xn = yn),

let [(xn)]U be the (∼U )-equivalence class of (xn) and put

(
∏
n

Xn)/U = {[(xn)]U : (xn) ∈
∏
n

Xn}.

Given (An) ∈
∏
nB(Xn), we define [(An)]U ⊆ (

∏
nXn)/U by

[(xn)]U ∈ [(An)]U ⇔ Un(xn ∈ An).

Put

B0
U = {[(An)]U : (An) ∈

∏
n

B(Xn)}.

Then B0
U is a Boolean algebra of subsets of (

∏
nXn)/U .

For [(An)]U ∈ B0
U , put

µU ([(An)]U ) = lim
n→U

µn(An),

where limn→U yn denotes the ultrafilter limit of the sequence (yn) of reals. Then
µU is a finitely additive probability Borel measure on B0

U . This can be extended
to a (countably additive) probability measure on a σ-algebra BU containing B0

U ,
also denoted by µU . Then ((

∏
nXn)/U , µU ) is the ultraproduct of (Xn, µn). When

(Xn, µn) are all equal to a fixed space (X,µ), we call this ultraproduct the ultra-
power of (X,µ) and denote it by XU .

Let now Γ be a countable group and let a ∈ A(Γ, X, µ). We can define then the
action αU : Γ×XU → XU by

γaU · [(xn)]U = [(γa · xn)]U ,

where we let γaU · x = aU (γ, x) and similarly for a. This is a measure preserving
action on the ultrapower (XU , µU ).

Consider now a sequence of measure preserving CBER (Fn) on (X,µ). Let E ∈ E
be such that Fn ⊆ E, for each n. Fix an action a ∈ A(Γ, X, µ) such that Ea = E.
We will use this to define an ultraproduct

∏a
n Fn/U of the Fn. It turns out that

it is independent of E and the action a, so that we can define unambiguously the
ultraproduct

∏
n Fn/U .

We will use below the following general proposition:

Proposition 13.1. Let Γ be a group, a : Γ × X → X an action of Γ on a set X
and put a(γ, x) = γ · x. Let Ea be the induced equivalence relation on X and let
F ⊆ Ea be a subequivalence relation. For γ ∈ Γ, let

Aaγ,F = Aγ,F = {x : (x, γ · x) ∈ F}.
Then
(1) A1,F = X,
(2) Aγ,F ⊆ γ−1 ·Aγ−1,F ,
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(3) Aγ,F ∩ γ−1 ·Aδ,F ⊆ Aδγ,F ,
(4) Aδ,F ∩ Fix(δ−1γ) ⊆ Aγ,F ,

where

Fix(p) = {x : p · x = x}.
Conversely, if (Aγ)γ∈Γ is a family of sets satisfying 1.-3. above, then the relation

xFy ⇐⇒ ∃γ(γ · x = y ∨ x ∈ Aγ)

defines a subequivalence relation of Ea and if 4. also holds we have that Aγ = Aγ,F .

Let now Aaγ,Fn = {x ∈ X : (x, γa(x)) ∈ Fn} and Aaγ = [(Aaγ,Fn)]U . Consider also

the ultrapower aU . Then (Aaγ) satisfies conditions 1.-4. of Proposition 13.1 and

therefore it gives rise to a countable equivalence relation F̂ a =
∏a
n Fn/U on XU

defined by

[(xn)]U F̂
a[(yn)]U ⇐⇒ ∃γ ∈ Γ(γaU ([(xn)]U ) = [(yn)]U & [(xn)]U ∈ Aaγ).

Thus
∏a
n Fn/U is the union of the graphs of γaU |Aaγ , γ ∈ Γ. It is easy to see that

the equivalence relation induced by each γaU |Aaγ is also induced by a single measure

preserving automorphism of (XU , µU ) and thus
∏a
n Fn/U is induced by a measure

preserving action of a countable group on (XU , µU ). Thus we can view
∏a
n Fn/U

as a countable, measure preserving equivalence relation on (XU , µU ). Note that we
also have AaU

γ,F̂a
= [(Aaγ,Fn)]U and so µU (AaU

γ,F̂a
) = limn→Uµ(Aaγ,Fn).

14. Factors

14.1. Factors in general. Let E be a measure preserving CBER on (X,µ). Let
A ⊆ MALGµ be a non-atomic, σ-subalgebra of MALG. Put

[E]A = {T ∈ [E] : ∀A ∈ A(T (A), T−1(A) ∈ A)}.

This is a closed subgroup of ([E], u), which we call the relative to A full group
of E.

Consider now a separable subgroup Γ of (Aut(X,µ), u). This defines a measure
preserving CBER FΓ as follows: Let Γ0 ≤ Γ be a countable dense subgroup of Γ
and let FΓ be the equivalence relation induced by Γ0. We can easily see that this
is independent of the choice of Γ0 and moreover Γ ≤ [FΓ].

Clearly FΓ is the smallest equivalence relation F such that Γ ≤ [F ]. Kittrell-
Tsankov [KT, 4.14] have shown that if Γ is also closed in the uniform topology,
then there is a largest equivalence relation F , denoted by FΓ, such that [F ] ≤ Γ
and moreover [FΓ] is a normal subgroup of Γ.

We now say that E is generated by A or that A generates E if F [E]A = E

(clearly always F [E]A ⊆ E). This is equivalent to saying that there is a countable
group Γ and an action a ∈ A(Γ, X, µ) such that Ea = E and A is invariant under
a, i.e., for each A ∈ A, γ ∈ Γ we have that γa(A) ∈ A.

Assume A generates E and let π : (X,µ) → (Y, ν) be the factor corresponding
to A, so that (Y, ν) is a standard (non-atomic) measure space, π∗µ = ν and B 7→
π−1(B) is an isomorphism of (MALGν , ν) with (A, µ|A) (see [K2, 17.43]). If T ∈
Aut(X,µ) preserves A (i.e., ∀A ∈ A(T (A), T−1(A) ∈ A)), then (via π−1) it gives
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an automorphism of MALGν , i.e., an element of Aut(Y, ν), denoted by π̂(T ), such
that π̂(T )(π(x)) = π(T (x)). So if

Aut(X,µ)A = {T ∈ Aut(X,µ) : ∀A ∈ A(T (A), T−1(A) ∈ A)},
then Aut(X,µ)A is a closed subgroup of (Aut(X,µ), u) and

π̂ : (Aut(X,µ)A, u)→ (Aut(Y, ν), u)

is a continuous homomorphism. In particular, π̂([E]A) is a separable subgroup of

(Aut(Y, ν), u) and thus gives rise to the equivalence relation F = F π̂([E]A). We call
this the factor of E relative to A.

Note that if Γ0 ≤ [E]A is dense in ([E]A, u), so that Γ0 generates E, then π̂(Γ0)
is dense in (π̂([E]A), u) and so, by definition, it generates the factor F . It follows
that there is a countable group Γ and an action a ∈ A(Γ, X, µ) preserving A with
Ea = E such that if π̂(a) = b is the factor action of a via π (i.e., γb = π̂(γa) for
each γ ∈ Γ), so that

π(γa(x)) = γb(π(x)),

then we have Eb = F . Therefore π is a homomorphism of E into F , i.e.,

xEy ⇒ π(x)Fπ(y)

and also π is class-surjective, i.e., the image of each E-class is an F -class. More-
over if c ∈ A(∆, X, µ) is any action of a countable group ∆ preserving A with
Ec = E and π̂(c) = d is the factor action of c via π, then Ed = F .

Clearly π̂ is a homomorphism of [E]A into [F ]. In fact we have:

Proposition 14.1. The homomorphism π̂ : [E]A → [F ] is surjective.

The kernel of π̂|[E]A is equal to

[E]A = {T ∈ [E]A : ∀A ∈ A(T (A) = A)},
thus [F ] ∼= [E]A/[E]A (as topological groups). Note also that T ∈ [E]A ⇐⇒ T ∈
[E]A ∧ π(T (x)) = π(x),∀x.

Let Rπ be the kernel of π, i.e., the smooth equivalence relation given by:

xRπy ⇐⇒ π(x) = π(y).

Put also

Eπ = E ∩Rπ.
Thus [E]A = [Eπ].

It is easy to check that E,Rπ commute, i.e., E ◦ Rπ = Rπ ◦ E. (Here for any
two equivalence relations E1, E2, we define the relation E1 ◦E2 by x E1 ◦E2 y ⇐⇒
∃z(xE1z ∧ zE2y).)

We now have:

Proposition 14.2. Let F be a factor of E, let S0, S1, · · · ∈ [F ] be such that F =
ES0,S1,..., and let T0, T1, · · · ∈ [E]A be such that π̂(Ti) = Si. If E′ = ET0,T1,..., then
E = E′ ∨ Eπ.

The following result was shown by R. Tucker-Drob.

Proposition 14.3 (Tucker-Drob). Let S ∈ [F ] be an involution. Then there is an
involution T ∈ [E]A with π̂(T ) = S.
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Corollary 14.4. If E is generated by the σ-subalgebra A, then there are involutions
T0, T1, · · · ∈ [E]A such that E = ET0,T1,....

We next have the following.

Theorem 14.5. The composition of factors is a factor.

It also follows from the proof of Theorem 14.5 that there is a countable group
Γ and an action a ∈ A(Γ, X, µ), preserving both A and C, such that Ea = E, and
moreover if π̂(a) = b, then Eb = F and b preserves B and if ρ̂(b) = ρ̂(π̂(a)) = c,
then Ec = H.

This can be extended to infinite chains as follows.
For each n ∈ N, let En be an equivalence relation on (Xn, µn) and for each n ≥ 1,

let πn : (Xn, µn) → (Xn−1, µn−1) be the map corresponding to a σ-subalgebra
An ⊆ MALGµn , which generates En, and let En−1 be the factor corresponding to
An. For n > m, let πn,m = πm+1◦· · ·◦πn−1◦πn and let πn,n be the identity function
on Xn. Then πn,m : Xn → Xm, for n ≥ m. Put An,m = π−1

n,m(MALGµm), so that
An,n−1 = An and An,n = MALGµn . Thus we have the following σ-subalgebras of
MALGµn ,

An,0 ⊆ An,1 ⊆ · · · ⊆ An,n−1 = An ⊆ An,n = MALGµn .

Put
[En]∗ = [En]An,0 ∩ · · · ∩ [En]An,n−1 .

Then we have:

Proposition 14.6. For each n ≥ 1,
(i) π̂n([En]∗) = [En−1]∗,
(ii) En = F [En]∗ .

Consider now the inverse limit (X∞, µ∞) of the sequence (Xn, µn), πn. Denote
by π∞,n : (X∞, µ∞)→ (Xn, µn) the associated maps, so that πn,m ◦ π∞,n = π∞,m
for n ≥ m. Thus X∞ consist of all chains (xn) ∈

∏
nXn with πn(xn) = xn−1,

for n ≥ 1, π∞,n((xn)) = xn and MALGµ∞ is the smallest σ-algebra containing the
σ-subalgebras

A∞,0 = π−1
∞,0(MALGµ0

) ⊆ A∞,1 = π−1
∞,1(MALGµ1

) ⊆ . . .
There is a countable group Γ and a measure preserving action a∞ ∈ A(Γ, X∞, µ∞),

which keeps all the A∞,n invariant, thus factors to a measure preserving action
π̂∞,n(a∞) = an ∈ A(Γ, Xn, µn), which has moreover the property that Ean = En.
Then if we put Ea∞ = E∞, it follows that the factor of E∞ via π∞,n is exactly En
and the appropriate diagrams commute.

Although E∞ is an “upper bound” for the inverse system (En), it is not clear
how to construct a canonical upper bound, i.e., an inverse limit in the categorical
sense for this inverse system.

Next we see that hyperfiniteness is preserved under factoring.

Proposition 14.7. If E is hyperfinite and F is a factor of E, then F is hyperfinite.

This result can be used, along with an ultraproduct argument, to give a different
proof of a strengthening concerning weak containment of actions, due to R. Tucker-
Drob (private communication). We first need a proposition which extends Proposi-
tion 5.7 of [CKT] and Corollary 3.1 of [AE]. Below we let a ' b ⇐⇒ a � b& b � a
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denote the weak equivalence of the actions a, b and a v b denote that the action
a is a factor of the action b.

Proposition 14.8. Let Γ,∆ be infinite countable groups, a, b ∈ A(Γ, X, µ), c ∈
A(∆, X, µ) be such that a � b and Eb ⊆ Ec. Then there are d ∈ A(Γ, X, µ),
e ∈ A(∆, X, µ) such that b ' d, c ' e, a v d and Ed ⊆ Ee. Similarly replacing
Eb ⊆ Ec, Ed ⊆ Ee by Eb = Ec, Ed = Ee, resp.

Taking now ∆ = Z, this gives the following:

Theorem 14.9 (Tucker-Drob). Let Γ be an infinite countable group and a, b ∈
A(Γ, X, µ) be such that a � b. If Eb is hyperfinite, then Ea is hyperfinite.

14.2. Class-bijective factors. We now consider the following notion that has
been considered in the literature, see Feldman-Sutherland-Zimmer [FSZ]). A mea-
sure preserving CBER F on (Y, ν) is called a class-bijective factor of a measure
preserving CBER E on (X,µ) if there is Borel π : (X,µ) → (Y, ν) with π∗µ = ν,
π : E → F a homomorphism (i.e., xEx′ ⇒ π(x)Fπ(x′)) such that moreover for
each E-class [x]E the map π is a bijection of [x]E with [π(x)]F . In this case we
also call the map π class-bijective. For example, let E be measure preserving
on (X,µ), A ⊆ MALGµ a σ-subalgebra which generates E, π : (X,µ)→ (Y, ν) the
corresponding map, a ∈ A(Γ, X, µ) with Ea = E leaving A invariant, π̂(a) = b and
F = Eb. If b is free, then F is a class-bijective factor of E.

Proposition 14.10. A class-bijective factor is a factor in the sense of Section 14.1.

Thus a class-bijective factor is a factor π for which Eπ = id, where id is the
equality relation. In fact it turns out that the class-bijective factors of a measure
preserving CBER E on (X,µ) correspond exactly to smooth equivalence relations
Rπ that commute with E and are orthogonal to E in the sense that Eπ = Rπ∩E =
id.

Since [Eπ] = [E]A we also immediately have:

Proposition 14.11. Assume that E on (X,µ) is generated by the σ-subalgebra
A ⊆ MALGµ with corresponding map π : (X,µ)→ (Y, ν) and factor F . Then π is
class-bijective iff [E]A is trivial, i.e., π̂ is an isomorphism of [E]A with [F ].

We will next characterize which factors are class-bijective. Below for each T ∈
Aut(X,µ), we let as usual supp(T ) = {x : T (x) 6= x}.

Proposition 14.12. Assume that E on (X,µ) is generated by the σ-subalgebra
A ⊆ MALGµ, with corresponding map π : (X,µ)→ (Y, ν) and factor F . Then π is
class-bijective iff for each T ∈ [E]A, supp(T ) = π−1(supp(π̂(T ))).

From Proposition 14.12, and using its notation, we see that if π is class-bijective,
then for T ∈ [E]A we have that supp(T ) ∈ A. Conversely this last condition almost
characterizes class-bijective factors. Recall that π is class-bijective iff card([x]Eπ ) =
1, for all x.

Proposition 14.13. Assume that E on (X,µ) is generated by the σ-subalgebra
A ⊆ MALGµ, with corresponding factor map π : (X,µ) → (Y, ν). If for every
T ∈ [E]A, supp(T ) ∈ A, then card([x]Eπ ) ≤ 2, for all x.
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The conclusion of Proposition 14.13 cannot be strengthened to π being class-
bijective.

Class-bijective factors can be also characterized, in the ergodic case, in terms of
skew products. Let F be a measure preserving CBER on (Y, ν). Let (Z, σ) be a
standard, not necessarily non-atomic, measure space and let α : F → Aut(Z, σ) be
a Borel cocycle, i.e., α(x, z) = α(y, z)α(x, y) for xFyFz (in an F -invariant set of
measure 1). Let X = Y × Z, µ = ν × σ and define the skew product equivalence
relation E on X, in symbols

E = F ×α (Z, σ),

by
(x, z)E(y, w) ⇐⇒ xFy & α(x, y)(z) = w.

Let p : X → Y be the projection map p(y, z) = y. Let a ∈ A(Γ, Y, ν) be such that
Ea = F . Let also α∗(g, y) = α(y, ga(y)). Then if b = a ×α∗ (Z, σ) is the skew
product action (see [K, Section 10, (E)]), we have Eb = E and since p̂(b) = a, it
follows that F is the factor of E corresponding to p. Moreover it is easy to see that
it is class-bijective.

Conversely, the proof of Rokhlin’s Skew Product Theorem (see Glasner [Gl],
3.18) shows that if F on (Y, ν) is a class-bijective factor of an ergodic E on a space
(X,µ) via π : (X,µ)→ (Y, ν), then there is a standard, not necessarily non-atomic,
space (Z, σ), a Borel cocycle α : F → Aut(Z, σ) and an isomorphism ϕ : (X,µ) →
(Y × Z, ν × σ) of E with F ×α (Z, σ) such that p ◦ ϕ = π.

If F on (Y, ν) is a (class-bijective) factor of E on (X,µ) via π, we say that
E is a (class-bijective) extension of E via π. Given two such extensions E,E′

of F on (X,µ), (X ′, µ′) via π, π′, we say that they are isomorphic if there is an
isomorphism ϕ : (X,µ) → (X ′, µ′) of E with E′ with π′ ◦ ϕ = π. Thus we see the
following:

Theorem 14.14. Let F be an ergodic measure preserving CBER on (Y, ν). Let E
be an ergodic extension of F on (X,µ) via π : (X,µ)→ (Y, ν). Then the following
are equivalent:

(i) E, π is a class-bijective extension of F .
(ii) E, π is isomorphic to a skew product extension of F .

Concerning the question of inverse limits for systems ((Xn, µn), πn, En), we note
that if we restrict ourselves to the category of class-bijective factors, i.e., if in this
system every factor is class-bijective, then it is easy to see that there is indeed a
canonical inverse limit E∞ = lim←−nEn on (X∞, µ∞), given by

(xn)E∞(yn) ⇐⇒ ∀n(xnEnyn).

This follows from the “unique lifting property” given in Proposition 14.11, which
implies that if a0 ∈ A(Γ, X0, µ0) is such that Ea0 = E0, then there are unique
an ∈ A(Γ, Xn, µn) with π̂n,m(an) = am for n ≥ m and a∞ ∈ A(Γ, X∞, µ∞) with
π̂∞,n(a∞) = an such that Ean = En, Ea∞ = E∞.

The following is an interesting open problem. Recall that a measure preserving
CBER is treeable if it admits an acyclic Borel graphing.

Problem 14.15. If E is treeable and F is a class-bijective factor of E, is F tree-
able?
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Note that a positive answer implies that every countable treeable group Γ is
strongly treeable. (Recall that a countable group Γ is treeable if there is some
free a ∈ A(Γ, X, µ) with Ea treeable, while it is strongly treeable if this holds for
every free a ∈ A(Γ, X, µ).) Indeed let a ∈ A(Γ, X, µ) be free with Ea treeable and
consider any free b ∈ A(Γ, Y, ν). Let a × b be the product of a, b. Then Ea×b is a
class-bijective extension of Ea, so it is treeable. Also Eb is a class-bijective factor
of Ea×b, so, if the answer to Problem 14.15 is positive, Eb is treeable.

14.3. Other notions of factors. In the preceding we have considered two cate-
gories whose objects are triples (X,µ,E), with E a countable measure preserving
Borel equivalence relation on (X,µ).

(1) In the first category, the morphisms π : (X,µ,E) → (Y, ν, F ) are measure
preserving Borel maps π : (X,µ) → (Y, ν) with π : E → F a class-bijective ho-
momorphism, i.e., for each x ∈ X, π is a bijection of [x]E with [π(x)]E . (The
notation π : E → F , which more accurately should be written as π × π : E → F ,
indicates that π is a homomorphism of E into F .)

(2) In the second category, the morphisms π : (X,µ,E)→ (Y, ν, F ) are measure
preserving Borel maps π : (X,µ)→ (Y, ν) such that if A ⊆ MALGµ is the σ-algebra
associated to π, then [E]A generates E and π̂([E]A) generates F (or equivalently
there is Borel action a of a countable group Γ preserving A, such that Ea = E and
Eπ̂(a) = F ).

R. Tucker-Drob (unpublished) considered the following two additional categories
with the same objects (X,µ,E).

(3) In the third category, the morphisms π : (X,µ,E) → (Y, ν, F ) are measure
preserving Borel maps π : (X,µ) → (Y, ν) with π : E → F a class-surjective
homomorphism, i.e., for each x ∈ X, π is a surjection of [x]E with [π(x)]E . A
class-surjective homomorphism is a morphism in the sense of the second category
(i.e., that of Section 14.1) iff the homomorphism π̂ : [E]A → [F ] is surjective.

(4) Finally, in the fourth category, the morphisms π : (X,µ,E) → (Y, ν, F ) are
measure preserving Borel maps π : (X,µ) → (Y, ν) with π : E → F a surjective
homomorphism (i.e., (π × π)(E) = F ).

Note that the categories above have the same objects but increasingly more
general morphisms.

14.4. An application to soficity. We start with the following proposition.

Proposition 14.16. Let π : E → F be a class-surjective homomorphism. Assume
that F is treeable. Then the following are equivalent:

(i) F is a factor of E via π.
(ii) There is Borel E′ ⊆ E such that F is a class-bijective factor of E′ via π and

E = E′ ∨ Eπ.

Let F be a measure preserving CBER on (Y, ν). We say that F is unfoldable
if for any E on (X,µ) which factors to F via π : (X,µ) → (Y, ν), there is E′ ⊆ E
such that F is a class-bijective factor of E′ via π.
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Thus every treeable equivalence relation is unfoldable. For the next result recall
the notion of a sofic equivalence relation introduced in [EL]. See also [CKT,
Definition 10.1] for an alternative description due to Ozawa.

Proposition 14.17. Every unfoldable equivalence relation is sofic.

The combination of Proposition 14.16 and Proposition 14.17 gives then a new
proof of the following result of Elek-Lippner (another proof is also given in [CKT,
Section 10.3]).

Theorem 14.18 (Elek-Lippner, [EL]). Every treeable equivalence relation is sofic.

14.5. Relative hyperfiniteness. We consider here the following question:

Suppose E is hyperfinite and generated by a non-atomic σ-subalgebra A, i.e., E
is generated by a countable group of transformations that are A-measurable (i.e.,
preserve A). Can we find a single A-measurable transformation that generates E,
i.e., is E hyperfinite relative to A?

The answer is in general negative. The following result provides the next possible
answer.

Theorem 14.19. Let E be hyperfinite and generated by a non-atomic σ-subalgebra
A. Then

(i) There are T1, T2 ∈ [E]A that generate E.
(ii) If E is ergodic, then there is T ∈ [E]A that generates E iff the factor corre-

sponding to A is class-bijective.

Ben Miller raised the following questions:

Problem 14.20. i) Let E be hyperfinite and generated by a non-atomic σ-subalgebra
A. Is there is an increasing sequence E0 ⊆ E1 ⊆ . . . of finite equivalence relations
which are generated by A with E =

⋃
nEn?

ii) What if we assume the stronger hypothesis that E = ET , for some T ∈ [E]A?

We have the following result which provides a weaker version of a positive answer
to part i) of Problem 14.20 and a positive answer to part ii)..

Proposition 14.21. i) Let E be hyperfinite and generated by a non-atomic σ-
subalgebra A. Then there is an increasing sequence E0 ⊆ E1 ⊆ . . . of equivalence
relations, which are generated by A, with E =

⋃
nEn and for each n an increasing

sequence En,0 ⊆ En,1 ⊆ . . . of finite equivalence Borel relations which are generated
by A such that En =

⋃
mEn,m.

In particular, E is the limit (in the topology of S(E)) of a sequence of finite
subequivalence relations which are generated by A.

ii) If moreover E = ET , for some T ∈ [E]A, then then there is an increasing
sequence E0 ⊆ E1 ⊆ . . . of finite Borel equivalence relations, which are generated
by A, with E =

⋃
nEn.

One can also ask if a kind of converse of the Problem 14.20, ii) is true: If there
is an increasing sequence E0 ⊆ E1 ⊆ . . . of finite Borel equivalence relations, which
are generated by A, with E =

⋃
nEn, is there T ∈ [E]A such that E = ET ? This

fails in general.
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Remark 14.22. Let E be a measure preserving CBER on (X,µ). Then of course
the following are equivalent:

a) E = ET for some T ∈ Aut(X,µ);
b) E is the union of an increasing sequence of finite Borel equivalence relations.
The preceding show that when relativized to a σ-subalgebra A, a) implies b) but

not vice versa.

14.6. Relative cost. Let E be a measure preserving CBER on (X,µ) and let
A be a non-atomic σ-subalgebra of MALGµ such that E is generated by A. Let
π : X → Y be the associated to A factor map and F the factor equivalence relation.
Define the relative to A full pseudogroup of E, in symbols [[E]]A, as the set of
all partial Borel bijections θ ∈ [[E]], θ : A → B, such that A,B ∈ A, and for any
A′ ⊆ A,B′ ⊆ B,A′, B′ ∈ A, we have θ(A′), θ−1(B′) ∈ A. If θ ∈ [[E]]A, θ : A → B,
and A = π−1(C), B = π−1(D), then, as in Section 14.1, we have an element
π̂(θ) ∈ [[F ]] such that π̂(θ) : C → D and π̂(θ)(π(x)) = π(θ(x)), for x ∈ A. Moreover
the map π̂ : [[E]]A → [[F ]] is surjective and preserves composition.

Next define the cost of E relative to A by

CA(E) = inf{
∑
i∈I

µ(Ai) : θi : Ai → Bi ∈ [[E]]A, (θi)i∈I generates E}

(where I varies over countable index sets).
Clearly CA(E) ≥ C(E). Also notice that if (θi)i∈I generates E, then (π̂(θi))i∈I

generates F , therefore CA(E) ≥ C(F ).
Below we say that an equivalence relation E on (X,µ) is finitely generated if

it is of the form E = ET1,...,Tn , for some T1, . . . , Tn ∈ Aut(X,µ).

Theorem 14.23. Let E be a measure preserving CBER on (X,µ) and let A be a
non-atomic σ-subalgebra of MALG that generates E. Let π : (X,µ)→ (Y, ν) be the
associated to A factor map and F the factor equivalence relation. If F is aperiodic
(e.g., if E is ergodic) and Eπ is finitely generated, then CA(E) = C(F ).

Corollary 14.24. Let E,A, π, F be as in Theorem 14.23. Then if Eπ is hyperfinite,
CA(E) = C(F ). In particular, if E is ergodic hyperfinite, then CA(E) = 1.

Although for E ergodic hyperfinite there might not be a single automorphism
T ∈ [E]A that generates E (see Theorem 14.19), Corollary 14.24 shows that CA(E)
is still equal to 1.

It turns out that the hypothesis that Eπ is finitely generated is needed in Theo-
rem 14.23.

We next consider the question of when the infimum in the definition of CA(E)
is attained.

Proposition 14.25. Let E,A, π, F be as in Theorem 14.23. Then
i) If π is class-bijective and F is treeable, the infimum in the definition of CA(E)

is attained.
ii) Conversely, if the infimum in the definition of CA(E) is attained and F has

finite cost, F is treeable and π is class-bijective.

In particular, using also Proposition 14.7, if E is ergodic hyperfinite, then the
infimum in the definition of CA(E) = 1 is attained iff π is class-bijective.
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Let E be a measure preserving CBER. We define the cost spectrum of E,
in symbols CSp(E), as the set of all CA(E), where A varies over all the non-
atomic σ-subalgebras of MALGµ such that E is generated by A. (Thus CSp(E) ⊆
[C(E),∞].) Clearly the cost spectrum is an invariant of isomorphism among equiv-
alence relations. It might therefore be interesting to study its structure.

For example, if E is ergodic hyperfinite, then CSp(E) = {1}. Is it true that
if E is ergodic, non-hyperfinite but has cost 1, then CSp(E) 6= {1}? If in fact
for every ergodic, non-hyperfinite E of cost 1, one has an A, π such that actually
Eπ is finitely generated and CA(E) > 1, then it follows that for every ergodic,
non-hyperfinite E there is a subequivalence relation induced by a free action of F2

(which answers positively [KM, 28.14]). Indeed if that is the case, every ergodic,
non-hyperfinite E would have a factor F of cost > 1, so that by [KM, 28.8] it
would have a subequivalence relation induced by a free action of F2, which then
could be lifted to such an action of F2 whose corresponding equivalence relation is
included in E.

It is actually easy, using Theorem 14.23, to construct examples of ergodic, non-
hyperfinite E of cost 1, whose cost spectrum contains any finite set of reals > 1.

14.7. Topological rank of relative full groups. Recall that a topological
generator of a topological group Γ is a subset Γ0 of Γ such that the subgroup
generated by Γ0 is dense in Γ. The topological rank of Γ, denoted by t(Γ), is
the smallest cardinality of a topological generator of Γ. Thus if Γ is Polish, then
t(Γ) ≤ ℵ0. It is easy to see that if Γ is a Polish group, N � Γ a closed normal
subgroup and H = Γ/N , then t(Γ) ≤ t(N) + t(H). Indeed, if N0 is a topological
generator of N and H0 a topological generator of H, then choose for each coset in
H0 a representative and let Ĥ0 ⊆ Γ consist of these representatives. Then N0 ∪ Ĥ0

is a topological generator for Γ.
Let now E be a measure preserving CBER on (X,µ), let A be a non-atomic

σ-subalgebra of MALG, with associated map π, such that E is generated by A,
and let F be the factor of E determined by A. Then we have that

t([F ]) ≤ t([E]A) ≤ t([F ]) + t([Eπ]).

If then F,Eπ are aperiodic, we have t([F ]), t([Eπ]) = 2 (see [LeM, p. 263]), so
t([E]A) ≤ 4. We do not know if 4 here can be lowered to 2.

15. The Space of Graphs

Consider again a measure preserving CBER E on (X,µ). Denote by Gr(E) the
set of all (simple, undirected) Borel graphs G on X such that G ⊆ E, where again
we identify two such graphs if they agree a.e.

We will define again a canonical topology on Gr(E), which we call the topology
of Gr(E), which, as in the case of equivalence relations, has several equivalent
descriptions. (Thanks to A. Tserunyan for pointing out the equivalence of (1) and
(2) below.)

(1) (The strong topology) For any G ∈ Gr(E) and T ∈ [E], let again

AT,G = {x : (x, T (x)) ∈ G}
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and define the strong topology on Gr(E) as the one generated by the maps

G 7→ AT,G,

Gr(E)→ MALGµ,

for T ∈ [E].
This topology is again Polish. For this topology we have the following:

Gn → G ⇐⇒ ∀i(ATi,Gn
MALGµ−→ ATi,G)

⇐⇒ ∀T ∈ [E](AT,Gn
MALGµ−→ AT,G)

⇐⇒ ∀ϕ ∈ [[E]](Aϕ,Gn
MALGµ−→ Aϕ,G),

where, as usual, (Ti)i∈N generates E and for ϕ ∈ [[E]], Aϕ,G = {x ∈ dom(ϕ) : (x, ϕ(x)) ∈
G}.

(2) (The weak topology) One can also define the weak topology on Gr(E) as the
topology generated by the maps G 7→ µ(AT,G), Gr(E)→ [0, 1], for T ∈ [E].

(3) (A topology from the measure algebra of E) We can also view Gr(E) as a
closed subspace of MALGE with the induced topology.

Note again that if G0 ⊆ G1 ⊆ . . . , G =
⋃
nGn, then Gn → G and similarly if

G0 ⊇ G1 . . . , G =
⋂
nGn.

Also the uniform topology on Gr(E) can be defined as in Section 2.7.

Remark 15.1. On the set of bounded degree graphs in Gr(E) one can also define
the metric

D(G,H) = M(G4H) =

∫
|G(x)4H(x)|dµ(x)

(see Lovász [L, page 352]), where M is the measure on E and G(x) = {y : (x, y) ∈
G} is the set of neighbors of x in G. This gives rise to another topology on this
set of graphs, for which is easy to check that it is at least as strong as the relative
topology inherited from Gr(E) (i.e., contains the relative topology). However, even
for graphs of degree at most 2, it is easy to see that it may be actually strictly
stronger.

However if we consider the set of all d-regular graphs, for fixed d ≥ 2, the D-
topology on that set agrees with its relative topology from Gr(E).

We also have the following analog of Theorem 2.9.

Theorem 15.2. Let Gn, G ∈ Gr(E) and Gn → G. Then for each i, there is

an increasing sequence n
(i)
0 < n

(i)
1 < . . . , so that (n

(i+1)
m )m∈N is a subsequence of

(n
(i)
m )m∈N and

G =
⋃
m

⋂
k≥m

G
n
(m)
k

.

For G ⊆ Gr(E) we define G↑,G↓ as in the case of equivalence relations. Then
we have:

Theorem 15.3. If G ⊆ Gr(E) is closed under finite intersections, then G = (G↓)↑.
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A locally countable Borel graph G on X is (µ-)measure preserving if any
partial Borel isomorphism ϕ : A → B such that graph(ϕ) ⊆ G is measure preserv-
ing. This is equivalent to saying that the equivalence relation generated by G (i.e.,
the equivalence relation whose equivalence classes are the connected components
of G) is measure preserving. Denote by GR the set of all Borel locally countable,
measure preserving graphs on (X,µ), where as usual we identify two such graphs
if they agree a.e. Then Gr(E) = {G ∈ GR : G ⊆ E} and GR =

⋃
E∈E Gr(E). As

in Section 3, we can see that if E ⊆ F , then Gr(E) is a closed subset of Gr(F ) and
the topology of Gr(E) is the relative topology it inherits form Gr(F ). Thus, as in
Section 3, we can define the weak topology on GR.

As a final comment, we mention that ultraproducts of graphs can be defined as
in Section 13 using the following proposition:

Proposition 15.4. Let Γ be a group, a : Γ × X → X an action of Γ on a set X
and put a(γ, x) = γ · x. Let Ea be the induced equivalence relation on X and let
G ⊆ Ea be a graph. For γ ∈ Γ, let

Aaγ,G = Aγ,G = {x : (x, γ · x) ∈ G}.
Then
(1) A1,G = ∅,
(2) Aγ,G ⊆ γ−1 ·Aγ−1,G,
(3) Aδ,G ∩ Fix(δ−1γ) ⊆ Aγ,G,

where
Fix(p) = {x : p · x = x}.

Conversely, if (Aγ)γ∈Γ is a family of sets satisfying 1.-2. above, then the relation

xGy ⇐⇒ ∃γ(γ · x = y ∨ x ∈ Aγ)

defines a graph contained in Ea and if 3. also holds we have that Aγ = Aγ,G.

16. More Complexity Calculations

For each G ∈ Gr(E), let G∗ ∈ S(E) be the equivalence relation generated by G.
The operation G ∈ Gr(E) 7→ G∗ ∈ S(E) is in general not continuous but we have
the following:

Proposition 16.1. The map Gr(E) 3 G 7→ G∗ ∈ S(E) is of Baire class 1.

Recall that we call G ∈ Gr(E) a graphing of E is G∗ = E.

Theorem 16.2. The set {G ∈ Gr(E) : G is a graphing of E} is Gδ in Gr(E). If
E is aperiodic, it is also dense in Gr(E).

As in Section 7, if G ⊆ GR is a class of measure preserving locally countable
Borel graphs and E ∈ E , we let

GE = G ∩Gr(E).

In particular, GRE = Gr(E). We denote by T R the class of acyclic graphs.

Theorem 16.3. The set T RE = {G ∈ Gr(E) : G is acyclic} is closed in Gr(E).

A treeing G of E is an acyclic graphing of E.

Corollary 16.4. The set {G ∈ Gr(E) : G is a treeing of E} is a Gδ set in Gr(E).
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Similarly we define what it means to say that G ∈ Gr(E) is a graphing of
F ∈ S(E) (namely G∗ = F ) or a treeing of F . We thus have:

Corollary 16.5. The set {(G,F ) : G is a graphing of F} is Gδ in Gr(E)× S(E).
Similarly for {(G,F ) : G is a treeing of F}. In particular {F ∈ S(E) : F is treeable}
is analytic in S(E).

The following is a basic open problem.

Problem 16.6. Is {F ∈ S(E) : F is treeable} Borel? Is there a Borel function
f : {F ∈ S(E) : F is treeable} → Gr(E) such that f(F ) is a treeing of F , if F is
treeable.

We next have the following fact, where for each d ≥ 1, we let GRd = {G ∈
GR : G has degree ≤ d}.

Proposition 16.7. The set GRd,E = {G ∈ Gr(E) : G has degree ≤ d} is closed in
Gr(E), for any d ≥ 1.

Now let BDG = {G ∈ GR : G has bounded degree}.

Corollary 16.8. The set BDGE = {G ∈ Gr(E) : G has bounded degree} is dense
Fσ in Gr(E). Moreover, if E is aperiodic, then its complement is dense in Gr(E),
so BDGE is in Fσ \Gδ.

We also have, letting IDG = {G ∈ GR : G has infinite degree}:

Proposition 16.9. The set IDGE = {G ∈ Gr(E) : G has infinite degree} is Gδ in
Gr(E) and, if E is aperiodic, it is dense in Gr(E).

Finally we have, letting LFG = {G ∈ GR : G is locally finite}, where a graph is
locally finite if the degree of every vertex is finite.

Proposition 16.10. The set LFGE = {G ∈ Gr(E) : G is locally finite} is Fσδ in
Gr(E). Both LFGE and its complement are dense in Gr(E), if E is aperiodic.
Moreover if E is ergodic, LFGE is in Fσδ \Gδσ.

Denote by Cµ(G) = C(G) the cost of G, i.e., C(G) = 1
2

∫
degG(x)dµ(x) ∈ [0,∞].

Proposition 16.11. The function Gr(E) 3 G 7→ C(G) is lower semicontinuous.
In particular, {G ∈ Gr(E) : C(G) =∞} is Gδ.

Theorem 16.12. If E is aperiodic, the set {G ∈ Gr(E) : C(G) =∞} is dense and
therefore the generic G ∈ Gr(E) is a graphing of E of infinite cost.

It is also clear that the Fσ set {G ∈ Gr(E) : C(G) <∞} is dense, since every G
can be written as the union of an increasing sequence Gn with C(Gn) = 1

2M(Gn) <
∞. In particular, it follows that {G ∈ Gr(E) : C(G) <∞} is in Fσ \Gδ.

Finally we have the following result concerning locally finite graphings of equiv-
alence relations (see [JKL, Theorem 3.12]).

Proposition 16.13. There is a Borel function Λ: S(E) → Gr(E) such that for
any F ∈ S(E),Λ(F ) is a locally finite graphing of F .
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17. Treeability

Recall that, by Theorem 16.3, the set

T RE = {G ∈ Gr(E) : G is acyclic}.
is closed in Gr(E). By Corollary 16.4, the set

Treeing(E) = {G ∈ T RE : G is a treeing of E}
is Gδ in T RE . If E is not treeable, clearly this set is empty.

Problem 17.1. If E is ergodic, treeable, is Treeing(E) dense in T RE?

We first note the following:

Proposition 17.2. If there is G ∈ T RE with C(G) =∞, then {G ∈ T RE : C(G) =
∞} is dense in T RE.

Recall that C(E) denotes the cost of the equivalence relation E.

Proposition 17.3. Let E be ergodic with C(E) > 1. Then the set {G ∈ T RE : C(G) =
∞} is dense Gδ in T RE. In particular if 1 < C(E) < ∞, then the generic
G ∈ T RE is not a treeing of E.

Thus Problem 17.1 has a negative answer if C(E) <∞, but E is not hyperfinite
(in which case C(E) > 1). We next show that it has a positive answer if E is
hyperfinite.

Proposition 17.4. Let E be ergodic, hyperfinite. Then Treeing(E) is dense in
T RE and thus the generic G ∈ T RE is a treeing of E.

Corollary 17.5. Let E be ergodic, with finite cost. Then E is hyperfinite iff the
generic G ∈ T RE is a treeing of E.

Thus the only remaining open case of Problem 17.1 is when C(E) =∞.
There is actually a strengthening of Proposition 17.4, proved by A. Tserunyan.

We will use below the following notation and terminology,.
We call G ∈ Gr(E) finite, smooth, hyperfinite if G∗ is, resp., finite, smooth,

hyperfinite. Let FT RE , ST RE and HT RE denote, resp., the set of finite, smooth,
hyperfinite G ∈ T RE . Note that by Theorem 15.3, HT RE is closed and FT RE =
ST RE = HT RE .

Proposition 17.6 (Tserunyan). Let E be aperiodic and treeable. For any G0 ∈
ST RE and T1, ..., Tm ∈ [E], there is a treeing G ⊇ G0 of E such that ATi,G =
ATi,G0

, for all i.

Theorem 17.7 (Tserunyan). Let E be aperiodic and treeable. Then we have

HT RE ⊆ Treeing(E). In particular, if E is hyperfinite, then Treeing(E) is dense
in T RE.

Remark 17.8. Proposition 17.6 cannot be extended to graphs G0 ∈ HT RE , even
if we drop the requirement about the Ti’s.

Let SubTreeing(E) denote the set of all graphs in T RE that are contained in
treeings of E, i.e.,

SubTreeing(E) = {G0 ∈ T RE : ∃G ∈ Treeing(E)(G ⊇ G0)}.
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Proposition 17.9 (Tserunyan). Let E be treeable. Then

ST RE ⊆ SubTreeing(E).

Therefore, in particular, we have HT RE ⊆ SubTreeing(E).

Proposition 17.10. Let G0 ∈ SubTreeing(E).
(a) (Tserunyan) For any Borel set A ⊆ X, G0|A ∈ SubTreeing(E|A).
(b) (Conley) For a Borel equivalence relation F with G∗0 ⊆ F ⊆ E, G0 ∈

SubTreeing(F ).

Theorem 17.11 (Tserunyan). For any G0 ∈ SubTreeing(E) and automorphisms
T1, ..., Tm ∈ [E], there is a treeing G ⊇ G0 of E such that ATi,G = ATi,G0

, for all

i. In particular, Treeing(E) is dense in SubTreeing(E) and hence Treeing(E) =

SubTreeing(E).

Let MaxTr(E) denote the set of maximal (under inclusion) graphs in T RE ;
that is,

MaxTr(E) = {G ∈ T RE : ∀G′ ∈ T RE(G′ ⊇ G⇒ G′ = G}.

Theorem 17.12 (Tserunyan). Let E be a (not necessarily treeable) equivalence
relation. Then for any G0 ∈ T RE and T1, ..., Tm ∈ [E], there is G ∈ MaxTr(E)
such that G ⊇ G0 and ATi,G = ATi,G0

, for all i. In particular, MaxTr(E) is dense
in T RE.

Let SubTreeing∗(E) denote the set of all graphs in SubTreeing(E) that are not
treeings anywhere; i.e.

SubTreeing∗(E) = {G ∈ SubTreeing(E) : µ({x ∈ X : [x]E = [x]G∗}) = 0}.

Proposition 17.13 (Tserunyan). For any G ∈ Treeing(E) and ε > 0, there is
G0 ∈ SubTreeing∗(E) with G0 ⊆ G such that µ(AT,G \AT,G0

) < ε, for all T ∈ [E].
In particular, SubTreeing∗(E) is dense in Treeing(E).

Theorem 17.11 and Proposition 17.13 together imply:

Theorem 17.14 (Tserunyan). SubTreeing∗(E) = Treeing(E) =

SubTreeing(E).
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